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The Schur and Steinhaus Theorems for
4-Dimensional Matrices in Ultrametric Fields

Abstract. Throughout this paper, K denotes a ds-complete, non-trivially valued,
ultrametric field. Entries of double sequences, double series and 4-dimensional matri-
ces are in K. We prove the Schur and Steinhaus theorems for 4-dimensional matrices
in such fields.
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1. Introduction. Throughout, K denotes a ds-complete, non-trivially valued,

ultrametric field with valuation |- | (ds-completeness will be defined in the sequel).
If A = (ammnke) is a 4-dimensional infinite matrix, amnre € K, m,n, k£ =
0,1,2,..., by the A-transform of a double sequence x = {zy ¢}, 2y € K, k, £ =

0,1,2,..., we mean the double sequence Ax = {(Az)mn},

oo
(Ax)m,n = E Amn,k Tk, T,T = 07 1a 25 (X3}
k,0=0

where we suppose that the double series on the right converge. The double sequence
x = {xk,} is said to be summable A or A-summable to ¢ if

lim (A%)pm, =L

m-+n—oo

Let cqs, €3 respectively denote the spaces of convergent double sequences and boun-
ded double sequences. If A = (am n.ke) is such that {(Az)m n} € cqs whenever x =

*This work was done during the author’s stay at the Department of Mathematics, Indian
Institute of Technology,Chennai 600 036 (July 8-August 5,2011) as a Visiting Faculty.
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{zke} € cas, A is said to be convergence-preserving. If, further, +lim (AT)pmn =
m-rn—oo

lim 2y, we say that A is regular.
k+f— oo

Natarajan and Srinivasan proved the following theorem.

THEOREM 1.1 ([2]) A = (amn.ke) is regular if and only if

(1) lm amae =0, k€=012...;
(2) m%hnnioo Z Gm,nk,t = 1’

k=0
(3) lim suplamnre =0,0=0,1,2,...;

m-+n—oo k>0

(4) lim suplammnre =0,k=0,1,2,...;
m—+n—oo >0

and

(5) SUp |am,n,k.e| < oo.

m,n,k,l

A is called a Schur matrix if {(Az)mn} € cas whenever x = {zx ¢} € €52, The
main object of this paper is to get necessary and sufficient conditions for A to be a
Schur matrix and then deduce Steinhaus theorem.

DEFINITION 1.2 The double sequence {z,, ,} in K is called a Cauchy sequence if
for every € > 0, there exists N € N (the set of all non-negative integers) such that
the set

{(m,n), (k,£) € N?: |2y — zie| = €,;m,n, k, £ > N}

is finite.

It is easy to prove the following result.

THEOREM 1.3 The double squence {xy, } in K is Cauchy if and only if

(6) lim  |Zmt1,n — Tmon| = 0;
m-+n—oo

and

(7) lim  |Zmn41 — Tmon| = 0.
m-+n—oo
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DEFINITION 1.4 If every Cauchy double sequence of an ultrametric normed linear
space X converges to an element of X, X is said to be double sequence complete
or ds-complete.

For & = {&mn} € £, define ||z|| = sup,, , [Tmn| One can easily prove that
{3 is an ultrametric normed linear space which is ds-complete. With the same
definition of norm for elements of cqs, cqs is a closed subspace of £37. Natarajan
[1] proved Schur’s theorem and Steinhaus’ theorem for 2-dimensional matrices over
complete, non-trivially valued, ultrametric fields. We now prove the main results of
the paper.

2. Main Results. In the sequel, let us suppose that K is a non-trivially valued,
ultrametric field which is ds-complete.

THEOREM 2.1 (SCHUR) The necessary and sufficient conditions for a 4-dimensional
infinite matric A = (Gm k) to transform double sequences in £33 into double se-
quences in cqs, i.e., {(AZ)mn} € cas whenever x = {xg o} € {3 are:

(8) lim ampre=0 mmn=01,2,.
k+{¢—oco

(9) lim sup |am+1 n,k,l — am,n,k,fl = 07
m+n—oo f. £>0

and

(10) lim sup |Gmnt1,k.6 — Gmonk,e] = 0.

m-+n—oo k0>

Proor Sufficiency. Let (8), (9), (10) hold and = = {xy ¢} € £55. We first note that
(8), (9), (10) together imply that (5) holds. In view of (5) and (8),

o0
(AZ)mn = E Amn ket The, m,n=0,1,2,...
k=0

is defined, the double series on the right being convergent.
Now,

o0

|(Ax)m+1,n - A.’E m n| - Z aerl,n,k,Z - am,n,k,ﬁ)xk,l
k=0

<M sup |Gm+1,n.ke,t — Gmon kel
k620
— 0, m+n— oo, using(9),

where |z | < M, k,0=0,1,2,..., M > 0. Similarly it follows that

[(AZ)mnt1 — (AZ)mn| — 0, m+n — oo, using(10).
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Thus {(Az)m, » } is a Cauchy double sequence in K. Since K is ds-complete, {(Az)pm »}
converges and so {(Az)m.n} € c4s, completing the sufficiency part of the proof.
Necessity. Let {(A2)m,n} € cqs whenever x = {xy ¢} € £52. Consider the double se-
quence {xy ¢} where 2,0 =1, k,0=0,1,2,... . {z}0} € €32 so that, by hypothesis,

o0
(Az)pmn = E Aok, mM,n=0,1,2,...
k,£=0

is defined. Since the series on the right converges, (8) holds. Suppose (9) does not
hold. Then there exists £y € N such that

lim  sup (@m+1,n,k,00 = Gm,n k0| = 0
m-+n—oo k>0

does not hold. So there exists € > 0 such that the set

{(m,n) € N? 1 SUP |@m+1,n.k,60 — Gm,n,ke,to] > €}is infinite.
k>0

Thus we can choose pairs of integers my,n, € N such that m; +n; < mg +ng <
e <myp +np <... and

(11) sup |amp+1,np,k,eo - amp,np,k,eo| >e, p=1,2,....
k>0

Using (8),

lim |am1+1,n17klo - amlynlyk,lo‘ =0.
k—oo

Consequently there exists r1 € N such that

€
(12) Sup |am1+1,n17k,40 - am1,n1,k,fo| < 9"
}{327‘1
Because of (11) and (12), we have,
(13) sSup |a7n1+1,n1,k750 — Gmyny kbl > 6
0<k<r,
so that there exists k1, 0 < k1 < ry with
(14) |am1+17n17k1,20 - aml,nl,k17£0| > €.
By hypothesis, (1) holds. So we can suppose that
€
(15) sup |am2+1»n2,k,fo - am2,n2,k,fo| < 9"
0<k<r,
By (11) we have,
(16) sup |am2+1,n27klo — Omgy na kb | > €

k>0
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Using (8),

lim ‘amz-‘rlynz,k,eo - am27n2,klo| =0
k—oo

so that there exists ro € N, ro > ry such that

€
(17) sup ‘am2+17n2,k,40 - amzynmklol < 9"
k}ZTQ

From (15), (16), (17), we have,

sup |am2+15n2,k,fo - am2’n2,k,fo| > €.
r1<k<ra

Thus there exists ko € N such that v < ky < r9 and

(18) ‘am2+17n2,/€27@0 - amz,n27k27fo| > €.

Inductively, we can choose strictly increasing sequences {r,}, {k,} such that r,_; <
kp <mp,

€
(19) SUD |Gy 41,0y k00 — Bmgimip ko] < 5
0<k<rp_1 2
€
(20) SUP [ @myt 1, k00 — Gmpingkito] < 5
rp<k<oo 2
and
(21) |amp+1,7lp7kp7éo - @mp,np,kp,€o| > €.
Now, define {z ¢} € €52, where
S b if k= ky, 0 =lo,p=1,2,...;
k.6 .
0, otherwise.
Then,
oo
(A2)my1m, = ATy, = > (G ity el = Gy k.0) Tkt
k,6=0
oo
= (@mpt 1y ko = Gy o) T b
k=0
= E (amerl,np,k,fo - ampunpvkueﬂ)xk1fo
0<k<rp_1

Y (Gt ko — Gy kb)) Tk G
rp—1<k<ry

D (At 1y koo = Gy o) T b
k=T,
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= > (Gmpr1imy kit — Gy ko) Tty
0<k<ry—1

+ (@my+1,mp K lo = Gy np k. bo)

+ § (amp—i-l,np,k,Eg*amp,np,k,fo)xk,eo
k>r,

so that

(amPJrl’anka[O - ampvnp1kp1£0)

= {(Ax)mp-&-l,np - (Ax)mp,np}

= > (Wit kito — Gmying kb)) Tk o
0<k<ry_1

= (Ampt1imy oo — Gy o) Tt
k>rp

In view of (19), (20), (21), we have,

€< |a/mp+17np:kp:éo - amp,np,kp,lol

€ €
< Max [|(Am)mp+1,np — (AZ) 1y m, |, > 5} 5

from which it follows that
|(Ax)mp+1,np - (Ax)mp,np| >e, p=12,....

Consequently {(Az)m.»} & cds, a contradiction. Thus (9) holds. It can similarly be
proved that (10) also holds. This completes the proof of the theorem. n

We now deduce the following theorem.

THEOREM 2.2 (STEINHAUS) A 4-dimensional infinite matrizc A = (@m n k) cannot
be both a regular and a Schur matriz, i.e., there exists a bounded divergent double
sequence which is not A-summable.

PROOF If A = (am n k) is regular, then (1) and (2) hold. If A were a Schur matrix
too, then, {a@m nk e} o is uniformly Cauchy with respect to &k, = 0,1,2,... .
Since K is ds-complete, {a@m n k¢ }.n—o converges uniformly to 0. In other words,
we have,

oo
lim g Um,n, kL = 0,

m4+n—oo
k,0=0

a contradiction, completing the proof. n
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