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ALGORITHM 83
ANNA BARTKOWIAK (Wroclaw)

STEPWISE SELECTION OF DISCRIMINATIVE VARIABLES
BY THE USE OF THE TRACE CRITERION

1. Procedure declaration. For given matrices C, and C, stored by
lower triangles row by row in one-dimensional arrays, procedure dissteptr
Performs a search for variables for which the trace criterion attains its
Maximum.

The procedure allows us for obligatory introduction of variables into
the discriminative set (denoted by 2).

Data:
p — number of variables under consideration;
¢, e2[1:px(p+1)=2] — lower triangles of the “between” and “within”
corrected cross produect matrices, stored row
by row;
11 — the largest number of variables to be intro-
duced into 2 while selecting upwards;
12 — the smallest number of wvariables to be
retained in 2 while selecting downwards;

nr[l:p] — array of nos. (places) of the variables under
consideration in the primary (original) data
set;

ind[1:p] — array indicating the variables which should

be obligatorily introduced into 2 before
starting the selection procedure: tnd[i] = 1
means that the variable no. ¢ should be intro-
duced into 2, otherwise ind[¢] should be
put equal to 0;

eps — small number indicating the machine ac-
curacy.

. Results:
“d[1:p] — array indicating the variables contained in & after finishing
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the selection procedure: ind[7] = 1 means that the ¢-th
variable belongs to 2, ind[¢] = 0 means that the ¢-th
variable does not belong to it.
Other results are obtained by the use of procedure result which is
called after each step including a new variable in 2 or excluding it from 2.

Other parameters:

trace — identifier of the function evaluating the trace of the product

of two matrices A’ and B’ contained in matrices A and B of
larger size, stored by lower triangles row by row. The matrices
A’ and B’, for which the trace criterion is calculated, are identi-
fied by an integer array ind whose elements equal 1 indicate
which rows and columns of the larger matrices should be taken.
This function should be headed as follows:
real procedure trace(p, c1, c2, ind);

value p;

integer p;

array c2, ¢2;

integer array ind;

An example of realization of this function is given on page 371.

onestep — identifier of the procedure described in [2];
result — identifier of the procedure printing intermediate results of
the search procedure after a new variable has been introduced
in 2 or eliminated from 2; this procedure was described in
[2] under the heading outratio.

2. Method used.

2.1. The trace criterion is defined as the product of two matrices
B and W™, where B stands for the between-groups cross product matrixy
and W for the within-groups or error cross product matrix. Tests of sig-
nificance between vectors of means of several groups can be formulated
on the base of this statistic (see [1] and [4]).

Consider variables labelled 1,2, ..., p, and let r be a given integer-
Our aim is to choose such a subset ¢, %, ..., %, for which

-1
tr(B; ..., Wigi,...,) = Max,

where B, ; ; and W, . are submatrices of B and W determined by
the intersection of rows and columns with indices ¢,, %5y ..., %,.

2.2. For stepwise inversion of a grammian matrix W the Gauss-JordaD
algorithm may be applied. Having this in mind it is easy to programme 21
algorithm for stepwise selection of discriminative variables by the us€
of the trace criterion. Applying sequentially the modified Gauss-Jordar
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Rrocedure dissteptr(p,c1,c2,11,12,nr,ind,eps,trace,onestep,
result);
¥alue p,11,12,eps;
xeal eps;
integer p,11,12;
array cl,c2;
ipteger aryay nr,ind;
Teal procedure trace;
brocedure onestep,result;
begin
real x,2z;
dnteger k,1,q,T,8;
arxay c3[1:px(p+1)+2];
1:=k:=0;
for q:=1 giep 1 until p do
k:=k+q;
if ind[ql=1
then
if c1[kl>epshc2[k]>eps
then
bezin
onestep(q,1.0,p,c2);
l:=1+1;
end cilkl>eps A c2[k]>eps
else indlql:=
end ind[ql=1
end q;
if 150
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then
Regin
z:==-trace(p,cl,c2,ind);
result(p,l,z,nr,ind)
end 1>0;
if 11>p
Xhen 11:=p;
nextvar:
if 1>11
ihen go to back;
=.0;

t?
(1)

k:=r:=0;
Zor q:=1 gfep 1 until p do
kegin
Lor s:=px<(p+1)+2 step -1 uniil 1 do
c3(sl:=c2[s];
k:=k+q;
if ind[ql=0Ac3[k]>eps
ihen
begin
onestep(g,1.0,p,c3);
ind(ql:=1;
x:==trace(p,cl,c3,ind);
ind[q] :=0;
if x>z
then
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end ind[ql=0 A c3[k]>eps

end q;

if r>0

then

begin
onestep(r,1.0,p,c2);
ind[r]:=1;
1:=1+1;
result(p,1l,z,nr,ind);

£9 1o nextvar

end r>0;
back:
if 1221
ihen zo to finj
z:=,0;
:=q:=0;
for r:=1 step 1 until p do
bezin g
k:=k+r; s
if ind[r]=1
lhen

for s:=px<(p+1)+2 giep -1 uniili 1 do
c3[s]:=c2(s];
onestep(r,-1.0,p,c3);
ind[r]:=0;
x:=-trace(p,c1,c3,ind);
ind{r]:=1;
il x>z
then
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Z =X}
q:=r
eng x>z
end ind[rl=1
end r;
if ¢>0
then
begin
onestevn(q,=1.0,p,c2);
ind[q]:=0;
1:=1=1;
result(p,l,z,nr,ind);
20 1o back;
2pd 9>0;
Tin:

end dissteptr

transformations to a given matrix W of size p X p we obtain finally the
inverse of the transformed matrix W,

W =T,T,,...T,W,

where T,,T,_,,..., T, denote the transformations described by formu-
lae (3) in [2].

The transformations T, (r = 1, 2, ..., p) may be applied for prescribed
values of r, say ¢, %5, ..., %,. The transformed matrix determined by the
intersection of rows and columns with indices 4,, ¢,, ..., ¢, is the inverse
of the input matrix W,; ;.

Using the forward transformation 7, described by formulae (3) in
[2], we include the variable no. r into 2. Using the back transformation
T_ described by formulae (4) in [2] for a variable actually being in 2,
we exclude this variable from 2. Whether a given variable belongs to 2
is indicated by the auxiliary array ind whose elements equal 1 signify
the presence, and elements equal 0 signify the absence of the variable
in 2.
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real procedure trace(p,cl,c2,ind);
Xalue p;
integexr p;
array c1,c2;
intesexr array ind;
begin
real x;
dntegexr i,J,k;
xX:=,0;
k:=0;
Zor i:=1 ghep 1 wauil p do
bezin
if indl[il)=1
lhen
bezin
fox j:=1-1 gtep -1 until 1 do
if ind[j]=1
then x:=x+c1[k+jlxc2[k+j];
x:=x+.5%c1[k+i]xc2[k+i]
end ind(il=1;
ki=k+i
eud i;
trace:=x+x

end trace
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2.3. The algorithm we use proceeds in the following steps:

1° Perform the Gauss-Jordan transformations on the matrix C for
a given set of declared variables (obligatory introduction, if any).

2° Calculate the trace criterion for the submatrices of B and for the
transformed matrix W identified by the auxiliary array ind.

3° If the actual size of 2 is greater than or equal to a given number
11, go to 5°; otherwise, go to 4°.

4° If the actual size ! is less than the wanted size 11, seek additional
variables not belonging to 2 which give the greatest rise of the trace
criterion. Include this variable (if any) into 2, after inclusion augment
I, and pass to point 3°.

5° If the actual size of 2 is greater than a given number 12, go to
point 6°; otherwise, go to point 7°.

6° Seek variables for which after elimination from 92 the trace
criterion remains the greatest. If there is any such variable, remove it
from 2, diminish the actual size I and go to point 5°; otherwise, pass te
point 7°.

7° Finish. End of the selection procedure.

The modified Gauss-Jordan transformations can be performed by
the use of procedure onestep given in [2]. The trace criterion for variables
identified by the array ind can be evaluated by the use of procedure trace
given in this paper.

After each call of procedure onestep changing the status quo of 2,
procedure result is called and we obtain information about the zctual
value of the trace criterion and the nos. of variables actually being
in 2.

Notice that the Gauss-Jordan transformation 7', is executed only in
that case where the diagonal element w,, is greater than eps, a given small
number. The inequality w,, < eps means that the variable no. ¢ is linear-
ly dependent on variables which have been included previously into 2.

3. Certification. The results of dissteptr were checked in two modes:

1° by calculating the value of the trace criterion strictly from the
definition, using procedure cholinversion2 [3] for matrix inversion,

2° by comparison of the chosen variables with the numbers of varia-
bles chosen by disstepw [2].

The results almost always were the same (see the remarks in the
certification of procedure disstepw in [2]).

4. Test example. Entering dissteptr with the data

p=5,
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¢l[1: 15] = [19482.9350
23305.2695 28505.7548
23305.2695 28505.7548 28505.7548
11584.5455 13927.9221 13927.9221 6899.1039
9575.0616 11968.1315 11968.1315 5752.4675 4815.5146],

¢2[1: 15] = [258.9286
106.3214  397.0179
106.3214  397.0179  397.0179
104.0000 138.7143  138.7143  317.7143
—34.3929  174.2321 174.2321 252.7143  478.3036],

l1=5, 12=2, w[l:§]=2,3,4,5,6,
md[l:5] =0,1,0,0,0, eps = 10— 6,

and using the function #race of this paper, and also procedures onestep
and outratio from [2] we get the following results:

ind[1:5]=1,1,0,0,0.

This means that the variables chosen are labelled by the array nr
a8 variables no. 2 and no. 3.

We get also additional results by procedure resulf, which was called
6 times during the run of disstepw (p = 5):

No. of call | @ Variables in
2
1 1 71.799671 3
2 2 111.047882 2 3
3 3 113.456186 2 3 6
4 4 116.543725 2 3 5 6
5 3 113.456186 2 3 6
6 2 111.047882 2 3

_ These are the same results as those obtained by procedure disstepw
glven in [2].
The calculations were done on the Odra 1204 computer.
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ALGORYTM 83
ANNA BARTKOWIAK (Wroclaw)

KROKOWY WYBOR ZMIENNYCH DO ZBIORU DYSKRYMINACJI
METODA SLADU MACIERZY

STRESZCZENIE

Procedura dissteptr wybiera metoda krokowg zmienne o najwiekszej sile dys-
kryminacji. Sita dyskryminacji zmiennych jest mierzona za pomocs $ladu macierzy
BW-1, gdzie B oznacza macierz poprawionych iloczynéw odchylei grupowych od
fredniej generalnej, W za§ macierz poprawionych iloczynéw odchylei wewnatrzgrupo-
wych (macierz bledéw przy wielozmiennej analizie wariancji z jednym kierunkiem
klasyfikacji). Blizsze oméwienie tego kryterium znajduje sie w [1] i [4].

Krokowe odwracanie macierzy W odbywa sie¢ za pomoca zmodyfikowanego
algorytmu Gaussa-Jordana w sposbéb przedstawiony w [2].

Procedura dziala w trzech etapach:

1° Obowiazkowe wprowadzenie ! zadeklarowanych zmiennych do zbioru dyskry-
minacji 2 (dopuszcza sie mozliwogé [ = 0).

2° Dobranie metoda krokowa dalszych zmiennych tak, zeby liczebnosé zbioru
2 osiggnela wielkoéé 11, gdzie 11 jest dana liczba.

3° Usuniecie ze zbioru 2 odpowiedniej liczby zmiennej tak, aby koricowa liczeb-
noéé tego zbioru wynosita 12, gdzie 12 jest dang liczba.

Po kaidym kroku oblicza sie wielkosé sladu macierzy BW-1 dla zmiennych
znajdujgcych sie aktualnie w zbiorze 2. Zmienne te mozna identyfikowaé za pomocs
tablicy ind, ktorej wartosci rowne 1 oznaczajg przynalesnosé danej zmiennej do zbioru
2, a wartosci rowne 0 — brak przynaleznosci. Do obliczenia §ladu macierzy identyfi-
kowanych w opisany sposéb stuzy funkecja rzeczywista trace. Szukamy takich zmien-
nych, dla ktérych wielko$é obliczonego §ladu bylaby mozliwie duza.

Dane:
p — liczba rozwazanych zmiennych (stopied obliczanych
macierzy);
el,c2[1:px (p+1)=2] — tablice zawierajace dolne tréjkaty macierzy poprawionych
iloczynéw odchylen miedzygrupowych i wewngtrzgrupo-
wych, zapamietanych wierszami;
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{1 — maksymalna liczba zmiennych w zbiorze 2;
12 — minimalna liczba zmiennych w zbiorze 2;
nr[1:p] — numery rozwazanych zmiennych wedlug ich pierwotnej
numeracji w zbiorze danych;
ind[1:p] — tablica wskazujaca na numery zmiennych (wedlug nume-

racji w macierzach O, i C,), ktére maja byé obowiazkowo
wprowadzone do zbioru 2 przed rozpoczeciem postepowa-
nia krokowego: ind [¢] = 1 oznacza, Ze zmienna o nume-
rze ¢ powinna byé obowiazkowo wprowadzona do zbio-

T 2;
eps — mala liczba oznaczajaca dokladnoéé maszynows.
‘Wyniki:
tnd[1:p] — tablica okreslajaca numery zmiennych (wedlug numeracji w macierzach

0, i 0,), znajdujacych sie w zbiorze 2:
1, dy ¢€ 92,

ind[t] = 8%y
0, gdy i¢ 2.

) Poza tym za pomoca procedury result mozna otrzymaé wyniki czesciowe, okresla-
lace po kazdym kroku liczbe i numery zmiennych znajdujacych sie w zbiorze 2.



