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UPPER BOUNDS FOR THE ABSCISSA
OF STABILITY OF A STABLE MATRIX

1. Introduction. Let A = {a;} be a real matrix of dimension % X n.
Denote by 4,, 44, ..., 4, the eigenvalues of the matrix A. Assume that 4
is a stability matrix, i.e. Re(4) <0 (i =1,2,...,n). The real number

a = max Re(4;)
1<i<n
is called an abscissa of stability of A.
_ In this note a method of finding a real number y such that a <y <0
13 presented. The problem of finding upper bounds for the abscissa of
2 stable polynomial was investigated by Henrici [3]. Denote by det(X)

the determinant of the matrix X , and by |det(X)| the absolute value of
det(X). Put

C=AQI+IR4,

Where I is the identity matrix of dimension # X n, A’ is the transpose of 4,
and X QY is the Kronecker product [1]. Therefore, C is a real matrix
of dimension %2 xn2. It is well known that AM+2 (1,5 =1,2,...,n) are
the eigenvalues of the matrix C.

Let R > 0 be a real number such that

(1) LGSR (6=1,2,...,n).
A Particularly simple R is given by the formula (see [2])
2)

n
R = max 2 la;ly
1<i<n =1

Where la;;| is the absolute value of ;.
2. Main result.
THEOREM. If the mairiz A is stable, then

(3) a << —2 " RB-"*|det (0)].
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Proof. From the definition of the matrix C we have

det(C) = ﬁ()-ri‘lj) = Znﬁli ” (4;+2)2.

1,je=1 =1 I<i<jign
Let
d= [] (+a.
1<i<j<n

Since A is a stability matrix by assumption, 4 is a real number. From (1)
we obtain |d] < (2R)"™~Y2, If a = 4,, we have

det(0) = 2"a [ [ 2.,

i=1

ik
det(C det(C
— 2—-n_ﬂ_§_)_< — 2an—l(2(R;n(n——lf = —2‘”2R““2|det(0)l.
Il 2.4
ik

In the case a = Re(4,), 4, = 4, k <, we have

det(C) = 2" n 3;(2a)d ” (A+4)
= et

and

det(C)
ot [Ta@ [T (h+A)

i=1 1i<j<n
t#k,j#1

a = —

det(C)
2n+an ,2n2—n—an2—n——l -

Hence inequality (3) holds, which completes the proof.
Example 1. Let

—0.09 0 0.01
A = [ 0.008 —0.1 0.0007] .
0 0 —0.02
Then, by (2) and (3), we have
det(0) = —2%-1.9602-107",

R =01, a< —0.0003.
In this example a = —0.02.
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Example 2. Let

—1 0 1
A= 0o -2 1
1 —3/2 —3/2

Then, by (2) and (3) we obtain
det(C) = —16820, R =4, a< —0.002.
In this example « = —0.5.

3. Conclusion. From the proof of the Theorem, for a = Re(4,),
Where 4, = a+4if, f # 0, we have
det(C)
det(4)

(4) a —

l ,2—n2R—-n2+n+1 .
In the case a = A, we get

det(4) = a [ [ 4,
oy

and hence
(5) a< — |det(4)|R".

AI‘I)lying inequality (5) to Example 1, we have a < —0.0018. However,
Using (4) or (5) we have to know whether the eigenvalue of a matrix with

€ largest real part is real or complex. This fact restricts the application
°f inequalities (4) and (5). :
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