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A SIMPLEX DESIGN FOR GRADIENT ESTIMATION
IN QUADRATIC REGRESSION

1. The note deals with estimation of parameters a,, a,, ..., a, (the
gradient at the origin) in quadratic regression
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o being a given constant. It is well known that, for the estimation of

boy by, ..., b, in the case of linear regression
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the minimal design requires k+1 experiments; it is a D-optimal, ortho-
gonal and rotatable design if the points X,, X,, X,,..., X, (X; = (2,
@gjy ..y X)) at which experiments are performed form a regular simplex
in E* (see, e.g., [1] and [2]). In the case of quadratic regression any such
design yields biased estimators. We show that a random rotation of the
simplex leads to unbiased estimators of a,, a,,..., a,.

2. Consider the family of independent random variables Y (X),
X = (@, @, ..., x;) e E* with the mean
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and a common variance o2 The points X are referred to as possible levels
of feasible experiments and the random variable Y (X) as the outcome
of the experiment performed at X. A simplex design is a set of points
X,, X,,..., X; which are vertices of a regular simplex; let the simplex



494 R. Zielinski

]\‘
be centered at the origin and let ( 3 #7)"* = p (the radius of the simplex).

1=1
Denote by D = (d;) the design matrix: dy; = o/Vk, dy = a;; for i =1,
2,...,kand j =0,1,2,..., k.
In the case of linear regression
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the least squares estimator of b = (b, by, ..., b,) is b = (DDT)"'DY,,
where Y, = (Y (X,), Y(X,),..., Y(X;)). The estimator (DD')"'DY,
when applied to ¢ = (a,, a,, ..., a;) 1s a biased one.

Consider the following procedure. Let D° be the design matrix
for a given simplex and X° a given vertex of the simplex. Let £ be
the sphere with radius ¢ centered at the origin. Sample a point weQ
according to the uniform distribution on . Transform the simplex into
a new one by the rotation which transfers X° into w. Denote the new
design matrix by D(w). Let & = (dq, dq, ds, ..., 4;) be the estimator of
a = (ag, @y, s, ..., a;) defined as follows:

d == [D(0) D" (0)]7' D(0) ¥ p,)-

Then Ed; = a; for + =1,2,..., k.
To prove the assertion note that

Ed = E[E{(D(w)DT(w))‘lD(w) Y (w0}
= E[(D(“))DT(CU))_ID(“’)E{Yp(wﬂw}]7
where E{Yp,lw} is a vector with ¢-th component cqual to F (X;(e)),
X;(0) = (#;(®), 2y (w), ..., 24;(w)) being the ¢-th experimental point
after the above-mentioned rotation. The points X,;(w), ¢ =0,1,2, .., k,

form a simplex for any we Q. Hence (D(w)D"(w))™" is a diagonal matrix
with diagonal clements equal to ko~ ?/(k+1). For 4; we have
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In the paper [3] the following Theorem 2 is proved:
Let
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be an estimator of the gradient ¢ = (¢4, g2y .-+, 9%) of a tunction F. Then
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where fi;;, fi;; and f;;; are the third partial derivates of the function F.
In our problem all third partial derivates of F are equal to zero,
and hence the assertion follows.
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R. ZIELIKSKI (Warszawa)

PLANY SYMPLEKSOWE
DLA SZACOWANIA GRADIENTU REGRESJI DRUGIEGO STOPNIA

STRESZCZENIE

W pracy rozwaza si¢ zagadnienie szacowania parametréw a,, a,, ..., a; regresji

drugiego stopnia
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gdzie o jest pewnsa stala. Jak wiadomo, dla oszacowania wspélezynnikéw by, by, ..., by
regresji liniowej
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minimalne plany wymagaja wykonania k + 1 eksperymentéw. Gdy punkty X,, X,, ...
..., Xj sa wierzcholkami regularnego sympleksu w E¥, plany takie s D-optymalne,
ortogonalue i maja symetrie obrotowa. W przypadku regresji kwadratowej, takie
plany prowadza do estymatoréw obeigzonych. W pracy pokazano, ze przez losowy
obr6t planu sympleksowego uzyskuje sie nieobcigzone oszacowanie wspédtezynnikéw
A1y Boy ooy QL.



