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ALGORITHM 2

S. PASZKO WSKI (Wreclaw)

CALCULATION OF A RATIONAL FUNCTION
DEFINED BY INTERPOLATION CONDITIONS

1. Procedure declaration.

procedure ratint(l, x, m, y, notexs);
integer 1, m;
array x, y;
label notex;

comment The procedure ratint finds the rational function RE(x) such
that

(1) R(zy) =y (k=0,1,...,14+m).
Data:

l, m — the degrees of the mominator L(x) and denominator
M (z), respectively, of the function R(z),
2[0:1+m] — array of pairwise different arguments of R(x),
y[0:1+m] — array of values of R(x).
Results:

l, m — numbers not exceeding the input values of  and m, respecti-
vely, being the true degrees of the nominator and deno-
minator of the calculated function R(zx),

y[0:1] — coefficients of &, 2%, ...,1 of the nominator L(z),

x[0:m] — coefficients of 2™, 4™ %, ...,1 of the denominator M ()

(Remark: during the performance of procedure ratint the values

of x[m+1:14+m] and y[l+ I:14+m] are usually also changed).

Other parameters:

noter — label of the statement (outside the procedure body) where

exit is made if the funection R () does not exist;

begin
integer ¢, j, kmin, kmaz, lm, n;
real yi, yj, ymin, ymaw;
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integer array r[0:14 m];

n = l+m;
for ¢ :=n step —1 until 7 do
begin
kEmin := kmax := 0,

ymin 1= ymaz := abs(y[0]);
for j := 1 step I until ¢ do

begin
yj = abs(y[j);
if yj < ymin
then begin
ymin 1= yj;
kmin :=j

end yj < ymin
else if yj > ymax

then begin
ymaw 1= Yj;
kmax :=j
end yj > ymax
end j;
if ymin = 0
then j := 1
else if 1>m
then begin
ymax := abs(y [kmax]—y[kmin]);
ji=2
end ymin >0 Al=m
else begin
ji=1
l:=m;
m = j;
for j := 0 step I until 7 do
ylil:=1lyljl;
ymax := abs(y [kmin]—y[kmax]);
kmin := kmax;
ji=3
end ymin >0 A 1l < m;
r[i] 1= j;

yj 1= w[kmin];
z[kmin] := x[¢];
x[i] 1= 9j;

ymin = y [kmin];
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y[kmin] 1= y[i];
yi] 1= ymin;
if ymaxr = 0
then go to p2;
ifl=20
then go to noter;
l:=1—-1;
for j :=¢—1 step —I1 until 0 do
y[j1 := (y[j1—ymin)[(2[j]1—yj)
end 7;
P2: Im 1= l+m+1;
l:=m := 0;
x[0] := 1;
for i := Im step 1 until » do
begin
yi =y
yj := x[];
yman = y[l];
YU+ 1] : = —ymin Xyj;
for j:=1 step —1 until 7 do
begin
ymax 1= y[j—I];
y[j] 1= ymin—ymaz Xyj;
Ymn 1= ymax
end j;
l:=1+41;
kmax := r[4];
if kmaz > 1
then begin
kmin :=1—m;
for j := kmin step I until I do
y[§] := y[j1+yi Xz [j— kmin];

if kmazr = 3
then begin
for j := 0 step I until I do
begin
ymin 1= x[J];
z[j] :=ylJl;
y[j] := ymin
end j;
ji=1

l:=m;
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m:i=}j
end 7[i] = 3
end r[i] > 1
end 17
end ratint

2. Method used. The procedure ratint, the declaration of which is
given in § 1, solves the following problem of rational interpolation:

Given nonnegative integers ! and m, pairwise different numbers
Loy Xyy ...y T (Where n = l+m) and numbers y,, ¥;, ..., ¥n, it is to find
the coefficients of the polynom L(x) of degree at most ! and of the polynom
M (z) of degree at most m such that the rational function

Blr) — L(z)
(z) = M ()
satisfies
(1) R(xy) =y (k=0,1,...,n).

This problem is solved by the following nearly obvious algorithm
(which, however, was published probably only in [1] for the first time):
The algorithm begins with a transformation of the system (1).

1° If there exists any j such that y; = 0, then (1) is replaced by the
system
Ly (@) Y

= k=0,1,...,9—1,74+1,...
M (zz) T—; ( y Ly yJ yJ+1, y ),

where L,(x) is a polynom of at most degree I —1 and such that
(2) L(») = (50— ;) Ly (7).
2° If y, <0 for k =0,1,...,n and 1> m, then for any chosen j
(0 <j < n) the system (1) is replaced by the system
Ly (x)
M ()

which satisfies the assumptions of case 1°. L,(x) is a polynom of at most
degree I and such that

(3) L(x) = Ly(2)+y; M (x).

3° If yp #0 for k =0,1,...,n and ! <m, then (1) is replaced
by the system

=Yr—Y; (k:();l’---7n)7

M) 1 b —0.1
L (wy) _?/k (k=0,1,...,n),

satisfying the assumptions of case 2°.



Algorithm 2 107

Similarly, one transforms the system which results immediately
from (1) and the following systems till one obtains one equation with
a rational function with nominator and denominator, both of zero degrees.
This part of the calculations is performed by the first for statement in
the procedure declaration. In case 2° the number j is chosen such that

ly;l = mkin Yl -

This part verifies also if the function R(x) satisfying (1) exists. It does
not exist in the case 1° if max|y;] > 0 and I = 0, and also if similar in-
k

equalities are satisfied for any system of equations obtained from (1)
through reduction by the above mentioned method.

After repeated use of formulas (2) and (3) and, eventually (in case 3°),
after an exchange of the nominator and denominator, the second part
of the calculations (beginning with label p2 in the procedure declaration)
Yields the coefficients of the rational functions satisfying the reduced
equations systems obtained from (1), finally, gives the coefficients of the
Sought funection R(x).

3. Certification. The procedure ratint has been verified on the Elliott
803 computer. Results of the control calculations are given in the table.

TABLE
l,m
data results Tk Y& E(x)
1, 2 1, 2 0 | —2 . —1.1428571z+2.2857143
1 | —.333333333 ® —3| —1.14285712%—1.14285720—1.1428571
2
4 .095238095 ~ 5 @2
6 1093023256 ~ = T a1
3, 1 1,0 0 —6
1 —4
| 3 0 2x—6
4 2
7 8
0, 1 .
2 0 does not exist
5 16
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ALGORYTM 2

S. PASZKO WSKI (Wroclaw)

OBLICZANIE WSPOLCZYNNIKOW FUNKCJI WYMIERNE]
OKRESLONEJ WARUNKAMI INTERPOLACYJNYMI

STRESZCZENIE

Procedura ratint znajduje funkcje wymierna R (x) okreslong warunkami (1).

Dane:

lL,m — odpowiednio stopien licznika L (x) i mianownika M (x) funkeji R (x),
2[0:14m] — tablica argumentéw funkeji R (z), liczby parami réine,
y[0:14+m] — tablica wartosci funkeji R (x).

Wyniki:

l,m — liczby nie wieksze odpowiednio od wej$ciowych wartosei I i m,
prawdziwe stopnic licznika i mianownika znalezionej funkeji B (x),

y[0:1] — wspélezynniki licznika L (z) przy «f, #1, ..., 1,

z[0:m] — wspélezynniki mianownika M (z) przy 2™, ™1, ..., 1

(Uwaga: podczas wykonania procedury ratint na ogdél zmieniaja sie réwniez

wartosci zmiennych z[m4I:14+m] i y[I+ 1:1+m].)

Inne parametry:

notex — etykieta instrukeji (poza treicia procedury), do ktérej nastepuje
skok, gdy funkecja R (x) nie istnieje.

Metoda uzyta w procedurze rafint jest zapewne od dawna znana, ale opubli-

kowano ja po raz pierwszy chyba dopiero w [1]. Opisano ja krétko w § 2. Obliczenia
kontrolne wykonane na maszynie cyfrowej Elliott 803 (§ 3) wykazaly poprawnosé
procedury.

AJITOPATM 2

C. MTAIMKOBCKH! (Bponnas)

BBIYUICJIEHVE KO3 ®PULUEHTOB PALIMOHAJIBHON ®YHKIIUU
OITPEJEJIEHHOK WHTEPHOJIILIUOHHbIMH VCJIOBUSIMU

PE3IOME

Ilpouenypa ratint Boiymcnser panuoHanbHyro dyrkunio E (r) oopeaenennyro ycnosmamu (1).

JaxHble:

l, m — COOTBETCTBEHHO cTenens wacomtend L (x) u 3HameHatens M (x) dyaximm R (z),

z[0:1+m] — maccus aprymenros ¢ynxmm K (r), uMcia nmomapHo pa3HbIE,

y[0:1+m] — maccrB 3Havenmit dynkmmu R (x).

PesynbraTh!:

l, m — ywucna He TNpPEBBIMAIOMHAE COOTBETCTBEHHO BXOMHEIX 3HaveHmd | M m, TOYHBIE CTe-
ICHA YACIIMTENIE W 3HAMEHATENs Haimemnoit ¢ymxumn R (x),

y[0:1] — xosbdwmentsr wacmrens L(x) npu o), 20-1, ..., 1,

z[0: m] — xo3apdnunents 3HameHarens M (x) mpm x™, z™~1, ..., 1

(3ameyanme: Bo BpeMsi BBINOJIHEHHMS HpPOLENYPHI ratint OOLMHO HW3MEHSIOTCA TAaKXKe 3Ha-

gennsi nepeMeHneiX x{m+1:14+m] m y[I+1:14+m)).
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OcTranbHpie TapaMeTphI:
notex — MeTka omepaTopa (BHE Teja NpOoLEAyphl), KOTOPOMY HepenaeIcs YIpaBJICHHE, €CIIH
bynkius R(x) He CYMECTBYET.

B npouenype ratint npaMeHseTCA METOL, KOTOPBIA BEPOATHO YK€ HABHO M3BECTEH, HO OIMY-
Gmuxopan B IIePBBI pa3 Mo BAAAMOMY TOJIBKO B [1]. TOT MeToxa kpaTko omacad B § 2. KoHTpOIE-
HBIe Beraucienus (§ 3) spimosHensl Ha 9BM Dmmort 803.



