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UNIFORM APPROXIMATION OF EMPIRICAL FUNCTIONS
BEING EITHER MONOTONE
OR HAVING A FIXED NUMBER OF EXTREMA

1. Procedure declarations.
(a) The procedure prodrevsimpl solves the following problem:
For a given number sequence {y,, ¥, ..., ¥,} determine a sequence
{21y 24, ..., 2,} with the following properties:
(1) the function
f = max|y,—zl
1<k<p

reaches its minimum;
(ii) the sequence {z;} is monotone.

Data: -
ext — integer variable with value 0 if the sequence {z;} is non-
increasing, and with value 1 if the sequence {z;} is non-
decreasing;

p — number of elements in the sequence {y,};
arz: 3 Xp] — data array, where d[1] = ¥,, d[2] = y,, ..., d[p] = ¥,.
Results:
d[1:3xp] — array of results, wherez, = d[1],2, = d[2], ..., 2, = d[p],
and d[2 x p] contains the approximation error.
(b) The procedure prodrevsimﬁlemtr solves problem (a) with (ii)

changed to
(iii) the sequence {z;} has a fixed number of extrema.

Data:
lex — number of extrema in the sequence {z:};
éxt — integer variable with value 0 if the first extremum is a minimum,

and with value 1 if it is a maximum.
All remaining data and result parameters are the same as in (a).
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2. Method used. The algorithms used in both procedures are derived
from classical linear programming methods. They make use of special
features of the considered problem; hence

1° the procedures require a small amount of computer memory,
thus long sequences can be hand'ed by them;

2° the computation time is rather small and the cost of computation
'i8 in reasonable limits.

The problem which is solved by the procedure prodrevsimpl can be
formulated as follows:

Given v,, ¥, ..., ¥,, Mminimize

(1) max |y, — 2
1<k<p

to satisfy

(2) H <2 <... < 2.

The problem can be written in the following equivalent form (see [4],
P. 244-245):
Minimize

(3) g = %11

under the conditions

Ye—2%+201 20, —(W—2)+2,=20 ((k=1,2,..,p),
(4) -
31 KR K ... K7
Problem (3)-(4) is a linear programming problem. Conditions (4) are
enlarged by

(5) =0 (k=1,2,...,,p).

Conditions (5) depend upon the sign of the data y,, ¥,, ..., y,. If there
are negative numbers in the data or if the difference between the maxi-
mum and minimum values in the sequence ¥,, ¥, ..., ¥, is not less than
the minimum value of this sequence, then, in order to fulfill (5), a sufficient-
ly large positive number r should be added to all elements of the sequence
Y15 Y2y .-+ Yp; it is subtracted after the calculations from all 2, 2, ..., 2,.

To obtain the initial basic program we introduce artificial variables
into (4) and (5) as well as the function g = 2;, (where 2,, = z,,,) as the
equation with index 3p, and also we assume that the quantities y, for
k =1,2,...,p have been already, if necessary, increased by 7.
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procedure prodrevsimpl(ext,p,d);
yalue p;
integer ext,p;
arxay d;
kegin
intecser f,g,h,i,j,k,k‘],1,11,12,m,n;
Bgclean fg,fl,fn;
fg=ext=1;
n:=3%p;
h=n-1;
f:=p+p;
kegin
real r,t,x,y,y1,¥2;
integer array ql1:p+1],tb,tn,t1[1:p],s[1:n),sz[5:h];
array b({1:n),ddl1:p];
t=r=d[f-1}=d(p];
d[fJ=-t;
J=&=0;
y=i£ fg then -1.0 elgg 1.0;
fox 1=f-3 gtep -2 untdl 1 do
kegin
J=3+1;3
x=d[1)=d(p-J1;
ali41)=-x;
if t<x
ihen t=x
alae
if x<xr
ihen r=x;
tb[3)=tn(] }=J
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end 1;
tn[p}k=tb[pJl=p;
if .0
then
kegin
x=t-r;
r=if x<r then .0 glaa x+1.0
end r>.0 )
else
hegin
t=t~-r;
r=abs(r)+t+1.0
end r<.0;
for 31=1 giep 2 unidl f do
kegin
dl1l)=da[1l+r;
afi+1)=dali+1]-r
end i;
J:=13
for i=f+1 gtep 1 uniil h do
hegin
sz[1]=4f fg then j+1 alse J;
$10{J1=1;
J=J+1
end i3
t1[pJ=n;
J=p+1;
fox i=1 ghep 1 untdl n do
kegin
b{1]=1f 1<f then d[1] alas .0;
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s(1]}=1+]
end 13
11=p;
iter:
if g411
ihen
hegin
t=pb[2];
m=2;

=43

et20:for i=j giep 2 uniil f do

Regin
x=b[1i];
if x<t

ihen

kegin
t=x;
m=1

end x<t

end 1

end g*l*l
else
Regin
t=b[1];
m=1;
3=33
ga fa et20
end g=11;
if t<.0

153
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hegin
iteri:
iL =n
than
hagin
J=m+2; .
k=if J=.5>uw than Jj slas 1141
end f2m
alag k=sz[m];
s[m)=k;
&=g+l;
q(gl=n;
yi=y2=.0;
t=1L k<11 ihen -t alae ~.5xt;
iL k=1141
than
kegin
b[h+1]=-t;
b(m)=t;
J=m-1;
for 1=1 giep 1 until J,n+1 atep ' unfll b do
b[1)=b[1]-tx<(1L 1<fAL+24.5=1 then -2.0 glaa 12 s(1)s19
than 1.0 elag .0);
g o et1
and ks1141
flss
Regin
J=k+k;
blJl=b]]+t;
b(J-11=blJ-1]-¢;
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if tn[1]=0
ihen
kegin
y1=b [£+1):=b[£+1]-x;
y2=bf+2)=b[£+2]4x;
3=if y1<.0 then f+1 elge if y2<.0 ihen £+2 gis8 J
end .
slse
kegin
y1=b[f+1)=b[£+1 ]+x;
if y1<.0
then j=f+1
end
end k=1
else
AL k=11

y1:=b[h-11)=b[h-1]-x;

y2=b[h]=b[h]+x;

§=if y1<.0 ihen h-1 glas if y2<.0 ihen » glas J
end
glse
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hegin
y1=b[hl=b[h]-x;
if yi<.0
then J=h
end
end
else
kagin
J=t1(k];
y1=b[3J=b[j]+x;
y2=b[3-1]=b[j-11-x;
J=4L y1<.0 fheg J sglas if y2<.0 iken J-1 elaa J
and;
b(m)=t
and kdl1+1;
if yi<.0
fhen
begdn
t=y1;
m=J3
g9 lag-iter1
end yi1<.0
elag
if y2<.0
then
kegin
t:=y2;
mw=j;
£9 1o itert
end;



Algorithms 77-78

£a lg iter
gad t<.0
elas
et1: £ blh+1]d.0 -
then
kegin
fm=m;
hi=, 5xf;
J=algls
for i=g-1 giep -1 until 1 do
kegin
m=q{i];
k=s(m];
fl=txue;
'11=t1[k];
K1=k+k-1;
if -fg
then 11=11-1;
if kd1nkdn
then
kagin
if j=k1Vvi=11

if k=" {j=k1Vy=11)

167
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ihen gq Lo et2
elge
if k=hA(J=k1Vj=11)
ihen ga i et2;
«f fl
then
alse
3£ fn
then
kegin
1=12=m;
fn=fglge
end
elge 12-=m
end 1;
x=b[1];
L=s(1];
12=g[12);
if 1>12
then
hegin
1:=13
1=12;
12=1
and 1>12;
k1=, 5%f;
fox 1=12+1 gtap 1 unidl k1 dg
kagin
J=tb[1];
if tn(Jjl=0
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then go Lg eté6
elsg
if fg
then
. hagin
if alj+ij-1]x
then 12=1
end fg
alse
if dlj+3=-11>x
then 12=1
end 1;
et6:  for 1=1-1 gfep -1 until 1 do
kegin
J=tv[i];
if tnljl=D
then zo ig et7
r.lan'
if fg
then
kegin
if dlj+j-11>x
then =i
end fg_
else
if dlj+j-11<x
then 1=1
end 1i;
et7: for 1=1 atap 1 untdl 12 do
hegin
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F=tb(1];
ad[§J=x;
tn[J]=0‘
end 1;
§=1;
- ie=12;
if 152
thap 1=1
else
if to[114tb[1-1]+1
ihen
elas
if tb[1l4tb[1-2]+2
then 1:=1-1;
Af 12>k1-1
then 12=k?
elge
i tbl12]4tp[12+1]-1
ihan

alse
if tb[12]4tb[12+2])-2

ihap 12=12+1;
if 41
ibean
hegin
1=tb[1];
dalil)=-d(i+1);
tn[i)=0
snd J41;
it w12
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then
Ragin
=tb[12];
dd[1)=-d[1+1];
tn[1)=0
and k412;
h=fi=f-2x(12-141);
11=, 5%f;
J=1;
i x1d12
ikan
for 1=1 giep 1 uniil 11 do
hagin
tb[1)=tbl12+3];
J=3+1
and k1d412,1;
k=0;
faor i=1 giep 1 unill p do
if tn[1ldo
then
kagin
k=k+2;
blk-1)=d[1+i-1];
blkl=d[1+1]
and tn[ild0;
1=le=§=0;
m=tn[1];
12=r+1;
fn:=~2g \m=0VEg \m40;
£L=fg mt0;

11 — Zastosowania Matematyki 17.1
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for 1=1 giep 7 until p do
if tn{i]=0
Lhen J=j+1
else
if jd0
ihen
begin
J=03
e=k+1;
h=h+2;
&=f+k;
I=141;
t1(1)=4f fn=fg then & glme g+1;
if ~fn
then szlgl=1
else
iL fg
then ez[gl=1+1
elge szlg+1]=1;
if m=0Ak=1
then b[f+1]l=y=dd[i-1]
else
hegin
x=y>dd[i-1];
if mdo
then g=g-1;
blgl=x;
blg-1)=-x
end;
e=k+1
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et8: &=f+k;
if miong+12
then blg-11}=.0

elge b(gl=.0;
1:=141;

t1[(1]=4if fn=fg then g elae g+1;

AL 1+1>p
then
alse
if tn(1+1]=0nf1
then g=g+1;
if -fn
then szlgl=1
else
if fg
then szlgl=1+1
elge szlg+1)=1;
h:i=h+1;
ke=k+1
end i3

163
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if J=p
then 2o Lo et3;
if tnlpl=0
then blh)=-yxdd[1~2]
elge h=h-1;
b[h+1)=.0;
J=11+1;

k=h+1;
for 1=1 gfep 1 untll k do
s(1)=1+];
&=0;
&a g iter
and b[h+1)4.0;
foxr i=1 ghap 1 untdl 11 do
dd[tb[1])=b[1+1];
et9:
for 1=1 giep 1 until p do
d[il}=dd[1i]-r;
d{p+pl=-b(n]
and block
and prodrevsimpl

Problem (3)-(5) can be written as follows:

Minimize
(6) Z3p
under the conditions
. .d .
Rk —Rp1 T 3oy = Y k=1, )
Il B B RS )
— G — 2+ = — Y
d
1 —2;+2p, =0,
(oo
(7) Zy— 2+ 255, = 0,
” ~d —
“p—-1 zp T e3p—-1 07

7%=>0 (k=1,2,..,p), />0 (1=1,2,...,p).
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This problem can be solved by using the dual simplex algorithm
([3], §6.4) and the revised simplex algorithm with product form of the
inverse matrix ([1], [3]). These algorithms do not, however, take advan-
tage of the characteristic features of this problem, therefore computer
time is large and there may be lack of memory for greater input sequences.

Let us take the coefficients from (7) and form the following matrix
of dimension 3p X (p-+1):

1 0 0 0 -1
-1 0 0 0 -1
0 1 0 0 -1
0 -1 0 0 -1
0 0 0 1 -1
4=] 0 0 0 -1 -1
1 -1 0 0 0
0 1 -1 0 0
0 0 0 1 -1 0 0
0 0 0 0 1 -1 0
0 0 0 0 0 0 -1

Denote by U the unit matrix of dimension 3p x3p. The first 3p —1
rows and columns of U form the initial basis B. Notice that the basic
solution

d = (dl, dz, seey dsp-n dap) = (y17 Y5y Y2y — Y2y -9 Ypy —Yps 0, s 0)?

where Y¥.>0 (k =1,2,...,p), has negative components, but is a dual
feasible initial solution.
Using the revised simplex algorithm, we calculate

(8) Vi = Uapzj (J=12,...,p+1),

Where U;, denotes the last row vector of U and 4; is the j-th column
veetor of A. Since ;<0 (j =1,2,...,p+1), the optimality conditions
are satisfied. Thus, using the dual and revised simplex algorithms, the
Problem can be solved.

Now, let us consider the structure of the matrix A. Notice that the
hon-zero elements of 4 can be calculated from the following equations
which follow directly from (7):

(9) oo |1 (=2k-1,2p+k),

7 \-1 (i =2k, 2p+k-1),
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where k is not equal to 1, p and p +1, and

_ 1 (=1, 2p+1),
(o w{y Gl

1 G =2p-1),
() “ip = {—1 (i =2p, 3p—1),
(12) a;p1 = —1 (t=1,2,...,2p, 3p).

There exists thus a possibility of forming the appropriate column
vector of A during the calculations. This is the first group of simplifi-
cations. The second simplification group follows from an analysis of the
location of the non-zero elements in. 4. Additional simplifications are
possible by the use of the product form of the inverse B'~! of the newly
formed basis B'.

Using the dual exit criterion

(13) dl = miIl {d‘},
d;<0

we make the following

Agreement. If the minimum is reached for more than one d;, choose
that one whose index ! is the greatest one.

It is known that the inverse matrix in the ¢-th iteration can be ob-
tained from the formula

J£J£_1 ese JiJo = B‘—l,

where J, = I = B! and J} is the elementary matrix of the ¢-th iteration,
i.e. the matrix which is obtained from the unit matrix by replacing its
column ! with the column V;; the elements of V; are determined as

14 = —_—— l Vpy =
(14) Vg ’wzk @ #1), "= o

!

the vector W, being calculated from
(15) Wy = Ji(J:—l Jl Ak) )’
where the index I indicates the column of the previous basis which is now
being replaced.

Multiplication from the right of A4; = (ay;, ayj, ..., 855;) by the ele-
mentary matrix J leads to the vector W; with components

(16) Wi = Ay +oha;; (1 #£1), wy; = v0y.

Let us perform now a detailed analysis of the behaviour of the vector
W, during the iteration process. As is easily seen, in the first iteration
we have W, = 4,. Using (16), let us calculate W;, in the second iteration:
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W, = Ji{4,.. The vector 4,,, enters the basis in the last iteration (see
[2], Theorem 3.4). From the first iteration we obtain the relation w,
=ay = —1, thus v, =1/w, = —1, where I1<<2p (I is even) and %
= 1/2. From (14) we know that the vector V, for the matrix J! is equal
to the vector 4,.

Now, calculating the vector W,. let us notice that a; = 0 in the
vector A,.. This is due to the fact that the vector which leaves the basis
in the first iteration has an index ! < 2p and in the rows from 1 to 2p,
- with the exception of the row p -+, there is only one non-zero element.
Therefore, by (16) we have the identity

(17) W, = 4,
and since the pivotal element a;. equals —1, due to (14) for the matrix

J:, we obtain

(18) V, =W, = 4,.
From (17) we get

(19) Jid; =4; (j=1,2,..,p).
Similarly, for the matrix J! we have

(20) JiAd;, =4; (j=1,2,...,p).
This follows from (16) in which

(21) a; =0 (j=1,2,...,p),

where the index ! corresponds to the matrix J.

To prove (21), consider two possibilities:

(@) 1< 2p,

(b) 1> 2p.

In case (a) the derivation of (21) is the same as for (17).

Consider now case (b). Analyzing the formulas for the calculation
of the vector d notice that a negative clement of this vector can appear
for an index 1 > 2p if the vector entering the basis in the first iteration
has 1 at the I-th place. In the row ! we have one more non-zero element
€qual to —1. The vector W,. which corresponds to this element is already
in the matrix J!. ‘

In fact, due to (13) and the Agreement, in the second iteration the
basis is leaving a vector with index !> 2p if the vector which entered
the basis in the first iteration has the I-th element equal to 1. It follows
from (19) that in the second iteration the candidate for the basis has to be
8earched among the secondary vecfors of A.

As we know, in the row I there is still one non-zero element equal to
—1 and the vector W, = A4, whose l-th element is equal to —1 will
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enter the basis in this iteration; from (18) we conclude that this will be
the vector V; of the matrix J!. Thus relation (21) must hold, and then
(20) follows from (16).

Hence we have the following general statement:

THEOREM 1. In a given iteration t the product of the actual inverse basis
B! and any (but not the last) vector of A is equal to this vector, i.e. B™' 4
=Zj J4=12,...,p)

From (15), Theorem 1 and the fact that the pivotal element a of
the vector 4, equals —1 we obtain )

COROLLARY 1. In any iteration (with the exception of the last one) we
have W, = A4,, where A, is the vector entering the basis in this iteration.

To calculate the index of the vector which has to enter the basis
in a given iteration, we must know, in accordance with the dual simplex
algorithm, the quantity y; which can be calculated from (8). The actual
vector U,, can be evaluated from

( (eSleJtl )Jx— 3p)

where ¢;, = (0,0, ...,0,1) is a vector with 3p components. The elements
of U;, can be determined by the relation

(22) 'u/‘ - ei ('i # l), ’ll,l = ei'va.
THEOREM 2. In any iteration the vector U,, i8 a unit vector, i.e.
U,p, = (0,0,...,0,1).

Proof. In the matrix 4 the row with index 3p has only one non-zero
element equal to —1 which lies at the place p —1. We know from Corol-
lary 1 that for the matrix J! we have V, = 4,(j = 1, 2, ..., p). The product
e;,J; gives the unit vector U,, because ,,; = @y,; = 0, thus u, =0
in (22).

Therefore, from the identity y; = Uy, 4; (j = 1,2, ..., p+1) we get

I 0 (j=1127-“’p)7
-1 (G =p+1).

Thus in the secona iteration the basis is entered by one of the vectors
4, (j =1,2,...,p) which follows directly from the dual simplex algo-
rithm.

The next product (eapJé)J{ = U,, is also a unit vector, since for
the matrix J; we have v;,; = a,,, = 0 (this holds also for the matrix J})
and by (22) we know that the vect01 U,, will have only one non-zero
element u;, = 1.

This reasoning can be repeated for all subsequent matrices J}.

By Theorem 2 and by (8) we come to the following

Yi =



Algorithms 77-78 ‘ 169

COROLLARY 2. In any dieration the quantities y; can be calculated by
the relations y; =0 (j =1,2,...,p) and y,,, = —1.*

THEOREM 3. In any ileration the index k of the vector entering the basis
can be determined by the relation

1/2 for 1< 2p and 1 even,
E=1p+1 for 1 < 2p and 1 odd,
l—2p+4+1  for 1> 2p,
where 1 is the index of the vector which leaves the basis.

Proof. In the case of Il even and ! < 2p the'relation & = 1/2 follows
from (9)-(11) and so does the relation k¥ =1—2p+1 for 1 > 2p. If 1 is
odd and I < 2p, the relation k¥ = p--1 follows from (12). )

In the last iteration the vector W, can also be determined by simple
relations. We have the following

THEOREM 4. The index k of the vector W, from the last iteration (k =
= p+1) can be determined as follows:

-2 fori=1,3,...,2p-1,
1  for i € I, where I is the index set of the vectors
(23) k= leaving the basis in the given iteration,
—1 for i = 3p,
0 for all remaining i.

The proof of this theorem can be found in [2] (Theorem 3.6).
The actual vector d’ can be calculated by the formulas

’ dl ’ dl
d‘ ha d_ — 3 8 ) # l d =
i i 0y Wi, (’l’ )) i Wy ’
where w,, = —1 in all but the last iterations, and in the last iteration.

wlk = "“2.

The non-zero elements w;, are equal to 1 or —1 with the exception
of the last iteration in which an element equal to —2 appears.

Hence the values of the vector d’ in all iterations can be determined as

where
( 0 forw, =0,
—1 for wy = —1 not in the iteration p 4+1 and for wy; = — 2,
é:=={ 1 for wy =1 in the iterations t =1,2,...,p,
5 for w‘k = 1 in the iteration p 41,
\ —.3 for wy = —1 in the iteration p+1,

f—-5 in the iteration p+1,
—1 in the iterations t =1,2,...,p.
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As follows from Corollary 1, formulas (16) can be replaced by (9)-(11),
and in the last iteration — by (23).

In the algorithm realized by the procedure prodrevsimplextr the
results of problem (1)-(2) are used, i.e. one has to remember the optimum
solution of problem (1)-(2), the index set of the vectors leaving the basis
in consecutive iterations and the index set of the vectors entering the
basis in consecutive iterations.

The procedures take also care of the case where there is more than
one optimum solution. For instance, consider the following problem:

Minimize

max [y — 2|

1<<k<S
provided 2z, <z, < 2 <#, < %, where {y,, ¥s, ¥sy Y4 ¥s} = {3,5,7, 6,8}
The error of the optimum approximation for this problem is equal to .5,
and the optimum solution is of the form

{21, %2y 23, %, 25} = {2.5, 4.5, 6.5, 6.5, 7.5}.

It seems to be natural to assume {3, 35, 6.5, 6.5, 84 as the optimum
solution of this problem. This follows from the fact that we change only
those values which violate the monotonicity of the function, leaving the
other values unchanged. The procedure gives such a type of solution.

3. Certification. Tablc 1 gives the calculation times for some examples,
the caleulations having been carried out on the Odra 1204 computer.
As is seen, the calculation times depend not only on the number of
data, but also on their values.

TABLE 1

Number of Number Calculation time (in secs.)
data points | of extrema | prodrevsimpl | prodrevsimplextr

% | 5 | 7 28

50 ; 3 22 "53

95 ! 3 120 184

95 t 3 150 221

95 Loy 70 132

Table 2 shows the calculation results for an example and with the
use of the procedure prodrevsimplextr. As data, sine function values with
arguments .1k (k = 0,1, ..., 94) are used, perturbed by the pseudorandom
number cquidistributed in the interval (—.05, .05). The optimum ap-
proximation error equals .025.
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TABLE 2

k Data Results k Data Results
0 .030 .030 48 —1.039 —1.039
1 .120 .120 49 —1.008 ©—1.008
2 218 .218 50 —.933 —.933
3 .251 .251 51 —.882 —.888
4 412 412 52 —.895 —.888
5 495 495 53 —.833 —.833
6 .565 .565 54 —.740 —.740
7 .655 655 55 —.728 —.728
8 710 710 56 —.661 —.661
9 113 773 57 —.530 —.530
10 .812 .812 58 ~.419 —.419
11 909 .906 59 —.363 —.363
12 .902 .906 60 —.326 —.326
13 933 .933 61 —.210 —.210
14 1.005 .989 62 —.090 —.090
15 974 .989 63 —.011 —.011
16 1.034 1.034 64 .166 .166
17 943 .968 65 .166 .166
18 .993 .968 66 .334 334
19 .970 .968 67 421 421
20 954 954 68 .481 .481
21 .885 .885 69 .606 .606
22 759 765 70 .685 .685
23 171 765 71 740 740
24 713 713 72 .804 .804
25 .622 .622 73 .868 .868
26 .501 .501 74 930 .925
27 .441 .441 75 .920 925
28 .320 .320 76 1.002 990
29 .205 .205 77 .978 990
30 .148 .148 78 1.004 1.002
31 .025 025 79 1.000 1.002
32 —.065 —.085 80 1.038 1.038
33 —.161 —.161 81 1.011 1.011
34 —.258 —.258 82 .898 913
35 —.326 —.326 83 .929 913
36 —.481 —.481 84 .826 .826
37 —.514 -.514 85 .803 .803
38 —.653 —.653 86 .687 .687
39 —.664 —.664 87 .659 .659
40 7717 —.777 88 .634 .634
41 —.782 —.782 89 .519 .519
42 —.876 —.876 90 407 .407
43 —.924 —.924 91 284 .284
44 —.969 —.963 92 .236 .236
45 —.970 —.963 93 .164 .164
46 —.956 —.963 94 —.019 —.019
47 —1.034 —1.034
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axrecedure prodreveimplextr(lex,ext,p,d);
xalug lex,p;
integar lex,ext,p;
arxay 4;
hegin
integer f,g,h,1,3,31,32,k,k1,k2,1,11,12,m,n;
Boolean fg,fl,fk,fn,f);
n:=3%p;
h=n-1;
T=p+p;
begin
zeal r,t,x,y,y1,52;
integar array ql1:p+1],q1,tb,tn,t1[1:pl,s,8n[1:n],81[0:£-1];
array b,bb[1:n];
=r=d [£-1)=d(p];
alfl=-t;
l:=1ex+2;
£1=14.5x1lex;
lex=if f1-'than 1+1 elge 1;
fk=falaa;
fj=ext=1;
11=p;
k2=3==0;
y=if £j ihen 1.0 elme -1.0;
for i=1 gtep 1 until p do
kegin
q1([1)=0;
t1(1)=f+1;
tn{1)=tb[i}=1
end i;
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81[0)=51[f-1]=y;
for 1=f-3 gtep -2 untll 1 do
bagin
81[1])=y;
81[1+1])=-y;
J=+1;
x=d[1)=d[p-J];
ali+1)=-x;
if t<x
then t=x
alss
if x<x
ihag r=x
and i;
if ™.0
ihen
hagin
X=t-r;
r=if x<r then .0 alsg x+1.0
end r>.0
glae
hegin
t=t-r;
r=abs(r)+t+1.0
end r<.0;
for 1=1 atep 2 untdl £ do
kegin
d(1)=al1]+r;
ali+1)=dli+1]-r
and 1;
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extr:
J=p+1;
for i=1 gtep 1 until n do
kegin .
b(i]=4f 1<f fhen d(i] glme .0;
8(i)=1+]
end i;
&=0;
iter:
iL g¥11
then
kezin
t=b[2];
m:=2;
J=4;
et20:for i=) atep 2 until f do
begin
x=b[1];
If x<t
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J=3;
£ g et20
end g=11;
if t<.0
then
kezin
itert:
if fam
lhen
kegin

J=m+2;

k=if j=.5m then j elag 11+1

end fam

else
if fx
then

hegin
k=8(qlgl];
J=tb(k];

k=if e1[j+j-1]=1 ihen k+1 glae k-1

end
alge
hegin
lc=m-£';
if k=s(qlg]l]
ihen k=k+1
end;
s(m]:=k;
&=g+1;
q[gl=m;

175
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yi=y2=.0;
t={L k<11 ihan -t elag -.5xt;
3L ke=1141
ihen
kagin
b(h+1)=-1;
b(m)=t;
J=m-1;
fox 1=1 giap 1 untll J,m+1 giap 1 uniil h do
b{4)=b[1)-t=(4L 1<fAis+24.5<i fhan -2.0 glas if s(1ls11
than 1.0 glas .0);
£ Lo et1
end ks11+1
alas
hegln
1=k+k;
b[1]=b[1]+t;
b[1-1}=b(1-1]-¢;
J=2>tvlk];
x=t=g1[j-1];
y=txs1[j-2];
iL k=1

EE

iz tn(1]=0

FE

yi=b[L£+1)=b[f+1]-y;
y2=b[f+2])=b[f+2])-x;
J=4f y1<.0 ihen f+1 glgae if y2<.0 ihen f+2 alaa J
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and tn(1]=0
alas
hagin
yi=b[£+1])=b[f+1]-x;
it y1<.0
then J=f+1
and
and k=1
alas
if k=11
than
hagin
it tnlpl=0
ihan
hagin
y1=b[h-1}=blh-1])-y;
y2=b[h]=b[h]-x;
J=A2 y1<.0 ihen h-1 alme if y2<.0 ihen h glaa J
and talpl=0
elas
kagin
y1=b[hl=b[h]-y;
if yi1<.0
than j=h
and
and
slae
hegln
k=t1[k];
y1=b[k]}=blk]-x;

12 — Zastosowania Matematyki 17.1
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y2=blk-1]=b[k-1])-y;
J=if y1<.0 ihen k elge if y2<.0 ihen k-1 elsge J
end;
blml=t;
end ké1l1+1;
if yi<.0
‘then
kagin
t=y1;
w=J3
g9 fg iter1
end yi<.0
elas
if y2<.0
then
kegin
t=y2;
m=J;
ga g iter1
end;
ga g iter
and t<.0
elge
et1: 1f blh+1]d.0A(k241exVeX)
then
kegin
fo=true;
J2=e5%1;
j=algl;
for i=g-1 atap -1 untll 1 da
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kegin

m=q[1];
k=s[m];
fe=true;
g=t1(k];
k1=k+k-1;
J1=tb[k];

12 3141A(81[31431-1J==1VK=11)
then g=g-1;
if xdinkdy2
then
hegin

iL J=k1Vi=g

et5s J=m;

if k=1A(J=k1Vi=g)
then ga io et5
slse
i k=jon(3=k1V]=g)
then go ig et5;
if fg
then
alae
if fn
ihen



180 ¥. Pankowski

hegin
L=m;
fo={alas
and
alag 12=m
and i;
x=b[1];
1=s(1];
12=g[12];
i£ 1>12
then
hegin
i=1;
1=12;
12=4
and 1>12;
if fx
than
hagin
k1=,5%f;
J1=tb(1];
fo=s1[j1+j1-1]=1;
fl=falae;
for 1=12+1 gkep 1 uniil k1 do
hegin
J=tb[1];
4L tn[jl=0vrl
then go 1o et10
else
i£ J=q1(3]
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than
Ragin
fl=ixua;
ot11: iL fn
shen
hagin
i alj+3-1]l=x
fhan 12=1
and
alge
AL afj+i-11>x
theg 12=1
and
alse go fg et11
end 13
et10: fi::ﬂgg;

for 1=1-1 giep -1 untdil 1 do

hegin
J=tbli];
if tn[jl=0v£l
then ga to et12
elae
iL J=q1(J]
ihen
kegin
fl=txue;
et13: if fn
then

kagin
if alj+j-1I>x

181



182 F. Pankowski

thean =i
alse
it afj+j-1]x
. then 1=1
- elae go q et13
end 1i; .
et12: for 1=1 giep 1 wntil 12 do
kegin
J=tblil;
bb{jJ=x;
tn[j]=0
angd i;
bh=f=f-2%(12-141);
11:=,5xf;
3=t
if k1412
then
for i=1 atap 1. waiil 11 da
-hegdn
 tb[1l=tb1243];
J=3+1
and ki1412,1;
=03
for 1=1 giep 7 unidl p de
ii tn[1]40
then
kagln
le=k+2;
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blk-1)=d[i+i-1];
blk}=d[1+1]
and tn[1]40;
1=k=j:=0;
m=tn[1];
fn;:mio;
k1:=f+1;
for 1=1 giep 7 untdl p do
if tnlil=0
then j=j+1
alse
if Jd0
then
begin
J=0;
lo=k+1;
h=h+2;
&=Tf+k;
1=1+1;
t1[1]=4i£ fn fhen g glag g+1;
1L m=0Ak=1
theg blk1)=s1[i+1-2]xbb[1-1]
alse
kagin
if fn
then g=g-1;
k2=i+1;
t=bb[1-1];
blgl=s1[k2-4]=t;
blg-1]=s1[k2-3]xt
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et8:
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&=T+k;
1=1+1;
i fnagdkl
then blg-1J)=.0
elgs blgl=.0;
t1[1)=1f fn ihen £ glse g+1;
h=h+1;
le=k+1
end i;
il J=p
then g2 o et9;
i£ tn[pl=0
ihen
kegin
J=p=Ji
b(hl=e1[J+j-1]=x
ecd talpl=0
glse h=h-1;
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b(h+1)=.0;
J=11+1;
k=h+1;
for i=1 glep 1 unidl k dg
slil=1+3; ’
&=0;
€9 fo iter
end fk;
k2:=k241;
q1(1]=1;
q1{12])=12;
if x2dlex

£or 1=1 gtep 7 unidl n dg
kegln
bb[1)=b[1];
snf1l)=s(1]
send 13
Lox 1=p gisp -1 uQidl 1 do
if q1[1140
then
hegin
q1([11)=0;
q1(pl=p;
ga g etb
and q1[1]40
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end f1;
x={f £] then -1.0 elge 1.0;
1L=r-2;
iL q1[1]=1
then
kegin
8101 }=x;
fn=fxue
end q1(1]=1
alse 81[1])=-x;
81[1)=if q1{pl=p then -x alss x;
for i=3 giep 2 yutil 1 do
hagin
J=1+241;
if q1[3143Aen
then
hezin
81[4])=x;
81{1-1]=-x
end q1[j143Afn
glse
42 q103143
Shen
kegin
84 }=-x;
s1[i-1)=x
end
elag
if q1(jl=jAfn
Lhen
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hegin
81[1)=81[1-1)=-x;

EFEE

81[1)=81[i-1}=x;
{ + fre=true
end
end i;
g9 1o extr
end bIk+114. 0N (k241exVrK);
if fk
than
kegin
et14:£or 1=1 gtep 1 uutil 11 do,
hegin
J=tv[1];
bb[Jl=da[j+3-11
end i;
et9: for 1=1 giep 1 uatil p do
a(1)=bb[1i])-r;
g0 1o et7
end fk;
iL bn]<bbnlAfl
then
for 1=1 gtep 1 unidl n dg
kegin
bl1)=bb[1];
s[1)=en[1]

187
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and blnl<vdb(nlafl,i;
4L v(nl=.0
than o ig et14
alas

Tlo=ixua;
ga fg et1
and b(nld.0;
et7:
d(p+pJ=-d(n]
and bdbléck
and prodrevsimplextr
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ALGORYTMY 77.78
F. PANKO WSKI (Bydgoszex)

APROKSYMACJA JEDNOSTAJNA FUNKCJI EMPIRYCZNYCH,
MONOTONICZNYCH I 0 DANEJ LICZBIE EKSTREMOW

STRESZCZENIE

Procedura prodrevsimpl rozwiazuje nastepujace zadanie:

Dla danego ciagu liczbowego {y,, y,, ..., ¥p} Wyznaczyé taki ciag {z;, 23, --.» 2p}
ktéry

(i) realizuje minimum funkeji f = wmax |y, — zl,

(ii) jest monotoniczny. 1<k<p
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Dane:
ext — liczba calkowita o wartodei 0, gdy rozwigzujemy zadanie przy zalo-
zeniu, ze badana funkcja jest nierosnaca, oraz 1, gdy zakladamy, Ze
badana funkcja jest niemalejaca;
p — liczba danych y,, ys, ..., ¥p;
d[1:3xp] — tablica danych y,,¥s, ..., ¥p (F[I] = ¥y, d[2] = ¥5, ..., d[P] = yp).
Wyniki:
d{1:3xp] — tablica wynikéw 2y, z,, ..., 25 (5 = d[1], 23 = d[2],..., 2, = d[p]);
d[2 x p] — blad aproksymacji jednostajnej.
Procedura prodrevsimplextr rozwigzuje zadanie takie jak procedura prodrevsimpl,
przy czym punkt (ii) zamieniony jest nastepujacym:
(iii) ma dana liczbe ekstreméw.
Dane:
lex — liczba ekstreméw aproksymowanej funkoji;
ext — liozba calkowita o wartodci 0, gdy pierwsze eksfremum jest minimum, oraz 1,
gdy pierwsze ekstremum jest maksimum.

Pozostale dane i wyniki sa takie jak w procedurze prodrevsimpl.



