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EXPLICIT FORMS OF BLOCK MATRICES
IN UNBALANCED CROSS CLASSIFICATION

1. Introduction. The mathematical linear model of cross classifi-
Cation can be written as

Yy = Zz:Xuﬂu‘F e,
u=1

Where Yy is an (N x 1)-vector of observations, e is an (N X 1)-vector of
“ITors, B. is a vector of main or interaction effects, and X, is a matrix
that contains only zeros and ones.
The forms of block matrices X, (v = 1,2, ...,2) are rather compli-

‘ated and depend on the statistical design, the ordering of elements in

€ vector gy, the kind of effcets in the vector g,, and on the ordering of
®ffects in the vector B,. The block matrices X,, X,,..., X, as ordered

Onecker products of identity matrices and column vectors of ones in
0y case of the balanced mathematical model of cross and hierarchical
“assifications and in case of an arbitrary combination of these classifi-
E&tions are presented by Oktaba in [1]-[3]. The generalization of the
8ults for the case of any unbalanced hierarchical classification is stated
M 4] and [5].
it _The generalization for the case of any unbalanced cross classification

8lven in this paper.
] 2. The general linear model. Consider a cross classification design with
. classifications A, (s=1, 2, ..., k) such that the s-th classification A, has
s tlasses. Then the number of all combinations of classes ist = a,a, ... a.
BOr the sake of uniquenmess of rcpresentation of block matrices, it
aef:_e%ssary to order the classifications, observations and main and inter-

10n effects.

_Classifications are ordered arbitrarily and the order is kept in the

Ces of the classes of classifications.
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The order of the combinations of the classes is given by the following
relation between the numbers of classes and the order subscript:

(1) 0=l f[ &) (o — 1))+ s

where j, denotes the order number of the class of the classification A,

Let y,; be the i-th observation made on the v-th class combination,
where i = 1,2, ...,mn, (n,> 1 and some of the n,> 2), and let N be the
total number of observations. Then y,, may be written as

(2) Yoi = Mot Eviy
where
k
(3) 7y =m+ Z a,(Js) + Z Zars(jr’ja)+ +a12...k(j17j2, --"jk)
e=t 1<,;-<sék

and u, a,(j,); os(JysJs)y a0A @iy g(J1s J2s ---y Jx) denote the general mealt;
the main effect, the interaction effect of the two classifications, and the
interaction effect of the % classifications, respectively.

Let y be the column vector with elements y,; ordered as

(4) Y = [Y11s Yazs o+ o3 Yingy Yaus o+ 3 Yangs -+ o3 Y1y -+ +3 Ying 1

where the prime indicates the transposition of the vector. Using matrix
notation, we can write formulas (2) and (3) in the form

k
(5) y= Xo‘u-l_ZXAsaAs—l- ZZXArAsaArAs-l_ et

8=1 r
1<r<s<k

+ X4 4y a4, 08,4,..4,TC

where a4, 0.4 4,, 80d a4 4, 4, denote vectors with the elements .tha't
are the main effects, the interaction effects of the two classifications
and the interaction effects of the k classifications, respectively, an
X, X 4,1 X4, g9 X 4,4y, 4; BTO matrices that contain only zeros and ones
placed so that (2) and (3) are true.

It is easy to verify (see (3)) that X, is the (N x 1)- matrix all element®
of which are ones. For the sake of uniqueness of the formulas for the other
matrices it is necessary to lay down a rule for the ordering of elements
of the vec.tors Cayr Oapays =y Odydy.. dye 06

Let 4,,45,...,4, be the subsequence chosen from the sequé™
1,2, ..,k (e, 1<i;<iy<...<4,<k) and let 4,,4,,..., 4 o
the corresponding subsequence chosen from A,, A,,..., A,. The symbs_
Ca; d4...4; is reserved for the vector of the interaction effects of 7 cla

[
sifications Ay, 4y, ..., 4,. For r =1 the symbol a,, denotes th
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vector of the main effects of the classification 4, (i, =1,2,...,k).
The interaction effects of the classes j,l, Jegs oees jf.- of the classifications
4;, 4., A, are ordered within the vector Gy dgyndy, by the order
Subseript

(6) w‘l‘z."" = afiza‘s e a"(j,;l—l)—l-a‘sa.;‘ cee a" (j{2_1)+
+... +a‘r(ji’_1'—1)+j‘r (7‘=2,3,..., k).

_ The main effects of the classes Ji, of the classification A, are ordered
Within the vector a, , by the order subscript

(7) Wy, = .'iil'

It is easy to verify that for » = k formula (6) is the same as (1). Then
!ihe interaction effects of the % classifications A,, 4,, ..., 4, are ordered
0 the same manner as the combinations of the classes of the classifica-
tions 4,, 4,,..., A,. Hence the matrix X4 4,...4, 18 Nxt and can be
found in the following way.

Rows of the matrix X, 4,..4, can be identified by a pair of num-
bers (v, §), where v is the number of the combinations of classes and 4
8 the number of the observations in the v-th combination. Columns of
the matrix can be identified by the order subscript w,, ,. Hence the
element in the (v, 4)-th row and in the w,, ,-th column of the matrix

TﬁlAz...Ak is equal to one if v = w,, ., and is equal to zero if v # w,, 4.
en

g, 0 0

0 J 0
®) Xty =| ’

0 0 J,

Where J,, denotes the column vector of n, ones, and 0 denotes the column
vector of zeros. The following theorem gives the method of constructing
the other submatrices.

. THEOREM. In the mathematical model (8) for any k-way cross classifi-
Stlon A, x Ayx ... x Ay (k= 2,8, ...) the submatric X, , . for the
Yectoy Cpdya, 1 =1,2,..., k—1) of the interaction effects is given by

t4

]
...A," = XAIA2"'AkXAilA€2"'A‘I'f’
X’ _
A iy ay = Jal ®Jaz ® ... ®Jai1—1 ®Iai, ®J“il+1 ®...

® ... 8o @Iy @, ® ... @,

pt1
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and the matrivc X, 4, .4, 18 given by (8), I, denotes the identity matriz
a;, X, J,, s the column vector of a; ones, and the symbol ® denotes the
8

Kroneeker product of matrices.

Proof. Consider the cross classification 4;X ;X ... X4, with
one observation in each of the ¢ subclasses. Let observations y,; be ordered
a8 in (4) and let the main and interaction effects be ordered as in (6) and (7)-
Using the method of mathematical induction with respect to the number
of classifications %, it can be proved that the submatrix X, Ay for
the vector a 45 ;.. 4 of the interaction effects is equal to X 45 g A,
(see [1]). It follows immediately from (2)-(4) that the submatrix X , ; Azz Ay

in the unbalanced cross classification A, X 4, X ... XA, can be obtained
from the matrix X7 4; 4, by repeating =, times the row of the matrix
"

X5 4 A& .4, With the order subscript » (v =1,2,...,%). It is easy to
venfy (8)) that this type of operation on the matrix X Agyendy, CBD
be realized by pre-multiplication of the matrix X7 dg dp Ay by the ma,tnx

X 4 45... 450
It is easy to verify that if all », are equal, say, to n, i.e. if the data are

balanced, then (see [2])

XA 142... 4y = It ® Jn and XA X:lilA{z. . 'Ai' ® Jn .

111-2 1

3. Example. Consider a 3-way cross classification design with the
clagsifications A,, A,, A, such that the classification 4, (s =1, 2,3)
has a, classes. Combinations of the classes are ordered by the order subscript

¥ = ay85(J; —1) +ag(j2—1) +Js,

where j, denotes the order number of the class of the classification A,
The vectors of the main and interaction effects are the following (see (6)
and (7)):

@y, = [a,(1), 4,(2), ..., a5(a)] (s = 1,2,3),
Cgpa, = [0(1, 1), ary(1,2), ...5 0,(1, 6), 0,(2, 1),
@5(2,2),...,0,4(2,a), ..., a,(a,,1),
Ops (@) 2)y .0y ag(ar, )] (A<r<s8<3),
alAlAzAs = [123(1, 1, 1), ...y @ras(1, 1, @5)y 0195(1,2,1), ...,
@r23(1y 2, @5),y ...y @yap(1y sy 1), ...y a1as(1, @y G4),
vy Q1ga(@1, 1, 1), 000y @rg5(ay, 1, ag), ...,

G133(@1y B3y 1), @y95(ay, @gy 2), ..., aya3(ay, as, as)]-
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Then
XA = XA1A2A3 (Ial ®Ja2 ®Ja3)’

Xy, = X4 4,4,(J5, @1, ®,),
XAlAz = XA1A2A3 (Ial ®Ia2 ®Ja3)7
Xy, = Xia54,(J5, @45, Q1,),
Xy = Xa,4,4,(Le, 845, 1),
Xpay = X a,4,(Ja, ®1,Q1,).

1
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MACIERZE BLOKOWE W MODELU LINIOWYM
NIEZROWNOWAZONE]J KLASYFIKACJI KRZYZOWE]

STRESZCZENIE

rz w Pracy podano twierdzenie umozliwiajgce znalezienie wyraZnej postaci macie-
Y blokowych X,,X,, ..., X;, odpowiadajacych efektom gléwnym i interakeyjnym
Modely liniowym niezré6wnowazonej klasyfikacji krzyzowej. Podane wzory stanowia

u s
i;)szl_meme wynikéw Oktaby [2], uzyskanych dla zréwnowaZonej klasyfikacji krzy-
j.



