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ALGORITHMS -85-86
M. SZYSZKOWICZ (Wroclaw)

TWO REALIZATIONS OF THE TRAPEZOIDAL METHOD
FOR SOLVING THE INITIAL VALUE PROBLEM

1. Procedure declarations. Procedures diffsystheun and diffsystheun?2
solve numerically the following initial value problem:

(1) Yy =f(=9), xela,b],

(2) y(a) = Yo,

where ¥ = {y,(x), Ya(®), ..., Yo (®)]T and ¥y, is given. Both procedures
have the same formal parameters.
Data:
x0 — the value of a in (2);
21 — the value of the argument for which we solve the problem;
eps — the relative error of the solutions;
eta — the number which is used instead of 0 obtained in the solution;
hmin — the least absolute value of the step length h;
% — the number of equations in (1)-(2);
90[1:n] — the values of the right-hand sides of (2).

Results:
20 — the value of xl;
y0[1:n] — the values of the approximate solution y, (x1)(k=1, 2, ..., n).
Additional parameters:
notace — label outside of the body of the procedure to which a jump is
made if the absolute value of the step length is smaller than
hmin. In this case, 0 is equal to the value of v (20 < z < z1)
for which the approximate solution has a relative error equal
to the given eps and y0[1:n] contains the values of this ap-
proximate solution. By increasing eps or decreasing hmin one
may continue the computations.
f — the name of prccedurc procedure f(z,n,y,d); value w, n;
real z; integer #; array ¥, d; which computes the values of
d[1:n] of the right-hand sides of (1).
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procedure diffsystheun(x0,x1,eps,eta,lmin,n,y0,notace,f);
value x1,eps,eta,lmin,n;
real x0,x1,eps,eta,lmin;
integer n;
array yo;
label notacc;
procedure f;
begin
real h,hh,ww,wl,w2,w3,ws;
integer i;
Boolean last;
array d,d0,41,y1,y2,y3[1:n];
epsi=, 166666666666/eps;
hi=x1-x0;
lasts=true;
£(x0,n,y0,d1);
confh:
hhi=,5%h;
for i:=1 gtep 1 watdl n do
yilils=yo[1]+hxa1[1];
£(x0+h,n,y1,4);
for 1:=1 gtep 1 until n do
begin
wis=d1[1i];
w2:=y0[1];
y1[i]:=w2+hhx<(wi+d[1]);
y2[1]:=w2+hh>w1
end i;
£(x0+hh,n,y2,d);
wwi=,5xhh;
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for i1:=1 gtep 1 until n do
y2[1l:=y0[i]+ww<(a1(1]+d[1]);

£(x0+hh,n,y2,4);
for 1:=1 gtep 1 until n do
y3[1l:=y2[1]+hh~a[i];
£(x0+h,n,y3,d0);
hh: =ww;
wNi=.0;
for 1:=1 gtep 1 until n do
begin
w3:=y2[i]+hhx(a0[1]+d[1]);
w2:=w3-y1[1];
wh:=y3[1]:=w3+.333333333333>w2;
w2:=abs(w2);
w4s=abs(ws);
if wi<eta
then wi4:=eta;
wis=w2/wi;
if wi>ww
then ww:=w1

end i;

wwi=(if ww=0 then eta else (eps>ww)t.333333333333)x1.25;

:=h/ww;
if wwi.25
then
begin
last:=false;
if abs(hh)<hmin
then go to notacc

end ww>1.25

691
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else

begin

x0:=x0+h;

for 1:=1 gtep 1 until n do
yolil:=y3[i];

if last

then go %o end;
£(x0,n,y0,41);
wi:=x1-x0;
if (wi-hh)xh<0
then
begin
hh:=w1;
last:=true
end (x1-x0-hh )xh<0
end ww<1.25;
h:=hh;
go to conth;
ends

end diffsystheun

2. Method used. We use a method which yields a sequence of approxi-
mations #; ~ y(x;) on the set of points ; , =o;+h, ¢ =0,1,..., N,
%y = a, ¥y = b, h; is the step length. The problem (1)-(2) is solved by
using the trapezoidal method

(3) {771:+1 = n;+hif (25 m5)5
h:
(4) Nipr = N+ ?z (f(m,-, N:) +F (@415 "7i+1)) .

Formula (3) gives the approximate solution with a local error O(h?)
and formula (4) gives the approximate solution with a local error O(h?).
The realization of formulae (3) and (4) requires two evaluations
of the function f for each step length k. Let n(x;+ h;, h;) and 5(x;+ h;, b; [2)



Algorithms 85-86 693

procedure diffsystheun2(x0,x1,eps,eta,hmin,n,y0,notace,t);
value x1,eps,eta,hmin,n;
real x0,x1,eps,eta,hmin;
integer n;
arrsy y0;
lasbel notacc;
procedure f;
begin
real h,hh,h5,ww,w1,w2,w3,wé;
integer 1;
Boolean last;
array 4,d0,d1,d2,y1,y2,y3[1:n];
epa:=. 166666666666/ eps;
ht=x1~x0;
last:=true;
£(x0,n,y0,4)3
conth:
h5:=,5%h;
hhi=.5%h5;
for 1:=1 gtep 1 matil n do
y1[1]ls=yol1]+h=a[1];
£(x0+h,n,y1,d41);
for 4:=1 gtep 1 uatiln do
begin
wis=yo[1];
w2s=d[1];
w3:=d2[1]:=a1[1];
y1[1]s=w1+h5x(w3+w2);
y2[4]s =wi14h5w2

end i;
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2(x0+h5,n,y2,41);
Zor i:=1 gtep 1 until n do
y2[1]swyo[1]+hhx(a1[11+al4]);
£(x0+h5,n,y2,40);
for i:=1 gtep 1 until n do
y3[1ls=y2[1]+h5xa0(4];
£(x0+h,n,y3,a1);
ww:=,0;
for 1:=1 glep 1 until n do
begin
w3s=y2[1]+hh=<(a0(1]+a1[1]);
w2s=w3-y1[1];
w4s=y3[1]:=w3+.333333333333W2;
w2:=abs(w2);
w4 s=aba(wd);
w4z=abs(w3+.333333333333%(w3-w1))s
if wi<eta
then w4s=eta;
witew2/w4;
if wi>ww
then wwi=wi
end 1;
wwi=(if ww=0 then eta else (eps>ww)t.333333333333)x1.25;
hhi=h/ww;

if ww>1.25
then
begin
lest:=false;

if ebs(hh)<hmin
then go to notace
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end ww>1.25

x0: =x0+h;
for 1:=1 gtep 1 until n do
begin
w3s=d1(1];
al1):=w3+.333333333333=(w3-42[1]);
yoli]:=y3[1i];
end 1;
if last
then go to end;
w1itex1-x0;
12 (wi-hh)xh<0
then
begin
hh:=x1-x0;
last:=irue
end (x1-x0-hh)xh<0
end ww<1.25;
h:=hh;
g0 to conth;
end:

end diffsystheun2

denote the approximate solution at the point x,-+h, calculated for step
lengths h; and h,/2, respectively, by using (3) and (4). We apply Richard-
son’s extrapolation and obtain

(5) (x4 h;)
= n(a;+ by B;[2)+ % (n(@,+ by, By [2) —n(;+ By, k)4 O (h%).
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The method described by formulae (3)-(5) with step-length control
was presented in [1]; here it is realized in the form of procedure diffsystheun.
Formulae (3) and (4) can be written also in the forms

(6) Nip1 = N+ haf (5, ;)
ks " .
(7 Nig1 = M+ o (f(mu 1)+ (%541, ’7i+1)) .

The order of the local error is the same as in (3) and (4). Formulae (6)
and (7) require only one evaluation of the function f per step of integra-
tion. Now, we may also use Richardson’s extrapolation for the values
of the function f:

(8)  f(my+hy) = f(w;+hyy 741, bs/2) +
+ 3(F (@ + Ry Fispas Baf2) —F (@54 By, 7y Be)) +O (R,

where f(®;4 by, 9,41, ;) and f(@;+ kb, 7;4,, h;/2) denote the values of the
function f at the point x; + k; calculated at % (x; 4 k;, h;) and % (2;+ h;, k;[2),
respectively.

Procedure diffsystheun? is an implementation of formulae (6) and
(7) and formulae (5) and (8) in which for the first step of integration
we use (3) and (4) with step length &;/2.

3. Certification. The algorithms were tested on the Odra 1204 computer
with 37-bit mantissa. In each example we set hmin = ,,—15 and eia
= eps.

Results for example (A)

diffsystheun diffsystheun?

ot number of number of
eps = 10— 9 evaluations of f eps = 10— 9 evaluations of f

0.5 —2.11,,—10 1,089 —2.29,,—9 873
—4.79,,—11 2.39,,—11

1.0 —8.56,0~11 1,089 —1.07;0—10 873
—3.95,,—10 —2.76,,—10

1.5 4.15,,—10 1,089 —2.59;,—10 873
—1.22,—9 —6.84,0—10

2.0 1.18;,,—9 1,089 —1.89,0—10 8717
—2.69,,—9 —1.61;,— 9

4.0 4.7750—9 4,344 3.46,,—9 3,477
—6.72,,—9 —6.03,0—9

10.0 1.84,,—8 13,018 2.29,,—8 10,417

—2.42,,—8 —2.78,,—8
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Examnples.
&) Y =1lys 9000 =1, 3, =¢
¥y = —1[ys, 92(0) =1, y,=¢""
’ bt
(B) 1= —Y%, Y0)=1, gy =€
Y. = —Y¥;, 900 =1, y,=1/1+=).
©) Y, = 10sgn(sin202)y,, 9,(0) =0, 9y, = |sin10z],
¥, = —10sgn(sin202)y;, 9.(0) =1, ¥, = |cos10a].
Results for example (B)
diffsystheun diffsystheun2
z number of _ 9 number of
P8 = 10— 9 evaluations of f P8 = 10— evaluations of f
0.5 —3.11,,—10 1,014 —4.55,,—10 813
—3.49,,—10 —4.36,,—10
1.0 —4.94,,—10 869 —9.69,,—10 697
—5.16,0—10 —8.07,0—10
1.5 —8.80,,—10 © 869 —1.92,0—9 697
—‘4-1810—10 _4'9110—10
2.0 —1.04,,—9 869 —2.31,,—9 697
_643310—'10 —'6.5410_10
4.0 —1.26,0—9 3,613 —2.97,,—9 2,797
_5-0910—'10 _4-7210—10
10.0 —9.99,,—9 10,338 —9.19,,—9 8,273
—2.92,,—9 3.28;,—9
Results for example (C)
diffsystheun diffsystheun 2
@ number of o number of
eps = 10— 3 evaluations of f P8 = 10—3 evaluations of f
0.5 —8-0510—4 890 —1-3010—3 1089
—8.4810—4 _1-5910'—3
1.0 —1.77,,-3 868 —2.80,,—3- 989
—1.72,,—-3 —2.7819—3
—2.64,0—3 —4.23,0—3
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ALGORYTMY 85-36
M, SZYSZKOWICZ (Wroclaw)

DWIE REALIZACJE METODY TRAPEZOW
DLA ROZWIAZYWANIA ZAGADNIENIA POCZATKOWEGO

STRESZCZENIE

Procedury diffsystheun i diffsystheun? o tych samych nagléwkach rozwiazuja
w sposéb numeryczny zagadnienie poczatkowe (1)-(2) dla danych y = [y,(),
Ya(@), <5 Yn (#)]1T oraz y,.

Dane:

xz0 — wartodé a w (2);

xl — warto§é argumentu, dla ktérego zagadnienie ma byé rozwiazane;

eps — blad wzgledny rozwigzan;

eta — liczba zastepujaca zero w rozwiazaniu;
hmin — najmniejsza dopuszczalna warto§é kroku h;
n — liczba réwnan w (1)-(2);
y0[1:n] — wartoci prawych stron réwnan w (2).
Wyniki:

x0 — wartodé al;
y0[1:n] — wartodei rozwiazania przyblizonego y(x1) (k= 1,2,...,n).
Inne parametry:
notacc — etykieta poza treciag procedury, do ktorej sie skacze, gdy wartosé bez-
wzgledna diugodei kroku jest mniejsza od hmin. W tym przypadku, z0
rowna sie wartoéci x (20 < o < x1), dla ktérej rozwiazanie przybliZone
ma blad wzgledny ré6wny danemu eps, a y0[1:n] zawiera wartodci tego
rozwigzania przyblizonego. Zwiekszajac eps lub zmniejszajac hmeén mozna
kontynuowaé obliczenia.
J — nazwa procedury o nagléwku procedure f(x,n, ¥y, d); value x, n; real x;
integer m; array y, d; ktéra oblicza wartoéei d[I : n] prawych stron réw-
nan w (1).
W algorytmach posluzono sie metods trapezéw, a w trakcie obliczenn dobierano
krok calkowania. Procedury sprawdzono na m. ¢. Odra 1204, a wyniki obliczen przed-
stawiono w tablicach.



