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DUAL CONTROL FOR DISTURBANCES WITH POISSON DISTRIBUTION

1. Introduction. The purpose of this paper is to show how filtering
theory based on the Bayesian approach may be used to solve the problem
of optimal controlling a linear system to which an additive Poissonian
input is applied. Bellman’s dynamic programming was used to find the
analytical solution of the feedback control law.

2. Statement of the problem. Let us define the discrete linear system
with additive disturbances and exact observations

Tpy1 = wn+un+vn9 Ly = €,

where z,, is the state variable, u, is the control, and »,, v,, ... is the se-
quence of independent random variables with the same known distri-
bution dependent on some parameters for which an a priori distribution

is given.

Given the initial state ¢ and the a priori distribution of unknown
parameters, there must be chosen a control u,, » =0,1,..., N—1,
based on all available data X, = (@, %y, ..., %,;) and U,_, = (4, %,
«euy U,_4), Such that

N-1
(1) #y = B[ D (@F+ku}) | Xy, Uy

reaches its minimum.

3. Disturbances with Poisson distribution. Let us suppose that the
random variables v, are distributed according to the Poissonian law
i
(2) P(v, = aill) =Fe—‘, i=0,1,2,...,
where the a priori distribution of parameter A is given by the gamma
density

(3) g(Ala,r) = I’(:r) Ar-1gmah,
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When such an a priori distribution is assigned to 1, the object of
filtering is to produce an a posteriori density for A after any new obser-
vation of x. We change the control after obtaining new data.

The probability of measuring x, given 4, is

Ai
P (2, (7) ll) P(ac1 =@yt uy+ai|d) =Pw, = aild) = o ~o~ %,
Having observed x,, the a posteriori density kh(A|X,) may be cal-
culated with the help of the Bayes rule

Xy — —PE@Nglayn) Qe
[ ploati) 1 4g(21a, 7)aA I(r+1)
(L+a)™*™ e —(ta
= I'(r+v,/a) artolegm( ot — g(Alay, r1),
0
where
(4) a; =14+a and 7, =7r+9]/a.

Similarly, after z, is measured, the a posterior: density of A is
)1 A)g(A ] ap_ry The
f p(wn(@) | l)g(l ] Ap_19 rn—l)d)"
0

(14 a,_,)'n—1+"n-1
B F(Tn+l+vn—l/a)

Nn—1ttn—1/e=lg=n1 D — g(2|a,, 1),

where
(5) a, =1+a,, and r,=7,_;+9, 4 a.

Given X,, the conditional distribution of v, can be calculated as
follows:

P(v, = ai|X,) fP — ai|2)g(A]ay, r,)dA
- o tpti=1 ,—(ap+ DA 77 _ _1_ a,” I'(r, ‘H:)
A T(r,) f KT = o A ey T(r)

Then the expected value of v, for given X, can be determined:

By, | X,) = - Zai I'(r,+1)

F(lrn) s 7/'(1 +an)r"+i
_adr N0 T, +1+4i—1) o~ I(r,+144)
= I"(r 2 1 +a )Tn+l-{l 1 Zz'(l_*_a rn+1+g

i=1 1=0
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But
2” I(r+i) _ I(r)
i G114 a)*" a ’
and thus )
(6) E(v, | X,) = ary/a,.
Similarly,
(7 E(vn(v,—0a) | X,) = a?r,(r,+1)/a;

Formulae (6) and (7) may be used to calculate
E(,.,1X,) = E(@,+u,+v,|X,) =x,+u,+ar,/a,,
E(rp11X,) = E(rpt+vp/alX,) = 1+ 7,/an,
E(@n11Xy) = E((@n+ %y +2,)21 X))
(8) = (0p+uy)?+2 (0, + %) B (v, | X)) + E (0, | X,,)
= (&, + u,) 2+ 2 (2, +u,) ar, a, + a?r, (1, + a, +1) /a2,
E (11l Xp) = B((ra+0,/0)?| X)) = 054207y + 7, (ry + 0, 1) 0},
E(@ns1lni1| Xn) = B+ 04/0) (@ + Uy +0,) | X)
= T (p FUp) + (T + U+ 01 T [ @y + 1 (7 - 0, +-1) [0}, -

To find the optimal control we write

N-—-1

Vo= min x = min E[Z B+ k)| X,y U,y

u,n ..... uN_ 1 urv._.

. s 9 2 2
Vy_1 = minxy_;, = min(Cx_, +kuy_;) = 2% _,;
UN-1 UN-1

and the optimal u,_, = 0.
Moreover, by application of Bellman’s dynamic programming opti-
mality principle, we obtain

V, = min E[Z1 (@3 +kud) | X,, U,_ 1]
Ups - UN—1 i=n
= min[(wi—}—kui)—l— min E[ NZ_ (2% 4 kul) | X, Un_I]].

Un Unt1o- s UN—-1 i=n+1
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N-1
min E[ Z (fvf‘i'k“f)lxm Un—l

Up+1s+-» UN-—1 i=n+1

N-1
—  min E[B[ Y (@+kd)| Xop, ]| Xy Unsy
Ypt 1o UN-1 i=n+1

= E(Vn+1|Xn7 Un—l)’
we obtain

(9) V, = min[a} +kup +E(V, 11X, U,_;)].

But Vy_, = 2%_1, and from (8) it follows that BE(Vy_,|Xy_s, Uyn_3)
is a positively defined square function of z,_,-+ u,_,. Thus the optimal
Uy_, is linearinzy_,, and Vy_, is a positively defined square function of
Zy_,. By inductive argument, E(V, ,1X,, U,_,) is a positively defined
square function of «, + u,, optimal u, is linear in «,, and V, is a positively
defined square function of z,. For determining the optimal control this
yields the equation

0
2ku, + E(Vn+1|-Xn7 Up_y) = 0.
ou

n

But, for given X, and U,_,, we have linear dependence between
Zpyq and u,. Therefrom it follows that

v,
(10) 2ku,’;+E[ "1 X,, U,,_l] =0,
Tn+1

where u, is the optimal control.
We will now show that V, is of the form

(11) V. =A4,2:4+2B,2,7,+C,r2+D,7,.

For » = N—1it holds and 4y, =1, By_, =Cy_, = Dy_, = 0.
Then, assuming (11) to be true, we get

AL
0wn+1 = 2An+1"”n+1 +2Bn+1rn+17
and from (8)
v, 1
2) B[Z2 1K, Uys| =240neat i+ ara) 2B, 2,
n+1 n
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By (10) and (12) we obtain

* * a,+1
k“n+An+1($n+un+arn/an)_|_Bn+1 T =0
n
or
(13) Uy = — _Anr Ty — aA"+1+(a”+1)Bn+1rn.
Anp1tk (Api1+k)ay,

Moreover, from (8) and (11)

(14)  E(ValX,) = 4,41 B (@011 X,) +2B, B (@170 | X) +
+Crn 1 B 11 X,) + Dy 1 B (1041 | X))
= A1 (@0t Un)2 +2 (@, ) @ [+
+(ar,+a+a)ar,[al]+-2B, [(z, +up)r, +
+ (@ + g+ ar,) 1, [0y + (a1, + @ Faa,) 1, [aq ]+
+ O[3+ 203 o, + (ar, +a+aa,)r,jaad]+

a,+1
+ Dy ——— Ty
n
On the other hand, by (9) and (11), the same value may be expressed
as follows:

E(Vn+1 I-Xn) = Anxi_}‘ 2Bnmnrn+ Cnri +Dnrn - $3r, - ku;n°
By the substitution of (13) instead of u, in (14) and succesive com-

parison of terms containing «2,,7,,75,7,, We obtain the recursive
formulae

o kAn,
(15) 4y =1
k(aAn+1+(an+1)Bn+l)
16 =
( ) Bn An+1+k )
A+
C, = (azAn+1+a(an+1)Bn+1+(an+1)20n+1)/afz_ %2 sz’

D, = (a'a-An+1+2a‘Bn+1 + 0ﬂ+1 + an-Dn+1) 1+ an)/aft

with the boundary conditions Ay_; =1 and By_, = Cy_, = Dy_, = 0.
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Thus, all the coefficients 4,,, B,,, C,, and D, can be computed recur-
sively and the exact analytical solution for optimal control u,, given
by (13), may be obtained. Notice that only 4, and B, are necessary for
optimal control remaining constant, needed for computation of
Bayes’ risks V,,.

DEPARTMENT OF MATHEMATICS
TECHNICAL UNIVERSITY, WROCLAW

Received on 16. 4. 1971

S. TRYBULA (Wroclaw)

DUALNE STEROWANIE PRZY ZAKLOCENIACH O ROZKLADZIE POISSONA

STRESZCZENIE

Zdefiniujmy dyskretny liniowy uklad o addytywnych zakléceniach i doktad-
nych obserwacjach

Tpty = Tnt+Un+ vy, Zy = €,

gdzie x jest zmienng stanu, u, — sterowaniem, v;, v,, ... za§ ciggiem niezaleznych
zmiennych losowych o rozkiadzie Poissona (2). Zalézmy, Ze rozklad a priori para-
metru 1 jest okreSlony za pomoca gestosci rozkladu gamma (3). Dla danego stanu
poczatkowego ¢ i danego rozkladu a priori parametru trzeba wyznaczy¢ sterowanie
Upn, zaleine od zaobserwowanych wartodci X, = (%, %;,...,%,) oraz Uy, =
=(ug, Uy, ..., Up_q), tak aby wielko§¢ (1) byla mozliwie mala.

W pracy udowodniono, ze optymalne sterowanie wu,;, okreslone jest wzorcm
(13), gdzie stale a, i 7, oblicza si¢ z rekurencyjnych wzoréw (4) i (5), a stale A, i B, —
z wzoréw (15), (16) i warunkéw brzegowych Ax_; =1, By_; =0,



