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OPTIMAL METHODS OF INTEGRATION
IN THE CLASS OF DIFFERENTIABLE FUNCTIONS

1. Introduction. Denote by WWL (M;a,db) (1<g< ) the class
of differentiable functions defined on the finite interval [a, b] with
Piecewise continuous r-th derivative satisfying the condition

b

([ 1romea < u.

a

The purpose of this paper is to construct the optimal, in certain
sense, method of approximation of the integral

b
I(f) = [ f@ds in WOL(M;a,Dd)

among all methods using as information the values of the function f
and its derivatives f’, f”, ..., f*~ at n distinet points in (a, b).
An agxa,logous problem was studied in many works (see, e.g., [1]

and [3]-[8]). But in all these papers the authors search the optimum
linear method assuming additionally that

(i) it is exact for the polynomials of degree r—1, or
(i) one considers only the functions fe WL (M; a,b) satisfying
fla) =f(a) = ... =" V(a) = 0.

In the present paper the optimization is extended over all admissible
methods of integration without any restrictions.

2. Preliminary results and definitions. Let H be a linear metric space
and F a convex centrally symmetrical set in H with the centre of sym-
metry 0. Let the real linear functionals L(f), L,(f), ..., Ly(f) be defined

on F. An arbitrary method of approximation of the functional L(f) using
as information only the values L,(f) (k =1,2,..., N) can be given by
a function S of N variables as follows:

L(f) ~ 8(L1(f), .., Ly(f))-
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Denote, for convenience, the approximate value S (Ll( )y eeey In( f))
of L(f) by S[f]. The quantity

R(8; Lyy ..., Ly) = SfllF]') \L(f)—8[f]

is called the error of the method 8 in the class F. The method 8* is said
to be the best if

R(8*; Ly, ’."’LN) = i-;lfR(Si Lyy ooy Ly)

holds and inf is extended over all admissible methods of approximation

s
of L(f) that use only L,(f) (k =1,2,..., N).

Now we formulate a lemma due to Smolak [9] (see also [2]), needed
in the sequel.

LEMMA 1. Suppose that sup L(f) < oo, where
fEFo

Fo={f: feF, Li(f) =0 (k =1,2,...,N)}.

Then there exist numbers D, ,' D,, ..., Dy such that

N
sup|L(f)— Y Dy Ly(f)| = intsup | L(f) — S[f1I,
feF =1 S feF
i.e., there exists a linear method with a least estimate of the error.

The next two corollaries follow immediately from the proof of the
lemma (see also [2]).

COROLLARY 1. We have

supL(f) = B(8*; Ly, .., L)
fEFo

Let ¢ be a fixed number and let 1 <k << N. Write

F¥ ={f: fe F, L,(f) = &, Ly(f) = 0,4 #* E},

and assume that

Pr(e) = sup L(f).
feF¥

COROLLARY 2. If ¢(0) exists, then D, = ¢ (0).
Henceforth we concentrate on the special functional

b

I(f) = [ f(x)da.

a
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Finally, write
Wa ={f: fe WOL,(M;a,b),fPa) =0 (k =0,1,...,r—1)},
Woo ={f: fe WOL,(M;a,b),fPa)=fP0B) =0 (k=0,1,...,r—1)}.

We shall use the notation W instead of W L, (M; a, b) in some for-
mulas.

3. Best quadrature formulas with one and two knots. Throughout
this section we shall denote by p the number for which 1/p+1/q¢ = 1.
THEOREM 1. The quadrature formula

r—1

b k+1
(1) 1)~ > A )
k=0

8 a best method of integration in WL (M;a,b) among the methods that
use as information only the values f®(a) (k =0,1,...,7—1). The error
of the quadrature has the value

M (b—a)+iP

I

Vrp+1
Proof. By Corollary 1,

B =supI(f).

feW,
Clearly, W, is the class of all functions of the form

1 x
= f(a,-_t)'-’h(t)dt

where h(t) is a piecewise continuous function satisfying

b
(2) mea < u.
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In order to determine the coefficients C; (¥ =0,1,...,r—1) of
quadrature (1) we use Corollary 2 and the Taylor formula. It is clear
that the class

F ={f: fe W(T)Lq(M; a, b)7f(k)(a) =& f‘i)(a) =0, ¢ #k}
coincides with the class of all functions of the form

(@ —a)*
k!

1 - r—1 :
Tl f(m—t) h(t)dt,

where h(t) is defined as in (2). Thus

k

b T
(x—a) 1 —t
supI(f) = Sl;p{f( — e+ Y f(a:—t) h(t)dt)dm}

! —
feFf b4 k! (r 1 4

= (I’_—W'+£(f(b—t)mdt)1’”

(B+1)! r!

Differentiating the right-hand side of this equality and putting
e = 0, we get C;, = (b—a)**/(k+1)!. This completes the proof.

In the same way we can prove the following

THEOREM 1'. The quadrature formula

i8 a best method of imtegration in W""Lq(M ; @, b) among the methods that
use as information only the values f®(b) (k =0,1,...,7r—1). The error
of the quadrature is the same as in Theorem 1.

Remark 1. Theorems 1 and 1’ show that the integration of the
r-th partial sum of the Taylor expansion of the function is a best method
of integration in WL (M;a,d).

Throughout this paper we use the notation U,,(¢; [a, b]) to denote
the r-th polynomial of the best L, -approximation of zero in [a, b].
We have

b
11/1’ . r r—1 D 1/p —
{f; (t; [a, b]Pdt) :I;f}{flt +a, o +a, P = B,y e, b].

For simplicity, U,,(t) = U,,(¢; [ —1,1]), and E,, = E,,[—1,1].
THEOREM 2. The quadrature formula

Z(A f(k) )+ B, f(k) )
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where

(1)

. . b__a k+l (_1)k b—a k+1
A= ( 2 ) Un(=1) and Bi=—37\—5~) Unll

i8 a best method of integration in WNL(M;a;b) among the methods
that use as information only the values f*(a) and f®(b) (k =0, 1,...,r—1).
The error R of the quadrature has the value

_ r+1/p-
R = ilI_ b—a E,,.
r! 2

First, we prove
LeEMMA 2. We have

2 M 2 1/p
sup [ f(@)ds =F{f|U,.p(t;[a,b])|”dt}

TeW qp >

Proof. According to Lemma 1, we have

r—1

R = »)dz = inf sup ([ f(@)de— ) B,f®(b)).
s [erda ot sup|[ 130 31 100
But it can be shown that

1 b
BBy =— [ b=ty * 1O d@ (b =0,1,....r—1).
1 @) (r_k_l)!afw Y OOE (R =0,1,...,r-1)

That gives
b r—1
. (b—1) B, —k-—l) ™)
R = inf su - > ——F __(b—1t) FOt)dt
By} szp ( 2 (r—Fk—1)!

{Bk} ST { |(b—t Z = (b_t)r—k—l

——{fw,,,(t [a, b])|pat}

o

The proof of the lemma is complete.

Proof of Theorem 2. By Lemma 2 and an easy computation

we get
M [b—a\tlir
r=2r (% )
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Denote by o the set of all methods of integration of f that use only
the values f*(a) and f®() (k = 0,1, ...,7r—1), and write

B r-1 (b_a)k+l "
So[f] = ,;Wﬂ (a).
We have
R = infsup|I(f) - S[f]l

Sec feWw

b
b—
=infsup'f(
Ses feW bt

Notice that the set of methods 8, of the form 8, = §—8,, where
Se o, coincides with o¢. Thus

f‘" tyat—(8[f1— So[f].

R —infs plf( FO)dt— 8, [f]l

Spec feW

Let P(t) be & polynomial with real coefficients of degree less than
or equal to r —1, i.e. P(t)e =,_,. Integration by parts produces the formula

b r—1
[Pt = 3 (—1) = (PrF=(b) £ (b) — Pr=*-D(a) ¥ (a).
a k=0

Therefore, the method

b
I(f) ~ [P (t)at

belongs to ¢. That gives

R< mf sp[f FOt dt———fP (&) f (1) dt‘
lfeW
M 4 1/
D
— inf —{f| @—tr—Ppal” = [10,; (o, bt}
Pen,_y r! Y ’

This inequality and Lemma 2 show that the method S8* = §,+8,,
where

o

8[f] = bY — Uy (t; [a, b]))f7(2)
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is the best one. Since
1 b
— [@—vroma =15 - S,
Tr.
a

we obtain

" b
S0 = LA+ 8l f] = — - [ Unplts [a, LB+ (1)

r—1
= D (—1HTE; [ DO = UG a3 [, 01 (@)
k=0 -
which completes the proof of the theorem.

COROLLARY 3. The quadrature formula given in Theorem 2 is precise
for polynomials of degree not greater than r—1.

Indeed, we have

I(f)—8*[f1 =

wo(t; [@, b)) O (t)dt

"and the corollary follows.

4. Optimal quadrature formula. The methods using as information

only the values f®(x;) (¢ =1,2,...,n; k=0,1,...,r—1) wil be

considered in this section and the knots {x;}} will be required to satisfy
only
A< B < B < ... <2, < D).

THEOREM 3. The quadrature formula

r—-1 n
(3) 2. AP® (),
k=0 i=1
where
(4)
(a—a@,)** (=1 (g, g, \FH
AP = — + 1) UgE(-1)
(k-+1)! r! 2 P ’
b—uo )k+1 (_1)k 2z —x k+1
AR — ( n n n—1 (r —k-1)
" (E+1)! T r! ( 2 ) U @),
(—1)* o —x;_, \FH! r—lom By — ;| r—k—
i I S R

2
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is best among all admissible methods of this type. The error of the quadrature
has the value

(5)  R(#1, ..., @)

_ _%{(ml—a)’p“ + (b —a,)®+! +Z B — @\ }I/p.
r! rp+1 rp+1 9 D

k=1

Proof. In order to construct the best method (3) we divide the
integral I(f) into m 41 parts

xq n—1 Ti+1
1) = [ £ dw+ff oo+ D [ fla)da,
a k=1 x5

and then apply the best methods given by Theorems 1 and 1’ for the
first two integrals and the best method of Theorem 2 to the others. It is
easily seen that the method is of type (3). The coefficients 4% are sums
of the corresponding coefficients calculated in Theorems 1, 1’ and 2.

Denote by R*(#,,...,®,) the error of this method in W(’)Lq(M ; @, b).
For convenience,

w° =b’ $n+1 =b

. 1 (x,—a) P . 1 (b—a,) '
0Ty Ty 6y =
r! o Pl p
l/rp—{—l Vrp+1
1 (@, —, \ T2
elc=_ﬁ( k+12 k) B, (k=1,2,..,n-1)

It follows from the previous sections that

n Tr+1
/
R*(xy, ..., ®,) = sup E ek{f 1fP (8 |th}lq
W k=0 . g

By the Bunjakovski-Schwartz inequality,

(6) R*(xy,... {sup [Z e”]llp}{f 1fO(t qut}llq {2": 6%}1@.

feW “—0 =0

On the other hand, by Corollary 1, the best method in W" L (M; a, b)
b
has the error R(®y, ..., ,) greater than [f(«)dx for all f such that
a

f®) =0 (k=0,1,...,r—1;i=1,2,...,m).
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Let ¢<1 be an arbitrary positive number. By Corollary 1, there
exists a function g;(x)e WO L (M,; «;, ;,,) for which
Ti+1
[ gtydt> eMe;,
g
90 (w;) = ¥ (0;,,) =0 (k =0,1,...,7—1) for i =1,2,...,n—1,
and

g5 (1) = ¢ (@) = 0.

M;e, is the error of the best method in the class WL (M,; ®;, ©;,)
(¢ =0,1,...,n) (described in Theorems 1, 1’ and 2, respectively). De-
termine M; by

MeP™t
M, = ¢

Tt = T "
(2 er)™
=0

The function g(x) = g;(#) for #; <® <, belongs to the class
W®L,(M; a,b). Indeed, by the definition of g;, we have

Tyl

{[ 0@rad™ < ur,.

i

Then
n Ti41 n
{fb @™ = {3 f+ g @eal’ <! 3 uf = .
a t=0 x; =0

Since ¢(t) satisfies the conditions

@) =0 (k=0,1,...,7—1;i=1,2,...,n),
by Corollary 1 we get

b n n

R(@y, ..y @) > [ g()dt> D Mo, = eM{> eg’}"”.

a =0 1=0

This inequality and (6) complete the proof of the theorem.

We notice that, according to Remark 1 and Corollary 3, the best

method of Theorem 3 is precise for piecewise polynomial functions
with discontinuity at the knots.

Now, we minimize the error R(w,,...,#,) varying the knots {z,}}
in (a,b). Let

R(&y, ..., &,) =infR(a,, ..., @,).

{zy}

The best method of integration with these extremal knots is said
to be optimal.

8 — Zastosow. Matem. 15.1
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THEOREM 4. The quadrature formula

I(f) ~ 2 2 PP (&,

k=0 =1
where
(7)
E=a+A(r,p)h+2(:-1)h (¢ =1,2,...,n),
b—a E? Yrp
h = (’n—l —I—A(T,p))_l A(r, p) =( 2p ('r_p‘f'l)) ’
1) :
0P = ( r') REHOERD (1) — TUE*-D(—1)) (4 =2,3,...,n—1),
(—1)* (—1)** _
(k) — h k+1 hk+l U(r k-1) -1
i (T+1)! ( (ry p) ) +_—T. (—1),
(k) — (A )h)k+1 + (_l)k hk+l U(r—k—l)(l)
" (k+1)! k! i ’
18 the optimal method of integration in W")Lq(M ; &, b). The error of the
method is
M [(b—a\'?
R(&y, .. ,E)—Th'( 9 ) Erp'

Proof. It follows from (5) that the extremal knots satisfy the equa-
tions

2, — 2, \"® E?
(wl—-a>'p—(rp+1>( ) 2=,
®,—,_,\" E?
—<b—w,,>’p+<rp+1)( )" S o,

By, —0; =2,—w;_, (0=2,3,...,n—1).
The system has a unique solution {&;}7' determined by
& —&6 =2 (1=2,3,...,n—1),
b =a+A(r,ph, & =b—A(r,p)h,

n—1
& —a+ 2 (Er1—&)+b—§&, =b—a,
k=1
which produced (7).
The proof of the theorem is completed by inserting the values of
{7 ) and (5).
Smce E = (2/(rp+1))"? U, (1), it is seen that A(r, p) = (U,, (1))
which implies Cr—) = 0V = 0 if r is an even integer. Note else that
0P =0 (i=2,3,...,n—1) if k is an odd integer.
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B. D. BOJANOV (Sofia)

OPTYMALNE METODY CALKOWANIA
W KLASIE FUNKCJ)I ROZNICZKOWALNYCH

STRESZCZENIE

I.tozpa:trywana. jest klasa funkeji f(x), okre§lonych na skofczonym przedziale
[a, ] i takich, ze r—1 pochodna jest przedziatami ciggla w tym przedziale, a r-ta

Pochodna spelnia warunek ||fM|y < M. W pracy konstruuje sie sposéb catkowania
funkeji fe WLy (M ; a, b), optymaﬁny weréd wszystkich metod, ktére jako informacje
wykorzystuja wartoci f®)(z;) (& =0,1,...,r—1;i=1,2,..., n), gdzie a < x; <
< ® <...< &y, < b. Praca zawiera takze dokladne oszacowanie bledéw metody opty-
Ifla.lnej. Okazuje sig, Ze otrzymana w pracy optymalna metoda calkowania jest metoda
liniows i dokladna dla wielomianéw stopnia co najwyzej r —1. Praca stanowi zatem
kontynuacje prac [4] i [6].



