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TABLES OF THE FUNCTIONS OF THE PARABOLIC CYLINDER
FOR NEGATIVE INTEGER PARAMETERS

The function of the parabolic cylinder D_,(2), where the parameter
—n is a negative integer, is needed for the calculations of the exact distri-
butions of Shor’s u, statistic [4], as we have shown in the paper [3].
Tables of the functions D, (z) (cf. [2], p. 101-109) are, as far as we know,
given for non-negative integers » only. That is why we decided to present
additional tables for negative values of the parameter ». The values of
the function D_,(2) are calculated from two basic formulas, for n = 1
and n = 2,

O = ‘”‘P(‘%”) Vz_ [1 q”(vg)]

(1)

n - 1)/ ool -V E -2}

where @ is the Laplace function, and a recurrence formula is derived for
higher numbers n = 3, 4, ..., 20.
We have

(2) H, ,(2)—2z2H,(2)+2vH,_;(2) =0, Rer<0,

where H, is the Hermite function of the first kind. For any arbitrary p
the function of the parabolic cylinder can be expressed by H, as follows:

2 ?
) D, =277, (),
? Ve
Thus, from (2) and (3) we have the recurrence formula

1
D, (#) = Dye) - — — D, (@),

and, finally,
(4) D_,(2) = (—D_n+1(z)z+D—n+2(z))/('"'_1)7 n=3,4,...
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The function D,(2) can be expressed by the Whittaker function
(cf. [5], p. 122-133)

14+pi2 ,—1/2
-Dp(z) = ol A+PI2 =1 IVl/41.+p/2,—1/4.(z2)’

as well as by the Kummer function. i.e., the confluent hypergeometric
function (cf. [1], p. 536-540 and p. 552-554)
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The values of the function D_,(x) for z = 0.00(0.05)3.00 given
in the table have been calculated on the computer Odra 1204 at the
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Fig. 1

Cracow University Computing Center. The curves in Fig. 1 give an idea
about the range of the functions D_, (x) forn =1,2,3,4,5, 6.

The binary floating-point arithmetics of the computer does not guar-
antee quite exact results of the calculations. We have z = m-2°, where
m is the mantissa, me[—1,—3]U[+34,4+1), and ¢ is the integer
exponent of the number z.
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An error of calculations arises when the mantissa is rounded off
to a value from the defined interval, so that it takes N significant bits
of the computer word. For the Odra 1204 is N = 37, because 38 bits
of the computer word are provided for the mantissa, the first bit being
the sign bit.

In [6] round-off errors for the four elementary operations are esti-
mated and the round-off errors of any functions can be derived from
those. The symbol fl will be used to denote that there is a floating-point
operation under consideration. Thus

fl(z,f @) = (2, E @) (L+¢),

where ¢ is the relative error of the result, |¢] < 2737, Hence, a floating-
point operation gives results which are different 14-¢ times from the
exact ones.

Let us analyse the error of the recurrence formulas (1), (2) and (4)
forn = 3, 4, ..., 20. We suppose that the calculations of the values D_,
and D_, are exact to the extent of a representation error, i.e., the modulus
of the relative error for each of the values is equal to 2737 of less

-Dtl = D_1(1+5), D*—z = D—2(1+8)7

where D_,, is the exact value, and D* , is the calculated value. In addition,
let us suppose that ¢ is always the same, since we take under consideration
its upper bound only. We have

D*, = {[(—D* 1 2)(L+e)+ D%, 11 +e)(n—1)}(14e), lef <27%,
and
ID*,—D_,| < |(D_pi12—D_pyo—D2pyr2—3D, -0z —
~3D*, - 2—D*, 1 e 2+D_y 3 +2D_p e+ D_, %) [(n—1).

We neglect the components which have powers ¢2 and &3, because
they are too small and will not influence the results. Hence,

b4

|D:n'—D—n| < w—1

| D —D*‘I+LID — DL, .+
—n-+1 —n+1 ’)’b—‘l —n+2 —n+2

| 3 |e] 2 e
Dtn+1| |2l + o1 |D:n+2| .

|

Cm—1
If we take |2/ <3 and M = max|D_,|, » =1,2,...,20, we obtain

3 1 11
lDtn - D_nl < ’_N—l !D—n—}rl_D*—n-l-ll +E ID—n+2 ’_Dtn+2l +’Ib_—; IE‘M-
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Since |D_,—D*,| < |¢|M and |D_,— D*,| < |e|M, there is

3le|M n le| M
2 2

11
|ID_,—D*,| < +7]8|3I<8]8|M.

If » > 3, it may be observed that
lD—n_DtnI < ID——n-}-l_Din-}—ll + |D—n+2—‘Dtn+2‘ +1O IEIJ'/I7

therefore,
|ID_,—D*,| < 8le| M+ |e|M+10]e| M < 20]e| M,
|ID_—D* | < 20|e|M+-8le|M-+10|e|M < 40|e| M,
|ID_g—D*¢| < 40|e|M +20|e| M +10]e| M < 80 || M
and

|D

-n

—D* | < (2" *|e| M -2" 5 |e| M + |e| M) 10 < 2"3-10|e|M  forn > 5.

Finally, we obtain the absolute error estimate of the result as follows:

|D_so— D ,] < 2V-10-27M = 2-2-10M .

We wish to express our thanks to Mr. B. Oweczarek and Mrs. J. Su-
liska from the Cracow University Computing Center for their help in

the computations and in the error analysis.

Notice for the tables. Numbers (—%) in the brackets denote that

the table value is to be multiplied by the factor 10~*.

During proof-reading the following errors in the tables have been

found:
D_,, (1.30) should equal —4.140258,,—4,
D_,, (1.55) should equal —5.035676,,—4.
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TABLICE FUNKCJI WALCA PARABOLICZNEGO
DLA UJEMNYCH PARAMETROW CALKOWITYCH

STRESZCZENIE

W pracy podano tablice funkeji walea parabolicznego Dy, (x) dla wskaznika
n ujemnego calkowitego. Przy opracowaniu tablic korzystano z wzoréw (1), (2) i (4).
Prace uzupclniono analizg bledu obliczen na m. ¢. Odra 1204.



