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ALGORITHM 66

A. ADRABINSKI and M. WODECKI (Wroclaw)

AN ALGORITHM FOR SOLVING
THE MACHINE SEQUENCING PROBLEM WITH PARALLEL MACHINES

1. Procedure declaration. The procedure SEQPRO finds an optimal
sequence of operations for the machine sequencing problem with sets
of identical machines, i.e., for the sequencing problem with parallel ma-
chines [56]. The optimal sequence minimizes the total time spent for pro-

cessing all operations.
Data:

Q

M

T

MC
LIP
INF

MAKS
NI[1:Q]

BEK[1:9]

RTP[1:T], RTK[1:T]

C[1:M0]

number of sets of parallel machines;

number of operations;

number of pairs of operations for which the
precedence relations are given;

number of cousins of all parallel machine sets;
number of machines;

maximum positive number of type integer ;
allowed number of iterations of the algorithm;
array of numbers of operations such that
NI[k] is the number of operations which
are to be carried out on the machines from the
k-th set of parallel machines;

array of numbers of machines such that
BK [k] is the number of machines of the k-th
set of parallel machines;

these arrays contain pairs of operations expres-
sing the technological requirements put on
the order of operation; the array RTP contains
the predecessor numbers and the array RTK
contains the successor numbers;

array of processing times of operation;
Cl(¢t—1)x BK[j]+1:¢x BK[j]] are the pro-
cessing times of the ¢-th operation, where
?:=N[j—1]+17N[j_1]+27-°-7N[j]’ on
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the machines of the j-th set of parallel machines,
where j =1,2,...,Q0 and N[0] = 0;
PP[1:LIP] — array of access times of machines; PP[7]
is the time from which on the ¢-th machine
can be used. '
Results:
LK([1:M] — array of cousin numbers in the optimal selection;
SO[1:M] — array of the earliest start times of operations in the optimal
sequence;
SK[1:M] — array of the general reserve times of operations;
LOPT — wvalue of the total time spent for processing all operations.
Other parameters:
END — label outside of the body of the procedure SEQPRO to which
a jump is made if the expected number of iterations MAKS
is smaller than that required by the algorithm.

2. Method used. An improved version of the algorithm due to Gra-
bowski (see [4] and [6]) has been used in the procedure SEQPRO. For
definitions and notation see [5].

The computations start with the graph D%, = (4, U’; 8,; 8 which
represents the root of the solution tree H and with sets F, = @, F? # @,
Ft £ @, Flo «@ described in [6]. The first lower bound L* in Step 1
(test step) is the critical path length of the graph

D(81u8)) =<4, U° 81; 8D,

where sets A and U° have been defined in [5], 8} is an initial selection
of sets (selection of minimal length cousins) and 8} = 8,, 8, being an
initial complete selection. It can easily be proved that L(8:u 8Y9) is a better
initial lower bound than that proposed by Grabowski.

Remarks on Steps 3 and 4. Let us consider any node DY, € R%di of
the solution tree H corresponding to the (r -+ p)-th iteration of the algorithm-
Let

(1) K = R,UR,,UKY

be the set of candidates in the graph DY, i.e., K is the set of reverse and
empty arcs which are prepared for complementing and eliminating,
respectively. If R,, # 0 and the implicit condition is satisfied for some
arcs from the set R,,, then we choose an arc from K which belongs to the
set K., and has a minimal delta, i.e., such that

6,-,,{(?/, ®), (u, 'D>} = cmje-g Arp[(“; b)r {e, d>]

<& DRy
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Rrocedure SEQPRO(Q,M,T,MC,LIP,INF,MAKS,NI,BK,RTP,RTK,C,PP,
1K, 80, SK,LOPT,END);
Yalue Q,M,T,NI,BK,RTP,RTK,C,PP,MAKS;
integer Q,M,T,INF,LIP,LOPT,MAKS,MC;
integer array NI,BK,RTP,RTK,C,PP,LK,SO,SK;
dabel END;
Regin
dgteger A,B,D,E,F,G,H,I,J,K,L,N,P,R,S,W,2,MAX,MIN,NR1,NR2,
P1;
Boolean B1,B2;
dnteger arrsy LPP[1:M],WK[0sM],KC[1sM+M],SD,DET[0sMAKS],
DEL,NDEL[1:1f MC=M thepg 1 elge MC-M]; |
Boolean aryay FKT[1:M];
SD[0]s=Ds=R:=0;
fox I:=1 gtep 1 until Q do
kegin
Ji=NI[I];
Di=D4Jx(J=1)
eud I
D:=D/2;
for I:=1 gtep 1 yptil M do
begin
for J:=1 giep 1 until T do
if RTP[J]=1 |
3hen go fo LAB;
RimR+1;
SO[R]s=I;
LB,
fad I;
P13sDy24R;
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Ps=P14M;
We=P+M;
N =M+M+2;
S:=D4M;
Regdn
integer array AP,AK,APT,AKT,PU[1:W],APZ,AKZ,APP,AKP[1:D],
REP,BD[13S),LSD[0:S],L0X, LOXPR, LXZ, LXZPR,MDK[ 1:N];
Boolasn srray FR,FRH,FRT[1:D];
intezer procedure CPM(PU,AP,AK,LOX);
doteger array PU,AP,AK,LOX;
hezin
integer I,J,K,F,G,H,U,MAX;
Boolean array SW[1:N],SU[1:W];
Us=0;
for I:=1 gtep 1 until ¥ do
begin
SW[I):=SU[I]:=trye;
PU[I]:=0
end I;
for I:=N+1 gtep 1 until W do
bezin
SULI]s=frye;
PU[I]:=0
end I;
for Ki=1 gtep 1 uatil N do
begin
Sor It=1 gtep 1 until N do
ir sw(I1]
dhen
bezin
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for Js=1 giep 1 matil ¥ do
if AK[J)=I
3ben
kegin
AL SW{aP[J]]
ihen go io NEXTI
w .
if SULJI] ’
Jhen
bezdin
Us=U+1;
SulJdl:=Zalge;
PULU]:=J;
MAX: =LOX[AP[J]1];
iz P
then MAX:=MAX+KC[J-P1];
Gs=AK[J];

if B1
Xhen
begin
if MAX>L0X[G]
dhen
beein

LOXPR[G]:=10X[G];
L10X[G]s=MAX;
MDK[G]s=J
snd MAX>LOX[G]
slae
if MAX>IOXPR[G]
ihen LOXPR[G]s=MAX;

5117
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ge g E1
gud B1;
if MAX>10X[G]
theg LOX[G]:=MAX;
B3 sud SULJ]
sud AK[J]=I;
SW[I]:=falge;
£9 io NEXTK;
NEXTI: ggd SW[I];
NEXTK:gnd XK
end CPi;
L:=S:=0;
for J:=1 giep 1 until Q do
beain
MIN:=NI[J];
MAX 3 =MIN-1;
Gs=I+L;
for I:=1 giep 1 ugtll MAX do

518

kecin
H:=I+L;
Ks:=H+H;
Lor F:=I+1 gitep 1 until MIN do
bealn
Sg=5+1;
AKP[S]:=Z:=K;
AP[S]:=APZ2[S]):=2+1;
AR[S5]:=AKZ[S8]s=Z:=F+F+G;
APP[S]:=2+1
end F
end I;
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Ls=L+IN
gad J;
Zor I:=1 giep 1 uptl T do
begin
Ss=5+1;
P:=RTP[I];
APT[S]:=AP[S]):=F+F+1;
H:=RTK[I];
AKT[S]:=AK[S]s=H+H
gnd I;
for T:=1 gtep 1 uaidd R do
begin
S:=5+1;
G:=S0[I];
APT[S]s=AP[S]:=G+G+1;
AKT[S]s=AK[S]:=
gnd I;
L:=0;
for T:=1 giep 1 uatil Q do
begin
MIN:=NI[I];
Ki=l+L;
for Ji=1 gtep 1 uniil MIN dg
besgin
S:=5+13
APT[S]s=AP[S]s=1;.
AKT[S]e=AK[S]s=J+J+K
sad J;
Ls=I+MIN

end I;

il
=
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Lor I:=1 gten 1 antil M do
hesin
St=5+1;
Li=I+1;
APP[S]s=AP[S]s=L;
AKT[S]s=AK[S]s=1+1
end 13
Lt=LOPTs=Z:=NR2:=LSD[0]s=10X[1]:=WK[0]:=0;

Zor I:=1 giep 1 umtil Q de
kegdn

NR1:=NI[I];
fox J:=1 giep 1 uyutdl NR1 go
begin
Le=ltt;
IPP[L]:=10PT;
Re=1;
S+=BK[I];
MIN:=INF;
Lor K:=1 giep 1 until % 49
hezin
Z3=Z+1;
B:=C[Z];
if MIN>B
dhen

begin
MIN:=B;

R:=K
end MIN>B

snd K;
REP[D+L]:=S0[L):=SK[L]s=R;
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KC[M+L]s=MIN;
KC[L):=PP[LOPT+R];
WK[L]s=2;
FKT[L]:= S=1;
IK[L]s=5=1;
As=NR2;
Bs=R=-1;
Lor K:=1 giep 1 uniil B,R+1 giep 1 uptil S deo
begin
NR2: =NR2+1;
DEL[NR2]:=C[WK[L~1]+K]-MIN;
NDEL[NR2]:=K
eud K;
S:=S-1;
K:=-5;
Lor K:=K+2 while K<0 do
kezin
Rs=5+K;
Zor F:=1 gtep 1 until R do
begln
Zor Hi=F giep K uptil 1 do
bezin
Gs=A+H;
B1=G=K3
MIN:=DEL[G];
MAX:=DEL[E];
4df MINSMAX
then g0 1o ENDF
elge
begin
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DEL[G]:=MAX;
DEL[E]:=MIN;
MIN:=NDEL[G];
NDEL[G]:=NDEL[E];
NDEL[E}s =MIN
end MINSMAX
end H;
ENDF: end F
end K
end J;
LOPT:=10PT+BK[I]
end I;
Li=1;
for A:=1 giep 1 until D do

begin
PR[A):=FRT[A):=FRH[A]:=falge;

B:=APP[A];

G:=AKP[A];

J:=APZ[A];

Ks=AKZ[A];

EtsFi=1;

-Zox .S:=P+E ghile AP[SILGVAK[SIJI do
E:=E+1;

Zor S:=P+F ghile AP[SIEKVAK[SIB do
Fi=F+1;

if SK[EJ$SK[F]

4heg APT[A]:=ART[A]:=REP[A)1=0
slae

Reciy
APT[A]i=APZ[A];
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REP[A):=1;
AKT[A]s=AKZ[A]
ead SK[E]=sK[F]
sad A;
for J:=2 giep 1 uptil N do
L0X[J]z=-1;
B1:=falge;
CPM(PU, APT, AKT,TOX);
IOPT:=10X[N];
Zor I:=1 gtep 1 uatil D do
APT|I]s=AKT[I]:=0;
82 ko KROK2;
KROK1:
I10X[1]:=0;
Soz J:=2 gtep 1 uatil N do
LOXLJ)e==1;
CPM(PU,APT, AKT,LOX);
if IOX[N]>LOPT
lhen go o KROK4;
KROK2:
Sor J:=1 giep 1 until ¥ do
besin
LOX[J]:=LOXPR[J]:=LXZ[J]:=LXZPR[J s ==1;
MDK[J]:=0
ad I3
He=I0X[1]:=IXZ[N]:=0;
Bls=true;
CPM(PU, AP, AK, LOX);
B1:=£§,],gg;
Zor I:=1 giep 1 uatil D do

10 — Zastosow. Matem. 16.3
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if AP[I]=0
then H:=H+1;
doz J:=VW-H gtep -1 until 7 do
begzin
K:=PU[J];
R:=AP[K];
MAX:=IXZ[AK[X]];
if X>P
3hen MAX:=MAX+KC[K-P1];
if MAX>IXZ[R]
dben
begin
I1XZPR[R])s=1XZ[R];
IXZ[R]s=MAX
8nd MAX>IXZ[R]
elge
if MAX>IXZPR[R]
iheg IXZPR[R]s=MAX
gad J;
MAX:=LOX[N];
if TOPTSMAX
ihen
hegln
IOPT: =MAX;
Zox J:=1 glep 7 untdl D &
REP[J]:=4f FRT[JIIA(~-FR[J]) then (if PRH[J] theg -1
elge 0) glge 1;
Loxr J:=1 gtep 1 until M do
REP[D4J]:=SK[J]
sud LOPT>MAX;
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B:=T:=0;
Re=LSD[I~1]+1;
A:=MDK[N];
for J:=0 while Bk1 do
bezin
4L 4D
dhen
begin
if -FRT[A]
then
kegin
Is=1+2;
G:=R+1;
F:=APZ[A];
H:=AK2[A];
if GMAKS
then g0 to KON;
SD[R]s=SD[G]s=A;
MIN:=IOXFR[H]-LOX[H];
MAX:=LXZPR[F]~IXZ[F];
Z:=if MINSMAX jhep MIN elge MAX;
MAX : =MIN+MAX+KC[MDK[APP[A] J-P1]+KC [MDK[F)-P1];
MAX:=1f Z>MAX fhen 2 glge MAX;
if FR[A]

DET [R]s=INF+1;

526
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DET[G]:=Z
gad FRATA]
slge

bezin
DET [R] 1 =MAX;

DET[G]s=INF+1
end -FRA[A]
end FRIA)
slge
begdn
DET[R]:=MAX;
DRT[G]:=2
end -FR[A];
Re=G+1
end -FRT[A]
gud AgD
glge
1f ASP
Jhen
begin
S:=A-P;
if -FXT[S]
then
begin
Ps=IK[S];
Af R+F-22MAKS
Jhen g0 to KON;
_ Ei=WK[S]-5;
for K:=E+1-F gtep 1 until P do
Regin



Algo rithm 66

I:=I+1;
SD[R]s=4;
DET[R]:=DEL[K];
Re:=R+1
end K
8nd ~FKT[S]
snd A>P;
Bs=AP[A];
As=MDK([B]
and J;
i I=0
Shen g2 to KROK4;
LSD[L):=LSD[L~1]+I;
KROK3:
MIN:=B:=INF;
Z3=LSD[L-1]+1;
NR1:=LSD[L];

for I:=2 gtep 1 ugtil NR1 do

if DET[I]<INF

then

Legln
A3=SD[I];

MAX:=DET[I];
il ASD
then
Rezin
if SD[I-1]=ANI>Z
3hen
Regin
G:=APP[A];

527
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Fs=APZ[A];

if - (FET[MDK[G]-PJAFKT[MDK[F]-P])
dben g9 fo X¥Z
glge

begin
E;=NR2:=13

Lo S:=P+E ghile AP[SIEAKP[AIVAK[SIHF do
Es=E+13;

for Hi=P+NR2 mhile AP[HIEAKZAIVAK[H)EG do
NR2:=NR2+1;

if SK[EJkSKL[NR2)

B:=MAX;
Rs=I
sund B>MAX
end SK[E]ESKINR2]
alse
kezin
DET[I]s=INF;
FR[A)s=frue;
FRT[A]ls=FRH[A]:=falge
end SK[E]=SK[NR2]
&nd (FKT [MDK[G]-PJAFKT[MDK([F]~F]);
& ko XY2
eng SD[I-1]=A
gnd AsD;
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Af MINSMAX

Zhen

Rezin
MIN3=MAX;

Keal
end MIN>MAX;
XY¥Z: gnd DET[I]J<INF;
if B<INF

dhen
hegin
MIN:=B;
K:=R
&nd B<INF;
1L MIN>INT
3hen
ALFA:
Rezin
Ss=LSD[L];
Ki=LSD[I~1]+1;
for I:=K while IsS do
begin
A3=SD[I1];
AL ASD
hey
hezin
FRT[A]:=falge;
AP[A]s=APZ[A];
AK[A):=AKZ[A];
APT(A]s=AKT[A]:=0;
B2:=DET[I]>INF;

529
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FR(A]:= B2VDET [I+1]>INF,
FRH[A]:= B2;
K3 =K+2
end AsD
slse
begin
Hs =03
for F:=I+H ghile SD[F]=AAFSS dg
Hs=H+13
K: =K+H;
F:=A-P;
IK[F]:=H;
H:=SO[F];
KC[F]s=PP[LPP[F]+H];
KC[F4M]:=C[WK[F~1]+H];
FKT(Fl:=falge
end A>D
end I3
£9 Yo KROK4
&nd MIN>INF;
As=SD[K];
4 AsD
3hey
kezin
FRT[Als=}rye;
FR[A]):=falge;
if SD[K-1]=ANK>Z
3hen
kegln
FRH[A]:=falge;
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AP[A):=AK[A]:=0
end SD[K-1]=A
alse

begzin
AP[A):=APT[A]:=APP[A];

AK[A]:=AKT[A]s=AKP[A];
FRH[A]s=%rue
end SDIK-1]A
end ASD
slse
begin
R:=A-P;
H:=SK[R]:=NDEL[WK[R]-R+1-IK[R]];
KC[R]:=PP[LPP[R]+H];
KC[R+M]s=C[WK[R-1]+H];
FKT[R]:=true
end A>D;
BD[L]:=A;
Liels;
&9 1o KROK1;
KROK4:
Ls=l-13
if 1=0
ihen go to KON;
A:=BD[L];
Es=1;
S:=LSD[L-1];
for I:=S+E while SDIIJA do
E:=E+1;
iL A<D
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dhen
Regin
DET{I]:=INF;
FR[A):=}rue;
if FRH[A]
then
bezin
if DET[I+1]xINF
lhen

begin
AP[A]:=APT[A]:=APZ[A];

AK[A]:=AKT[A]:=AKZ[A]
end DET[I+1]3INF

&alge
begin

FRT[A]: =falge;
AP[A]s=APZ[A];

AK[A]:=AKZ[A];
APT[A]:=AKT[A]:=0
2nd DET[I+1]<INF
end FRH[A]
elgse g0 o ALFA

and A<D

else

Regiy
R:=A-P;

" 2:=IK[R):=IK[R]-1; .
SK[R]:=F:=S0[R];
H:=0;

NR2:=LSD[L];
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for E:=I+H while SDLE]=AAESNR2 do.
H:=H+1;
DET[E-Z-1]:=INF;
> KC[R]:=PP[LPP[R]+F];
KC[R+M]:=C[WK[R-1]+F];
if zko
then FKT[R]:=falge
end A>D;
82 1o KROK3;
KON:
Es=Fs=H:=0;
for I:=1 gtep 1 uptll D do
begin
B1:=REP[I]=1;
B2:=REP[I]=0;
AP[I]:=4f B1 then APZ[I] glge if B2 ihep O glge APP[I];
AK[I]:=4f B1 then AKZ[I] glge if B2 then O elge AKP[I];
if AP[I]=0
then H:=H+1
end I;
for I:=1 gtep 1 umtil M do
begin
E:=REP[D+I];
KC[I]:=PP[LPP[I]+E];
KCIM+I]s=C[WK[I-1]+E]
&nd;
foxr J:=1 gtep 1 until N do
LOX[J)s=1X2[JT]s==1;
LOX([1]:=1Xz[N]:=0;
Bli=falge;
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CPM(PU,AP,AK,T0X);
Loxr Ji=W-H gtep -1 ugtil 1 do
kegin
F:=PU[J];
E:=AP[F];
MAX:s=LXZ[AK[F]];
it FP1
ihen MAX:=MAX+KC[F-P1];
if MAXSIXZ[E]
then IXZ[E]s=MAX
eud J;
for I:=1 gtep 1 uptdl M do
begln
FiaP+1;
E:=AP[F];
H:=AK[F];
S0[I]}s=Gs=10X[E];
MAX s =G+KC [ I+M];
SK[I):=LOPT-MAX-IXZ[H];
IK[I)s=REP[D+I]
gnd I;
4L Tho
dhen g0 ko END

sad
&nd SEQPRO

The motivation is as follows. Let (u, v)> e KnR,, be the empty arc
which has a minimal delta and for which the implicit condition is satisfied-
Then the set K given by (1) can be defined as

K = ({4, 0y} ufCu, o)} E®,
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where (u, v) is the reverse arc of (v, y) € 8,, and K™ is the set of all other
candidates from K. Eliminating the normal are from Df, we obtain a new
graph D}, of the solution tree H. Let R{Y) = {D}},., -, denote the family
of all possible successors of the graph D!, in H, let RY be the family of
all possible successors of the graph D}, which can be obtained by comple-
menting the normal are (y, @), and let R denote the family of all possible
Successors of the graph D), which can be obtained by eliminating and
complementing arcs from the set K™. Note that for all D’ e (RPURY)
there exists D'’ € R{Y) such that D" is a subgraph of D’. Thus the critical
Path of any graph R¥ U RS is as long as the critical path in any graph
of R{). Therefore, when backtracking (Step 4) to the predecessor DY,
of DY, we abandon all graphs of the family R u R$ and then we backtrack
to the predecessor D}, or DY of DY,.

If R, = @ or the implicit condition is not satisfied for any arc of R,,,
then we choose the arc of K which satisfies the criteria of Step 3 of Gra-
bowski’s algorithm.

3. Computational results. The procedure SEQPRO has been verified
on the ODRA 1305 computer. In all cases the computations started with
% pseudo-random initial selection 8, generated by the procedure SEQPRO
and with the initial selection of sets S} containing cousins of minimal
lengths. The computation times of all examples are significantly dependent
On the problem configuration and on the lengths of cousins. Table 1 shows
the results of computations.

Acknowledgements. We are grateful to Dr. J. Grabowski for
helpful discussion on the implementation of the algorithm and to
Dr. Maciej M. Syslto for help in preparing the paper.
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ALGORYTM 66
A. ADRABINSKI i M. WOD ECKI (Wroclaw)

ALGORYTM ROZWIAZANIA ZAGADNIENIA KOLEJNOSCIOWEGO
ZE ZBIORAMI MASZYN ROWNOLEGLYCH

STRESZCZENIE
Procedura SEQPRO znajduje takg optymalng kolejnoéé operacji dla zagadniema:
kolejnociowego ze zbiorami maszyn réwnoleglych, ze calkowity czas wykonania Wszy®
kich operacji jest minimalny.
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Dane:
— liczba zbioréw maszyn réwnoleglych;
liezba operacji;
— liczba par operacji, wyrazajgcych wymagania techno-
logiczne porzadku operacji;
MO — liczba kuzynéw wszystkich zbioréw maszyn réwnoleg-
Iych;
LIP — liczba maszyn;
INF — maksymalna liczba dodatnia typu integer;
MAKS — maksymalna liczba iteracji algorytmu;

NI[1:Q] — tablica liczb operacji; NI[k] jest liczbg operacji, ktére
moga byé wykonane na maszynach z k-tego zbioru
maszyn réwnoleglych;

BK[1: Q) — tablica liczb maszyn; BK [k] jest liczba maszyn w k-tym
zbiorze maszyn réwnoleglych;

RTP[1. T], RTK[1: T] — tablice zawierajace pary operacji, ktére wyrazaja wyma-
gania technologiczne porzadku operacji; tablice RTP
i RTK zawieraja odpowiednio numery poprzednikéw
i nastepnikéw kazdej pary operacji;

O[1: MO] — tablicaczaséw wykonaniaoperacji;O[(¢—1)x BK[j]1+1:
¢X BK[j]] sa czasami wykonania i-tej operacji (i =
=N[j—1]+1,N[j—11+2,...,N[j]) na maszynach
z j-tego zbioru maszyn réwnoleglych (j =1,2,...,Q
oraz N [0] = 0);

PP[1: LIP] — tablica czaséw dostepu maszyn; PP [i] jest momentem
czasu, od ktérego ¢-ta maszyna jest dostepna.

nERo
[

Wyniki:
ik (Z: M] — tablica numeréw kuzynéw w optymalnej reprezentaciji;
80[1: m ] — tablica najwezesniejszych momentéw rozpoczecia operacji dla opty-
malnej kolejnosdci ich wykonania;
SK[1: M ] — tablica ogélnych rezerw czaséw wykonania operacji;
LOPT — calkowity czas trwania wszystkich operacji.
Inne parametry:
END - etykieta, do ktérej nastepuje skok z procedury SEQPRO, jezeli liczba
iteracji M AKS jest mniejsza niz wymagana przez algorytm.
Dot Procedura SEQPRO realizuje algorytm Grabowskiego [6] z matymi poprawkami.
Zlalanie procedury sprawdzono na maszynie ODRA 1305. Obliczenia kontrolne,
Przeprowadzone dla wielu przykladéw, wykazaty poprawnoéé przedstawionej procedury.



