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LIMIT DISTRIBUTIONS OF QUANTILES
FOR A RANDOM SAMPLE OF RANDOM LENGTH

Consider independent random variables X,, X,, ... with a common
distribution function F(x) = Pr{X, < z}. Let Z¥ with K = [Np]+1
(0 < p < 1) be a quantile for the random sample X,, X,, ..., X, where
& is an integer-valued random variable, and let 2, be the quantile of order

P of F. In the present paper the limit distributions of quanmtiles Z¥ are
Studied.

The following lemma (see [2] and [3]) will be used in the sequel.

LEMMA. Let I, (k,n =1,2,...) be random variables, independent
Jor every fized n, with distribution

Pr{l,, =1} =p,, Pr{l,, =0}=1—p, =4,.
For any sequence of positive integers {k(n)} tending to infinity, if

hmk(n)ann = 00, -

n—00
then
k(n) x
I,,.— 1 12
limPr{ _nkSh < w\ = @(r) = —= fexp(—;——)dt.
->00 k=1 ,/k(ln’)ann ] l/275 —% 2

THEOREM 1. Let N, (n =1,2,...) be positive integer-valued random
variables satisfying

P
N,n>¢>0, n-—> oo,

and let I, (k,n =1,2, ...) be such as in the Lemma with p, € (6,1~ d)
Jor 0 < 6 < 1/2 and sifficiently large n. Then

LmPr{Jy [VN, < z} = p(a),

wheye
r

Jr = Z (Ink_pn)/l Prln-

k=1
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Proof. Let 0 < ¢ < 1/5. Choose n, such that for every n > n.,
Pr{|N,—ecn| > cne} < e.
Since, obviously,

Pr{Jy VN, <a}= 3 Pr{J Vr<az,N,=r}+

|[r—cnjz=cne

+ ) Py pr<a, N, =1

[r—cni<cns

and
2 Pr{J,/l/; <z,N, =r}<e for n=n,,
[r—cn|>ene
we have
[Pry, VN, <a} — 3 Pr{Wr<a, N, =r)|<e.

[r—cn|<cne

Put N7 = N}(n) = [en(1—¢)], Ny = N3(n) = [en(1+¢)] and let x
be any real positive number. Proceeding as in [4] (see the proof of The-
orem 1) we obtain

Pr{J . [VN} <z—ef} TP <Pr{Jy VN, <}
“f1

< Pr{d . [VN} <oV(1+26)[(1—26)+ &} + 665,
1

which together with the Lemma gives the assertion for # > 0. For z < 0
we prove the theorem in a similar way.

THEOREM 2. Let the sequence of random variables {N,} satisfy the condi-
tions of Theorem 1 and let the sequence y, = a,z-+b,, where 0 < a,, b,,
xeR (n =1,2,...), be such that

o) > V@), n->o,
where
l/NnF(yn) (l _F(yn))
If there exists a 8 (0 < 8 < 1/2) such that F(y,) € (8,1 —98) for suffi-
ciently large n, then

lim Pr {(Zz" —b,)/a, < 2} = ¢ (V(2)).

n—»00

Proof. Put

Vi (@)

1 if X, <y,
I, = SRS m=1,2, ...
0 1ka>?/1&
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For every fixed » the random variables I,, are independent and,
obviously,

Nﬂ
Pr{Zz" <y} =Pr{ Y I.>K)}.
k=1

Now, applying Theorem 1, we obtain
Pr{(Zg"—b,)/a, < a} = Pr{Zg" <y,)

Ny .
=Pr{ Y I,> K} = Pr{Jy VN, > —Vi(@)} >0(V(2)), n—> oo,
k=1

which completes the proof of Theorem 2.

COROLLARY. If the distribution function F is continuously differentiable
in the neighbourhood of z, and if f(z,) = F'(z,) > 0, if the sequence {N,}
satisfies the conditions of Theorem 2 with ¢ =1 and

_ p(l—p) 1 _
y,,_z,,+x]/ T n=1,2,..),

then Zz" is asymptotically normal with parameters z, and

]/ p(l—p) 1
n o f(zp)
(see [1]).

It is sufficient to prove that

P
(1) x(x) >z, n— oco.

Using the mean value theorem under the continuity condition of f
we have
p(l—p) 1 a
F (z +w]/ ) —ptae
» N A) A%

lim e, = Vp(1—p).

N—00

where

Thus we can write
VN, ina,o~VN, (K|N,—p)
V(p+(a,/Vn)2) (1 —p— (a,/Vn)a)

k(@) =

Since
— | K 1
0 < ’/'Nn ('_A.r” "?)é '/.'37— ’

n
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we have
—( K P
(2) l/Nn(— —p)-—>0, n — 00
. _Nn
We have also

N, P '
(3) — 1, 0 - oo.

"

Now, combining (2) and (3), we get (1).
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KRYSTYNA KEDZIORA (Wroclaw)
GRANICZNE ROZKLADY KWANTYLI .
Z PROBY PROSTEJ 0 LOSOWEJ DLUGOSCI

STRESZCZENIE

Przedmiotem pracy sg twierdzenia graniczne dla kwantyli z proby prostej o lo-
sowej dlugoéci. Podaje sie warunki dostateczne na zbieznosé tych kwantyli do rozkladu
normalnego z odpowiednimi parametrami.



