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Some remarks on families of Orlicz classes

o0
1. In [1] there were investigated connections between sets () L% {a, b),
i=1
U L%{a, by and L¥{a,bd), where L*{a,b)> and L%<a,d), i =1,2,.

i=1
are Orlicz classes. There were given necessary and sufficient conditions
for inclusions of these sets. This was generalized further in [2] for a class
of modular spaces (see also [3]).

These problems were considered in connection with investigation
of families of modulars depending on a parameter, as well as with in-
vestigation of some families of functions integrable with a parameter.

1.1. Let =, E and H be three abstract non-empty sets, and let &, &
and # be o-algebras of subsets of sets F, 5 and H, respectively. Let u
be a finite measure on &, and let m, n be measures on &, %, respectively.
We denote the respective measure spaces by (E, &, u), (£, &, m) and
(H, %, n).

It will be assumed that for any sequence (&) of positive numbers
satisfying the inequality &, +e¢,+ ... < u(E) there is a sequence of pairwise
disjoint- sets H;e& such that u(E,;) =e¢; for ¢ =1,2,... Moreover, we
consider two fixed non-empty families 2 and 2* of subsets of Z respectively
%, such that 0 < m(Z) < oo and 0 < n(Z*) < oo for all ZeZ and Z*Z™.

1.2, We shall say that the family £ is o-absorbed if there exists an
increasing sequence of sets (Z;), Z;¢Z, such that for every ZeZ there
is an index % for which Z < Z,.

The family 2* will be called o-absorbing, if there exists a sequence
of sets (Z}), Z;eZ™, such that for every Z*eZ™ there is an index k, for
which Z; < Z* for all k> k,.

1.3. Let us take two functions ¢: & X R+—>R+ and ¥: HXR,_ —R,,
Where B, = (0, co), satisfying the following conditions:

1° ¢ (-, u) is -measurable in the variable &eZ and (-, %) is #-measur-
able in the variable neH for every weR..

® ¢(&,-) is a g-function (see e.g. [2]) for m-almost every £eZ and
¥(n, *) is a ¢@-function for n-almost every neH.
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3° ¢(-,u) is m-integrable over Z for all Z¢Z, ue<R,, and y(-, u)
is m-integrable over Z* for all Z*« Z*, uecR,.

Let a = (Z, 2% ¢, u,), where Ze Z, Z* ¢ Z*, ¢ > 0, uy > 0. The function
y will be called a-weaker than ¢ if

1) fzp(n,u)dngo qu(E, wydm  for all u > u,.
pAd zZ

1.4. We shall denote by X the set of all #£-measurable functions
#: BE—+R = (— o0, co) such that the functions ¢ (£, [2(¢)]) and (g, l=(?)|)
are & X &-measurable in Z X E or ¥ x §-measurable in H x E, respectively.

The following lemma is easy to verify:

LEMMA. Let (u;) be a sequence of positive numbers and let (E;) be
o sequence of pairwise disjoint sets belonging to &. Then the function
@) w(t) — u; for teH,, |
0 forit¢E,i=1,2,...,
belongs to X.

The following notation will be used:

= [o(& m@l)ap, g,(n) = [v(n, lo@)])dp
E E

for £¢Z, neH, where xe¢X. Moreover, we denote by L'(Z,%,m) and
"L'(Z*, %, n) the spaces of functions m-integrable over the set ZeZ or
n-integrable over the set Z*e Z*, respectively.

2. The subject of this paper is to find the connections between
m-integrability of g, over a set Z¢Z and n-integrability of g, over a set
Z* e Z*. There will be presented following theorems giving necessary and
sufficient condition concerning this problem.

2.1. THEOREM A. Let the family & be o-absorbed, and let the family
Z* be c-absorbing. The following two conditions are equivalent:

Al if g, eLYZ,%,m) for all Z<Z, then there emists Z* e Z" such
that g,e LY (Z*, %, n),

A.2. the ewist sets Ze %, Z*< X" and numbers ¢, uy> 0 such that p
is a-weaker than ¢ with a = (Z, 2", ¢, u,).

Proof. Let us denote

3 T = {t: [&(5)] > vy, te B};

then
Jasman< [([v(n, ot l)d%)dﬂ+u(E)'fw(muo)d%
z* Tr Zz* z*

<e [([o(& wl)dm)dut u(®: [ yin, u)dn
Tr zZ Z+

<c [g,(8)dm+p(B)- [yin, up)dn.
Z A
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Thus we obtain the inequality

(4) Josiman<e- [g,(&am+u®@ [v(y, u)dn.
zZ* Z zZ*

Now, let us suppose A.2, then, by the above inequality, we obtain A.1.

Now, let us suppose that A.2 does not hold. Then taking in (1),
Z* =177, Z =Z;, ¢ = 2% u, sufficiently large, we see there exists a se-
quence w; oo such that

[w(n, w)dn > 2! f«p £ u)dm  for i =1,2, ...,

Z*

where Z; and Z, are defined as in 1.2. Since ¢(£, 4;)} oo for m-almost all
£eH, we obtain f p(&, u;)dmtoo. Hence, we may choose the sequence

(w;) in such a manner that [ (&, u;)dm >1 for ¢ =1,2,... Let us
choose z;
#(E)

(6) = 2' [ (&, ’“i)d””f’
Zg

t=1,2,..

[+
then )Y & < u(E). Hence there exist pairwise disjoint sets F;e & such
=1
that u(H,) = ¢ for ¢ =1, 2, ... Defining # as in (2) and taking arbitrary
ZeZ we find an index %k such that Z < Z,. Since Z, < Z, for i >k, we
have

fgq,<s>dm<2u<E; fqo(e,ui dm+2u<E f¢ £, ug)dm

i=k
< Sl fote,waam - 42 <
=

Hence g,<L'(Z, %, m) for every ZeZ. On the other hand, we have

fgv(’?)d” Zsifwn, _Z f (7, us)dn

i=ky 2*
/Zsiz f«p(«s,m = o,
=,

and so g,¢L'(Z*, @, n). Consequently: A.l is not satisfied.
THEOREM B. The following two conditions are equivalent:

B.1. if there exists a set ZeZ such that g,eL'(Z,%,m), then g,e¢
INZ*, @, n) for all Z*<2*,

9 — Prace Matematyczne 19 z. 2
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B.2. for any ZeZ and Z*<Z* there emist constants ¢, uq >0 such
that v is a-weaker than ¢ with a = (Z,Z%, ¢, u,).

Proof. Supposing B.2, we apply inequality (4). By B.2, Z and 2Z*
may be chosen arbitrarily, and g,eL'(Z, %, m) implies the right-hand
side of the above inequality to be finite for a set Z «Z. Hence f go(n)dn < oo
for any Z*<Z*, and this proves B.1.

Now, supposing B.2 is not true, there exist sets Ze%, Z* 2" such
that inequality (1) does not hold, where ¢ = 2, u = w;} 00,4 = 1,2, ...,i.e.,

[v(n, w)dn>2* (&, u)dm for i=1,2,..,
z* Z

and we may suppose [p(&,w;)dm >1 for ¢ =1,2,... Choosing
V4

u(E)
2 [ (&, u)dm ’
z

(6) & =

we have Y & < u(H). Let¥E,;c & be pairwise disjoint and such that u(F)
fmel '
=g for ¢ =1,2,..., and let # be defined as in (2). Then

f go(£)dm = Zum) f (&, w)dm = p(E) < oo,
=1
but )
fg,(m)an —Z fw(n, 28 2 qu(E,ui)dm = oo,
z* i=1 t=1

contrary to B.1.

THEOREM C. Let the family Z be c-absorbed. The following two con-
ditions are equivalent: :

C.1. if g,eLY(Z,%,m) for oll ZeZ, then g¢,eL'(Z*,%,n) for all
Z*e 2",

C.2. for every Z*<Z* there exist ZeZ and numbers ¢, uy> 0 such
that y is a-weaker than ¢ with o = (Z,Z%, ¢, u,).

Proof. Let us suppose C.2. Then, by inequality (4), we obtain C.1,
immediately. Now, let us suppose C.2 does not hold, then there exists
Z*eZ* such that for any.ZeZ, ¢, u, > 0, it is not true that v is a-weaker
than ¢, for a = (Z, Z*, ¢, u,). We take Z = Z; as defined in 1.3, ¢ = 2°,
u, sufficiently large. Then there exists a sequence u;{oc such that

[v(n, w)dn > 2° [@(& u)dm fori=1,2,...,
2z 2.
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where we may suppose that f (&, u;)dm > 1. Defining numbers & > 0

by (5) and choosing sets E; and funection # as in the proof of Theorem A,
we have for any Z¢Z with Z < Z:

& p(B)

fg¢<e)dm<2 fcp(s,uf)dm+ < o,
g==

2k -1
and

Jasman = D2t [o(&, u)dm = oo,
2* i=1 2*

contrary to C.1.

THEOREM D. Let the family Z* be o-absorbing. The following two
conditions are equivalent:

D.1. if there exists ZeZ for which g,eL'(Z, %, m), then there ewists
Z*e2* such that g,cL'(Z*, ¥, n),

D.2. for every ZeZ there ewist Z*<Z* and constants ¢, uy > 0 such
that v is a-weaker than ¢ with a = (Z,Z", ¢, u,).

Proof. The sufficiency of D.2 follows from inequality (4). In order
to prove the necessity, let us suppose D.2 is not true. Then there exists
Ze¢Z gsuch that for any Z*<2*, ¢, u,> 0, the condition y is a-weaker
than ¢ is not satisfied for a = (Z, 2" ¢, u,). Let Z* = Z} be defined as
in 1.3, ¢ = 2, u, sufficiently large; then there is a sequence u;}oco such
that Zf(p(f, w;)dm > 1 and

[w(n, w)dn > 2 [p(&, w)dm for i=1,2,...
z; z

Now, let ¢; be defined by (6) and let E; and the function ® be chosen
as in the proof of Theorem B. Then we have

0

Jon@ram = 3u(B) (¢, w)im = u(B) < .

Fas]1
Let Z*<Z* be arbitrary and let k, be chosen in such a manner that
Zy < Z* for all k> k,. Then

fgm)dn 2 [win, w)dn > Zs,2‘ @(&, u)dm = oo,

1=k0 ‘ T= kg

& contradiction to D.1.

2.2, Let us remark that in case of u(F)= oo, the condition about
Sets B¢ & in 1.1 is to be replaced by the following one: for any sequence
of numbers ¢ > 0 there exists a sequence of pairwise disjoint sets H;e &
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such that w(E;) = ¢ for ¢ =1,2,... Then it is easily observed that
Theorems A-D remain true taking %, = 0.

3. Now, let & = H = the set of positive integers, & = % = the set
of all subsets of & = H, m = n = the measure assigning to each one-point
set the number 1. Now, in place of ¢(&, #) and v(n, ¥) we may write
o;(u), wi(w), ¢ =1,2,... The -conditions g,eL'(Z,%Z,m) and g,
LY(Z*, #,n) mean that

2 Jolle@ldp < oo or N [yfla(t))du < oo.
ieZ K 1¢Z* E
Now, let & = 2* be the family of sets {1}, {1,2}, {1,2,3},...
Then it is easily seen that £ is ¢-absorbed with Z; = {1,2,...,4}, and
2* is c-absorbing with 2] = {1} for ¢ =1,2,... Moreover, since the
sets ZeZ are finite, so g,eL'(Z,%,m) means that zeL%(¥, &, u) for
all i¢Z, and g,eL'(Z*, %,n) means that w<L¥(E, &, p) for all ieZ”,
where L%(E,&,u) and L¥(E, &, u) are Orlicz classes generated by
g-functions @; and y,, respectively.
Moreover, if Z ={1,2,...,k}, 2" ={1,2,...,1}, ¢ uy> 0, then
(v;) is o-weaker than (¢;) if and only if

(7) Zw,(u) qu)i(u) for u > u,.

Consequently, the following corollaries follow from Theorems A-D:
3.1. CoroLLARY A. The following two conditions are equivalent:

o0

o 1
A’ N L%(E"gyl“) < U M LYi(E, &, u),

=1 =1 j=1
A’ there ewxist indices k,l and numbers ¢, u, > 0 such that (7) holds.
CoroLLARY B. The following two conditions are equivalent:
B U N LAE, € u < N LY%E, &, p),
i=1 j=1 i=1
B"” for any two positive integers k,1 there ewist constants ¢, uy > 0
such that (7) holds.

CorROLLARY C. The following two conditions are equivalent:
C NL%E,&,u) < Y L(E, 8, u),
i=1 i=1

O for every index 1 there exists am indew k and numbers ¢, ug > 0
such that (7) holds.

COROLLARY D. The followmg two conditions are equivalent:

D’ U ﬂL"”(E &y u) < U ﬂL“” (B, &, 1),

i=1 j= =1 j=
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D" for every index % there exists an index 1 and numbers ¢, uy > 0
such that (7) holds.

3. Let us remark that taking as & = 2 the family of all finite
non-empty sets of positive integers, we see that 2 remains ¢-absorbed,
but is not s-absorbing. Hence Theorem B may be applied. Thus, in Cor-
ollary B one may replace the conditions B’ and B’ by the following
ones:

oc o«

B U L%(B, &, p) = () L*(E, &, u),

i=1 =1

B” for any two finite sets of positive integers Z,Z* there exist con-
stants ¢, o> 0 such that

Sy <e Nou)  for u u.

jeZ ieZ*
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