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MINIMUM-AUTOCORRELATION SEQUENCES

M. T. G. Hughes and A. R. M. Noton [1] proposed a new method
of evaluating in the presence of internal noise the response of a linear
control system to a unit impulse. This method consists of feeding white
noise into the system and estimating the cross-covariance function of
the input-and-output process; this function is precisely the required
response multiplied by the variance of the input. It is easy to see how
the effect of the noise in the system is reduced by this procedure.

In the model which is adopted in practice, time is discretized. The
input becomes then a sequence {z;} of impulses; it is convenient to make
#; = 4-1 for every ¢, the mean being 0, so that var x; = 1. The response
in question is now a sequence; if this sequence is denoted by {A,}, and
if the noise in the system is ignored, the output is given by

+00
Y = Z bz, _;.
1=0

The cross-covariance function of {w;, y;} is estimated by means of

+oo
(1) LY = Z hy @y g1y
1=0

where the bars denote temporal averages. The expectation of the right-
hand side is 0 for negative values of % and %, for k¥ > 0. The actual values
of (1) will be nearest to their respective expectations if the averages
Z,&;,m are as near as possible to 0 for all m # 0.

It was never proposed to use an actual white noise generator as
a source of input. The input is in fact determinate. Thus we are faced
with the problem of devising a finite sequence {;} of length, say, N com-
posed of equal numbers of 4-1’s and —1’s in such a way as to minimize
the absolute values of the averages

(2) @y e
In practice one assumes that the response k; becomes negligible for lags
exceeding some specified number. Then the absolute values of (2) need

to be minimized only for values of ¥ which are smaller than this number,
and this makes the problem more tractable.
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Once an input sequence has been fixed and registered in some form
or other, it is likely to be repeated a number of times during the scme
experiment in order to average out, as far as possible, the noise in the
system. It is, therefore, reasonable, and it also proves convenient, to inter-
pret (2) as

1 N
(3) B = IV*Z-’W-%M,
t=0
where the indices are reduced modulo N. Thus, #, being equal to 0, {R}
is the circular sample eovariance function of {z;}, and at the same time
its circular sample autocorrelation function, since B, = 1.

In what follows it will be more convenient to deal with sequences
of 0’s and 1’s. Obviously, replacing 0 by —1 does not affect the circular
sample autocorrelation function, which in any case will be denoted by {R,}.

Given an arbitrary positive integer r, form the sequence of all the
integers from 0 to 2"—1, writing them consecutively in binary notation;
the sequence of the N = r2" digits, taken in the order in which they
are written, will be denoted by 8,. It may be worth recalling that it was
with this kind of finite sequences that normal sequences of digits were
built up on 2 decimal base by D. G. Champernowne [2]; for later develop-
ments see A. G. Postnikov [3].

It will be convenient to write S, in 2" columns, each of them being
composed of the successive binary digits of the corresponding integer
from 0 to 2"~'. The matrix formed in this manner will be described as
the matriz of S,. For instance, that of 8, will be

0000000011111111

0000111100001111

0011001100110011]
|0101010101010101

The ordinal number of the row in which a digit is situated will be de-
scribed as its depth. Two ordered pairs of digits will be said to have the same
relative position if the depths of the corresponding digits are the same,
and if the difference, reduced modulo 27, of the ordinal number of the
eolumn containing the first digit and of that containing the second is
the same in both pairs. There are, obviously, 2" pairs of digits in any given
relative position. The pairs (0, 0) and (1, 1) will be called homogeneous,
and the pairs (0, 1) and (1, 0) heterogeneous.

LEMMA. The set of all the pairs of digits of S, being in an arbitrarily
given relative position which involves different depths of the two elements
is composed of equal numbers of homogeneous and heterogeneous pairs.
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Proof. Let p and ¢ with p < ¢ be the respective depths of the digits
in the given relative position. It is easily seen that the row no. p is com-
posed of runs of 2"? equal digits. To the elements of any of these runs (of
zeros or of units) there corresponds a sequence of consecutive elements
of the row no. ¢ which form with them pairs in the given relative posi-
tion. But every row contains equal numbers of 0’s and 1’s, and the row
no. q has a period of 2"~%*!, which divides 2"7?. Hence any 2"~” consecu-
tive elements of this row include equal numbers of 0’s and 1’s, so that
the 2"P pairs under consideration consist of equal numbers of ho-
mogeneous and heterogeneous pairs. Since the set of all the pairs
in the given relative position is composed of 27 gimilar sets, this
completes the proof.

But it is easily seen that NER; is equal to the difference between
the numbers of homogeneous and heterogeneous pairs in the right-hand
side of (3). Now these N pairs can be separated into r sets of pairs being
in the same relative position. Moreover, if k¥ is not a multiple of r, the
depths of the two digits in any pair are different. Hence the following:

PRrROPOSITION 1. The circular sample autocorrelation function of 8,
takes the value 0 for all the lags which are not divisible by r.

Thus, in principle, 8, is a solution of our problem. However, since
R, is easily seen to be large, applications would entail inordinately long
sequences of digits. On the other hand, the author is inclined to doubt
the existence of sequences which would be much shorter than 8, and would
have zero covariances for all lags other than multiples of r, or even only
for lags smaller than this number. It is, therefore, proposed to explore
sequences in which the covariances which matter are not necessarily
all equal exaetly to 0, but are, on the whole, much smaller in absolute
value than one would expect them to be if the sequences were chosen
at random.

The two kinds of solution which will be suggested arise out of S,
by appropriate permutations of the columns of its matrix. Columns
beginning with a 0 will be described as white, and those beginning with
a 1 as black. Thus the matrix of S, consists of 2" white columns pre-
ceding as many black columns. Beginning with the first two, adjacent
columns will be formed into pairs. Hence both columns forming a pair
are always of the same colour; this will be regarded as the colour of the
pair. 8, is now transformed into a new sequence 8} by re-ordering the
columns of its matrix in the following manner: at the beginning we
put the first pair of white columns, then the last pair of black columns,
and further the second white pair followed by the last-but-one black
pair etc., alternating white and black pairs in such a way that the order
of the white pairs remains unchanged in comparison with §,, while that
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of the black pairs is reversed (without changing the order within the pairs).
Thus, for instance, the matrix of 87 is

1001100110011001 1]
0011001111001100
0011110000111100]
10101010101010101

PROPOSITION 2. The circular sample autocorrelation funmction of S;
takes the value O for all the lags which are not divisible by r, while

R, = —4/N.

Proof. With the exception of the last row, digits situated in the
same depth and belonging to the same pair of columns are clearly equal.
On the other hand, no pair of adjacent elements of the last row is homo-
geneous. It follows that if the relative position of two elements is such
that one, and only one, of them is situated in the last row, then the set
of all the pairs of digits in the same relative position is composed of equal
numbers of homogeneous and heterogeneous pairs.

The relative position of any other pair of digits will be charae-
terized by depths p and ¢q (p < ¢ < r) and by a specified difference be-
tween the ordinal numbers of the corresponding columns. Pairs in which
the digit at a depth p belongs to a white column will be considered first;
of course, the argument which follows will also apply, with obvious mod-
ifications, to pairs in which this digit belongs to a black column. Further,
pairs of digits in which this element belongs to the first column of a pair
will be considered first, the same argument applying also to pairs of
digits in which the digit in depth p belongs to the second column of the
pair. The other digit of the pair belongs to a column of constant colour.
If this colour is again white, it suffices to note that if we discard the
last row of the matrix and take one column from each pair, we obtain the
first half, i.e. the first 2"* columns, of the matrix of §,_;, and the argument
of the Lemma shows that the numbeoers of homogeneous and heterogeneous
pairs of digits will be equal. The same argument applied to the case
of the column containing the digit at a depth ¢ being black, since the pe-
riod of the digits of black columns situated at a given depth is equal to
that of the digits of white columns at the same depth. Thus we find again
that for lags which are not divisible by » the values of {R,} are equal to 0.

There remains to consider the correlation of lag r. The relevant pairs
of digits are situated in adjacoent columns of the matrix of S; and in
the same row. In the first row, pairs of 0’s and pairs of 1’s altornate
invariably. In conscquence, the first row contains 2"~ homogeneous pairs
of consecutive digits and as many heterogeneous pairs, so that its contri-



Minimum autocorrelation sequences 199

bution to R, is 0. The picture in the next r—2 rows is similar, but with
a growing number of exceptions. It is easy to see that the passage from
a white to a black column always involves a change in the value of the
digit; this is an immediate consequence of a skew symmetry of the matrix
of 8, whereby, for any ¢ (1 <t < 2"), the column no. 2"—¢+1 can be
obtained from the column no. ¢ by replacing in it all the 0’s by 1’s and
all the 1’s by 0’s. It follows that the passage from a black column to
a white one also involves a change unless the digit in the white column
has changed in comparison with the preceding white column. But in
the second row there are two such changes (we regard it as having a cy-
clic order), so that the number of homogeneous pairs exceeds that of hete-
rogeneous pairs by 4. In general, in the row no. » (1 < p < r) there are
2”1 changes of digits within the white columns. Thus the contribution
of the first r—1 rows to R, amounts to

r—1
Z 9P — 9" 4,
p=2

But in the last row all the pairs of consecutive digits are heterogeneous,
so that its contribution to R, is —2'. The total having to be divided
by N, we find R, = —4/N, which completes the proof.

The value of R, in Sy is satisfactory, but R,, is easily seen to be
large, so that N is still large in comparision with the number of con-
secutive values of the sample autocorrelation function which are negli-
gible. Despite the fact that sequences of the type of S; do not appear
to be altogether useless, it was felt that other ways of permuting the col-
umns of the matrix of 8, should be explored. One of them consists of
fixing an odd integer p and taking out of the matrix 8, the columns whose
ordinal numbers are the successive multiples of p reduced modulo 2"; the
elements of the resulting matrix, taken column after ¢olumn, form a new
sequence S, In other terms, we write in binary notation the successive
multiples of p reduced modulo 27, and the 2" consecutive digits form 8,

ProrosITION 3. For any odd p and any integer r bigger than 1, the
circular sample autocorrelation function of S takes the value O for all lags
which are not divisible by r.

Proof. In view of the nature of the permutation of columns which
transforms the matrix of 8, into that of 8™, it is clear that two pairs
of digits are in the same relative position after this transformation if
and only if they were previously in the same relative position. Consequen-
tly, the Lemma also applies to sets of pairs of digits being in the same
relative position in 8, and Proposition 3 follows therefrom in the same
way as Proposition 1.

Of course, the values of the circular sample autocorrelation function
of 8 for lags which are multiples of » depend on the values of r and Pp.
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No general theory is offered for the optimum choice of p when r is given;
this can be done by inspection in each particular case. Let it be only
noted that » = 7 and p = 15 seems to be a particularly practical com-
bination (Table 1) from the view point of applications suggested in [1].
Indeed, for 8¢, we have

.R7 —_ _1/224; R14 =1/16.
TABLE 1
Table of the sequence S;ls) (to be read downwards column after column, from left
to right)
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This is easily verified without a tedious count by studying, for R,, the
effect, on the last four binary digits of a number, of adding to it 15, and
then considering separately the effect on the other digits of a binary
unit being carried over; similar considerations yield the value of R,.
In this way it can also be seen that in 8%, p being any odd number, R,,
is always bigger than R,.

The values of R, and R,, can be compared with those likely to be
obtained if a sequence of 7 X 2’ = 896 binary digits were formed at ran-
dom. The values of the sample autocorrelation function corresponding
to various lags, and computed on the assumption that the mean of the
digits is 4, would be uncorrelated and approximately normally distri-
buted (cf. [4]) with a variance equal to 1/896, and consequently a stand-
ard deviation of 896™* >1/30. Now R, is much smaller ttan this value,
while Ry, is smaller than twice this standard deviation; a value bigger
than this would be expected among 20 values of the sample autocorrela-
tion function of a random sequence of 896 binary digits.

It may also be noted that, for 8(%, the value of

20
D Ri,
k=1
which reduces to R:-1R2,, is less than one-fifth of the expected value of
the same expression in the corresponding random sequence. With a view
to possible applications, a table od 89 is given above.

It is perhaps worth pointing out that errors in the evaluation of
{hx} arising out of one value of {R,} appreciably differing from 0 can
be corrected with very little effort. For instance, in the case of 8¢9,
with the 0’s replaced by —1’s, if we assume that k; is negligible for & > 20
and accept R, as sufficiently near to 0, but wish to correct the error ari-
sing out of the value of R,,, we find, according to (1),

+o0
TYipr = Z By >~ Ryt by B, 0 <k <65
l=o
LY =~ Wy = hy, T<k<13;
wi_yt-l-k o Iy 1y Ry + iRy, 14 <k <20,

Thus h,, hgy hyy hyg, hyyy hyg, hy; Tequire no correction at all, while the
other values of {h;} are given by

Y k— B Yrika1s
2 2
-RO _RM

by =

’

the sign in front of 14 being + for 0 <% <6 and — for 14 <%k < 20.
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Alternatively, if h; is assumed to be negligible for & > 20, it may be
plausible also to assume that, for ¥ > 14, h, is sufficiently small to make
R, b negligible; then no corrections are nceded for the first 14 values
of {h;}, and the corrections to the next 7 values are simplified. As a matter
of fact, corrections arising out of two or even three values of {R,} differ-
ing too much from 0 would not be very laborious, and this, evidently,
widens the scope of the whole method.

The author wishes to stress that he does not claim to have necessarily
found the best solution of the problem of finding minimum-auntocorrela-
tion sequences of binary digits; indeed, he would welcome a better solu-
tion than his own, let alone one which could be proved to be the best
possible in some well-defined sense.
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S. K. ZAREMB A (Swansea)
CIAGI O MINIMALNEJ AUTORKORELACJI

STRESZCZENIE

Charakterystyezng cechy liniowych ukladéw sterowania jest ich odpowieds
na impuls jednostkowy. Przy jej doswiadczalnym wyznaczaniu mozliwe sy znieksztal-
cenia przez szum wewnatrzny. Mozna temu w zasadzie w znany sposdb zaradzié przez
wielokrotne wprowadzanie na wejiciu biatezo szumu.

Za M. T. G. Hughesem i A. R. M. Notonem proponuje uzyé za sygnal wej-
8ciowy skoneczony cing zlozony z zer i jedynek, taki zeby jezo funkeja autokorelacji
przyjmowala wartosci réwne lub mozliwie bliskie zeru.

Nastepnie podaje prosty sposdb budowy takiego ciagu, oznaczonego w praey
przez S, i dowodzg, ze S, ma pozpdane wlasnosci. Okazuje sie jednak, Ze cingi S,
bylyby zbyt diugie dla zastosowania w praktyce. Aby temu zaradzié, podaje dwa
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sposoby permutowania wyrazéw ciagu Sy, co prowadzi do dwéch wariantéw, z kté6-
rych zwlaszeza drugi (tiag S}_"’) zachowuje kerzystne wlasnodei ciggu 8, przy nie-
zbyt wielkiej liczbie wyrazéw.

W pracy podano ciag o 896 wyrazach i opisano sposéb jego uzywania.

C. K. SAPOMB A (Coanmomm)
IOCJHEJOBATEJABHOCTH C MUHUMAJIBHON ABTOKOPPEJAIHENR

PESIOME

XapaKTepUCTHYECKON 4epTol suHEeHHHX CXeM YHNPAaBJACHUA ABJIACTCH PeaKUdd HA
eRnHAYHEA uMByJasc. Bo BpemMa eé SKHCHEPUMEHTAJNLHOrO OIPENeJieHUA BOSMOMKHH
ACKaMeNMA, CBASAHNHE C BHYTPEHHAMH IDyMaMu. OrOr0 MOMKHO HaGemaTs myTeM
MHOTFOKDATHOTO BBeJeHMA Ha BXoje ,,Gejoro miywa’’.

Cormacuo M. T. I'. 103y m A. P. M. Horouy npeziaraio B Ka4yecTBe BXOXHOI0
CHTHAJIA WCHOJbL30BATH KOHEYHYI0 IOCHEA0BATEJBHOCTH COCTABICHHYIO M3 HyjeH
¥ eavaun. QOYHKHUA KOppeasanuu 3Toffi mocieROBATEJIbHOCTH XOJKHA NPHHUMATH
SHAYCHUA pPaBHHE HIN BO3MOMHO OAM3KHEe K HYNIO.

TipuBomy pamee mpocTol ¢moco6 mocTpoeHMA TAaKOA INOCIEXOBATENLHOCTH
o6osmauennoit B paGore S, m nokasmsajw, uro Sy obfmagaer Bcemu Heobxoxm-
MuvE cBoficTBaMu. OfHAKO, OKABHBAETCH, YTO NOCIEHOBATEAbHOCTH Sp CAUMKOM IAMH-
HH JJIA WX NPAKTHYeCKOro MCHoNib3oBammA. UToOH aToro uaberaTh, IPHUBOMKY ABa
cnocofa MepecTaHOBKM UYJEHOB HOCHeR0oBaTeNbHOCTH Sy, YTO BEJET K ABYM BapUanTaM,
U3 KOTOPHX ocobeHHo BTOPOHt (MOCIEROBATENLHOCTD Sﬁ?’) COXpaHAET BHIroguEE CBOl-

CTBa mHOCHExOBaTenbHOCTH Sy NpN HeGONLNIOM KOMHYECTBE YJIEHOB.
B paGoTe mpHBOANTCA mOCIeHOBATEILHOCTs ¢ 898 4YiaeHaMn M ONMNCHBACTCH CHO-
co6 eff MCHONAbL30BAHUA.
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