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THE NUMERICAL SOLUTION
OF VOLTERRA INTEGRO-FUNCTIONAL EQUATIONS

Abstract. Methods for the numerical solution of the equation

t
2{1) —_-f(r, ‘_\'K(!. s, 2(s))ds, :(-‘)), teftg, to+als
o
are proposed. These methods are compared with the method of successive approximations in
the case of the equation z(f) =_f(l, z(a(t))). 1[0, 1], 0 < a(1) <t. Some numerical examples
are given,

1. Introduction. Let C(I, R") denote the space of continuous functions
defined on an interval I = [tq, fo+4a], to€ R, a > 0, with the uniform norm
denoted by ||-||'. For any ze C(I, R") and any subinterval J = I we define a
Seminorm ||z||’ = sup {J|z(s)l|: seJ !, where || || stands for any norm in R". Let
!: = [t,, t] for tel. Consider the Volterra integro-functional equation

(1) z(0)=f(t. [ K(t. s, z{s))ds, a()), rtel,

1o
Where the functions / and K satisfy the following assumptions:

(H,) The function f: I xR"xC(I, R") — R" is continuous and there exist
Ron-negative constants L and M, M < 1, such that the Lipschitz condition

”f (t, yi. 20 () =S (¢, "29~2( )” Lijyy—=yall+ M|z, “"~2”

holds for any tel, y, y,€R", z,, 2,6 C(I, R").
(H,) The function K: 4 x R" - R", where 4 = (6, s): tel, 1o <s< 1 is
Continuous and there exnsts a non- negatlve constant I such that
K (5, x) =K (1, Xl < Hllxy ]

f°l" any (t, s)ed and X1s xzeR"

It is easy to proveé ‘that under the assumptions (H;) and (Hj) the
Operator deﬁned by the rtght hand side of equation (1) is a contraction with
TeSpect to the norm

lIzlI" = sup Hiz()lexp(=Als—to)): sel]
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(equivalent to the uniform norm) for any 4 > O satisfying the inequality M
+Li/A < 1. Clearly, this implies that equation (1) has a unique solution
ZeC(I, R". Note also that if equation (1) is considered for telty, o), we
can prove the existence and uniqueness result by the use of the same method.

Special cases of (1) are, among others, the Volterra integral equations of
the second kind

(2) z(t)mg(t)+‘j K(t,s, z(s)ds, tel,
to
or
(3 z(1) =f(t, tf K(t, s,‘z(s))ds), tel,
o

and functional equations in a much narrower sense considered by Kuczma
[14].

Consider the Cauchy problem for the system of first-order differential
equations :

) Y@ =£{t,y@), tel,  y(to) = yo,

or, more generally,

5) YO=fty0,y @) tel, . y(to) =

The problem (4) can be written in the form

(6) YO =yo+ | fls, y(s))ds, tel,

o

or

Ul 2() =1 (t, yo+ | 2(5)ds), tel,
to i

where

it
zO) =y @), yO)=yo+ | z(s)ds.
~to
Equations (6) and (7) are special cases of (2) and (3), respectively. It is also
obvious that the problem (5) can be reduced to a special case of (1).

In the present paper we discuss the numerical solution of (1). Clearly;
there exists an extensive literature concerned with the numerical solution of
(4) (see, for 1nstancc 9], [10] [15], and the refcrences contained there) and
there exists also a number of papers concerned with the numerical solutio?
of integral equations (see [11-[4], [6]-[8], [16]). But there exist only a few
papers which deal with the numerical solution of the initial-value problemS
















































