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Some remarks on families of Orlicz classes
oo

1. In [1] there were investigated connections between sets П  I ? *(a , b>,
00 t=l
U  by and Ev(a , by, where L w(a, by and L Vi(a , by, i — 1, 2, .. . ,
1=1
are Orlicz classes. There were given necessary and sufficient conditions 
for inclusions of these sets. This was generalized further in [2] for a class 
of modular spaces (see also [3]).

These problems were considered in connection with investigation 
of families of modulars depending on a parameter, as well as with in­
vestigation of some families of functions integrable with a parameter.

1.1. Let E, E  and R  be three abstract non-empty sets, and let S, SC 
and У be or-algebras of subsets of sets E, E and R , respectively. Let ц 
be a finite measure on S, and let m, n be measures on SC, respectively. 
We denote the respective measure spaces by (E f <S,tи), (Е ,Ж ,т ) and 
(Я, <Ш, n).

It will be assumed that for any sequence (et) of positive numbers 
satisfying the inequality ex +  s2 +  ... <  fi(E) there is a sequence of pairwise 
disjoint'sets E ^ S  such that /u{E{) — st for i = 1 , 2 , . . .  Moreover, we 
consider two fixed non-empty families SC and of subsets of SC respectively 

such that 0 <m (Z ) <  oo and 0 <  n(Z*) <  oo for all ZzSC and Z*eSC*.
1.2. We shall say that the family SC is a-absorbed if there exists an 

increasing sequence of sets (Z^, Z^SC, such that for every ZeSC there 
is an index Tc for which Z <=■ Zk.

The family SC* will be called a-absorbing, if there exists a sequence 
of sets (Z*), Z*eSC*, such that for every Z*eS£* there is an index Tc0 for 
which Z*k c:Z * for all A

1.3. Let us take two functions cp\ E x  R +^ R + and W: R x  R +-^R+ , 
where R + =  <0, oo), satisfying the following conditions:

1 ° 97 ( •, u) is ^-measurable in the variable £eE and y){ •, u) is ^-measur­
able in the variable цеН for every ueR+ .

2° ç»(|, •) is a ^-function (see e.g. [2]) for m-almost every £eS and 
Viy, •) is a 93-function for w-almost every rjeR.
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3° <p(-,u) is m-integrable over Z for ail Z<l&, ueB+ , and ip(-,u) 
is w-integrable over Z* for ail Z *e& *, ueR+ .

Let a =  (Z, Z*, c, u0), where ZefZ, Z* еЖ*, c >  0, u0 >  0. The function 
ip will be called a-weaker than p if

(1) jp (r],u )d n  ^  c f  p(£, u)dm for ail и ^  u0.
Z *  Z

1.4. We shall denote by X  the set of all ^-measurable functions 
x: E-+R  =  ( — oo, oo) such that the functions <p(|, |a?(<)|) and p(r), |£c(<)|) 
are Ж x ^-measurable in S  x E  or <& x ^-measurable in H x E, respectively. 

The following lemma is easy to verify:
L em m a . Let (и{) be a sequence of positive numbers and let (E{) be 

a sequence of pairwise disjoint sets belonging to S. Then the function

( 2 )

belongs to X.

oo(t) =
for teEi,
for Ц Е{, i = 1 ,2 ,

The following notation will be used:

9<p(è) =  f<p(£> №(t)\)dp, gv(tj) =  f  ip(rj, \oc(t)\)dp
E E

for ÇtE, rjell, where xeX. Moreover, we denote by L 1(Z, Ж, m) and 
'L l (Z*, , n) the spaces of functions m-integrable over the set Zz2£ or 
w-integrable over the set Z* еЖ*, respectively.

2. The subject of this paper is to find the connections between 
m-integrability of g  ̂ over a set Zc-Ж and тг-integrability of gv over a set 
Z* еЖ*. There will be presented following theorems giving necessary and 
sufficient condition concerning this problem.

2.1. T h eo rem  A. Let the family Ж be a-absorbed, and let the family 
Ж* be a-absorbing. The following two conditions are equivalent:

A.l. if  g eL1(Z, Ж, m) for all Z e ^ , then there exists Z* e Ж* such 
that gveLl(Z*, <&, n),

A.2. the exist sets Ze J ,  Z* e Ж* and numbers c ,u 0>  0 such that y> 
is а-weaker than p with a =  (Z , Z*, c, uf).

Proof.  Let us denote
(3)
then

T =  {t: \x (t)\^ u 0,teE}-,

j g v(v)d n <  \x{t)\)dn^dfi+p{E)- Jip(rj, u^dn
Z• T z • z *

<  C J (  Jg?(£, \x(t)\)dm\dft +  p(E)- f  y{r), u0)dn
t  z  z *

<  c f  g9(i)dm +p(E )- J  y(r], u0)dn.
z  z *



Families of Orlicz classes 299

Thus we obtain the inequality

(4) f  ffv(v)dn <  c- f  ffydldm +  pilS) fy>(y,u0)dn.
z * z  z *

Now, let ns suppose A.2, then, by the above inequality, we obtain A.l. 
Now, let us suppose that A.2 does not hold. Then taking in (1), 

Z* =  Z *, Z =  Z{, c =  2г, uQ sufficiently large, we see there exists a se­
quence щ foo such that

Jip(rj, ut)dn > 2 г J<p{£, uf)dm
z *

for i — 1, 2, ...,

where Z* and Zi are defined as in 1.2. Since ep{£, %)foo for m-almost all 
£еЯ, we obtain f <p(£, u{)dmf oo. Hence, we may choose the sequence

(u{) in such a manner that f  ep(£, ut)dm >  1 for i = 1 , 2 , . . .  Let us 
choose z*

(5) Si =
fx{B)

2 иг)dm ’
1, 2,

OO
then J ]  s{ <  ja(E). Hence there exist pairwise disjoint sets E ^  £  such

г= 1
that /и,(Е{) =  £г- for i == 1, 2 , . . .  Defining x as in (2) and taking arbitrary 
ZuZZ we find an index h such that Z <= Zk. Since Zk c  z { for i^ lc ,  we 
have

к-1
j g ^ d m ^ ^  p {E {) fç>(£ ,

Z t = 1  Zfa
ut)dm +  J ? p ( E t) f e p i^ u jd m

i —k Zjç

<  ^ 4  +  o o .
i- 1 zk

Hence g<pe I}{Z , 2£ , m) for every Zc2f. On the other hand, we have

OO 00
/ gv(v)dn >  ^ S{ j гр{г}, u{)dn >  ^ S{ j  гр{7], u{)dn

Z* i—kÿ Z* i=kQ s
i

oo
>  Ei' 21 J <p ( £ ,  Ui)dm  =  o o ,

i=k0 Z

and so gv4Ll { Z * , n ) .  Consequently: A .l is not satisfied.
T h e o r e m  B .  The following two conditions are equivalent:

B .l. if  there exists a set Z*.2£ such that g ^ L l { Z , m ) ,  then gwe 
L l(Z*, f n) for all Z* <=££*,

3 — Prace M atem atyczne 19 z. 2
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B.2. for any Ze££ and Z*€££* there exist constants c, uQ >  0 such 
that ip is a-weaker than <p with a =  (Z ,Z *, c ,u 0).

Proof. Supposing B.2, we apply inequality (4). By B.2, Z and Z* 
may be chosen arbitrarily, and g4><eL1(Z, SC, m) implies the right-hand 
side of the above inequality to be finite for a set Za&. Hence J  gv(rj)dn <  oo 
for any Z *e ^ *, and this proves B .l. z*

Now, supposing B.2 is not true, there exist sets Ze2£, Z* eüf* such 
that inequality (1) does not hold, where с =  2г, и — oo, i =  1, 2 , . . . , i.e.,

J ip (г), ufjdn >  2* J <p(£, ufjdm for i =  1, 2, .. . ,  
z* z

and we may suppose JV(£, ui)dm > 1 for i =  1,2, ... Choosing
z

(6)
ME)

2*/ç>(£, ufjdm 1

we have У e{ <  (a{E). LetPi^e S be pairwise disjoint and such that fi{Efj 
(-1

=  et for i =  1, 2 , . . . ,  and let x be defined as in (2). Then
OO

/ g ^ jd m  =  JTVO#,)- / ? ( £ ,  ufjdm =  (̂J57) <  oo, 
z  t = i  z

but
OO 00

/ f  V(Vi  ufjdn ^  J <p(i, ufjdm =  oo,
Z* t ' = l  Z *  t = l  z

contrary to B .l.
T h eo r em  C. Let the family be a-absorbed. The following two con­

ditions are equivalent:
C.l. i f  gv€Ll(Z , Ж, m) for all Ze&, then gy)eLl(Z *,(W,n) for all 

Z*€&*,
0.2. for every Z*e3£* there exist Za2£ and numbers c ,u 0>  0 such 

that ip is a-weaker than cp with a =  (Z, Z*, c, u0).
Proof.  Let us suppose C.2 . Then, by inequality (4), we obtain C.l, 

immediately. Now, let us suppose C.2 does not hold, then there exists 
Z* e£Z* such that for any.Ze& f c, u0 >  0, it is not true that ip is a-weaker 
than 99, for a =  (Z, Z*, c, u0). We take Z =  Z{ as defined in 1.3, c =  2\ . 
u0 sufficiently large. Then there exists a sequence ui foo such that

jip (rj, ufjdn >  2l J<p(£, ufjdm for i =  1 , 2 , . . . ,  
z *  z t
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where we may suppose that f  <p(£, щ )с1т> 1. Defining numbers e{ >  0
z i

by (5) and choosing sets and function a? as in the proof of Theorem A, 
we have for any Z<l?£ with Z c: Zk:

г r ia(E)
J g ^ d m  < 2 j  ei J  Ui)dm +  ~ ^ T  <  00>

Z i = 1 z k 2

and
oo

f g v(v)d n >  ^ ei 2* f<p(S,Ui)dm =  oo,
Z* i=  1 Z*

contrary to C.l.
T h eo r em  D. Let the family be o-absorbing. The following two 

conditions are equivalent:
D .l. if  there exists Z f o r  which g<p€L1(Z, %, m), then there exists 

Z*€&* such that gxp€Ll {Z *,(3/, n),
D.2. for every Ze^f there exist Z*e3f* and constants c ,u0>  0 such 

that ip is a-wedker than <p with a =  (Z, Z*, c, u0).
Proof. The sufficiency of D.2 follows from inequality (4). In order 

to prove the necessity, let us suppose D.2 is not true. Then there exists 
Ze2g such that for any Z* e , c ,u0>  0, the condition ip is a-weaker 
than cp is not satisfied for a =  (Z, Z*, c ,u 0). Let Z* =  Z* be defined as 
in 1.3, с =  2г, u0 sufficiently large; then there is a sequence щ foo such
that J <p(£, uf)dm >  1 and 

z

f  v>(v, >  2* f<p(£, uf)dm for i — 1, 2, ...

Now, let £i be defined by (6) and let L i and the function x be chosen 
as in the proof of Theorem B. Then we have

OO
f  g ^ d m  =  j <p(Ç, uf)dm =  y(E) <  oo.

Z г=1  Z

Let Z*€&* be arbitrary and let Jc0 be chosen in such a manner that 
%t e  Z* for all Tc^ I cq. Then

a contradiction to D .l.
2 .2 .  Let us remark that in case of y(E) =  oo, the condition about 

sets E .€ $ in 1.1 is to be replaced by the following one: for any sequence 
°f  numbers et >  0 there exists a sequence of pairwise disjoint sets E {e £
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such that [а{лWi) — for i = 1 , 2 , . . .  Then it is easily observed that 
Theorems A-D remain true taking u0 =  0.

3. Now, let 3  =  H =  the set of positive integers, SC =  <& =  the set 
of all subsets ot 3  =  H, m =  n =  the measure assigning to each one-point 
set the number 1. Now, in place of <p(£, u) and u) we may write 
<Pi{u), у)4(и), i — 1 ,2 , . . .  The conditions g^ 1 } {Z, SC, m) and gve 
L l {Z*, &, n) mean that

N  / « ’.( n *)i)<*/*< oo or N f  <  oo.
ieZ E  ieZ* E

Now, let Ж =  Ж* be the family of sets {1}, {1 ,2}, { 1 , 2 , 3 } , . . .  
Then it is easily seen that Ж is <r-absorbed with Zi =  {1 ,2 ,  . . . ,  i), and 
Ж* is or-absorbing with z* — {1} for i = 1 , 2 , . . .  Moreover, since the 
sets Z € Ж are finite, so g9* I } { Z , SC, m) means that xeL9*{E, S , p) for 
all ieZ, and gwcI}{Z *, <&, n) means that хеТп {1Е, g , ц) for all ieZ*, 
where Тп (Е ,ё ,(л ) and L Wi{E, $ , p) are Orlicz classes generated by 
^-functions <Pi and respectively.

Moreover, if Z =  {1, 2, . . . ,  k}, Z* =  {1, 2, .. . ,  1}, c ,u0>  0, then 
(%) is a-weaker than (<р{) if and only if

l к
(7) ]£v>j(u) <  c-£<Pi(u) for и >  u0.

j = 1 i = l

Consequently, the following corollaries follow from Theorems A-D:
3.1. C o ro lla ry  A. The following two conditions are equivalent:

OO CO i

А! П L r4 E ,  i ,  fi) <= U П L 'H H ,  S ,  fi),
i —1 i —1 j= 1

A" there exist indices к, l and numbers c ,u 0>  0 such that (7) holds.
Co r o lla r y  B. The following two conditions are equivalent:

oo i  00

В '  и  П  ê , n )  <= п & Ч Е ,  * ,  p),
i = 1 j = 1 t = l

B "  for any two positive integers к, l there exist constants c, u0>  0 
such that (7) holds.

Co ro lla ry  C. The following two conditions are equivalent:
00 00

О' П  L Wi{ E ,  S , p ) ,
i —l i = 1

C" for every index l there exists an index к and numbers c, u0 >  0 
such that (7) holds.

Co r o lla r y  D. The following two conditions are equivalent:
00 i  00 i

D’ и  П L * i ( E ,  #,/*)<= и  П i ,  pt),
i = l  i —1 i-= 1 j = 1
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D " for every index 7c there exists an index l and numbers c, u0>  0 
such that (7) holds.

3. Let us remark that taking as the family of all finite
non-empty sets of positive integers, we see that 2? remains cr-absorbed, 
but is not cr-absorbing. Hence Theorem В may be applied. Thus, in Cor­
ollary В one may replace the conditions B' and B "  by the following 
ones:

__ 00 ooB' u * , ? )  <= П  * ,  A*),
i =  1 i== 1

B "  for any two finite sets of positive integers Z, Z* there exist con­
stants c, u0>  0 such that

£  Wjiu) <  о ^ <р{(и) for u ^ u 0.
jeZ  ieZ*
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