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On the Banach principle and its application to the theory 
of differential equations

K. Goebel [3] has proved the following theorem:
Let A be an arbitrary set and let M be a metric space with the metric q. 

Suppose that S, T are two transformations defined on the set A with the 
values in M. I f  $[J_] T[A] and T[A~\ is a complete subspace of M and 
if  for all x, yeA

q ( S x , Sy) <  кд(Тх, Ту),

where 0 <  h <  1 holds, then
1° there exists x0eA such that

(*) Sso0 =  Tx0)

2° if  Xq satisfies (*) and Tx =  Tx0, then Sx =  Tx — Sx0 — Tx0-,
3° if  each of elements x0, y0 satisfies (*), then Tx0 — Ty0.
This theorem generalizes the well-known Banach fixed-point prin­

ciple and is connected with Bielecki’s method [1] of changing the norm 
in the theory of differential equations.

In this paper we give a version of the Goebel’s result which enables 
us to get the global theorems on continuous dependence of a differential 
or differential-like equation solution on initial conditions, its right-hand 
side and parameter.

1. T h e o r e m . Suppose that A is an arbitrary set and let В and M be 
metric spaces. Assume, moreover, that S, T are two transformations defined 
on the set A x В  with the values in M such that for all ycB

1° {S (x ,y ): xgA} c: {T (x ,y ): x*A ] and {T {x ,y ): xeA} is a com­
plete subspace of Ш,

2° there exists a(y) e [0,1) such that

Q(S(x1,y ), S {x2,y ) ) ^ a ( y ) Q(T{x1,y), T{x2,y))

for every хг, x2eA, where q denotes the metric on M,
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3° the equation S(w,y) =  T(w,y) has at most one solution we A.
I f  the functions iS(w, • ) and T(w, •) are continuous on В  and if  y ^ a(y ) 

is a continuous function on B, then there exists a unique function ip: B->A 
such that 8{ip{y), y) =  T{ip(y), y) for every yeB and functions 8(ip(-), •) 
and T(ip{')i *) are continuous on B.

Proof. Let ns fix yeB . In view of Goebel’s theorem, there exists 
w0eA such that 8{w0,y) — T(w0,y) and therefore w0 is determined 
uniquely. Consequently, there exists a unique function ip: B->A such 
that S(ip(y),y) =T(ip(y),y) for yeB.

Let yx, y2eB. We have

я[Т(у{Уг),У^, T(ip(yz) ,y 2))

=  e ( $ ( y ( 2/ i h  2/ i b  2/2))

<  a{yi)'Q(T(ip(y1),y 1), T(ip(y2) ,y 2))-h

+  a(2/i) * 6 (T (W2bs), 2/2), T (ip(y2), уг)) +

+  e(S(y>(ya),y i), S(ip{y2) ,y 2))
hence

ô(s(v>(yi),yi), 8(у>{Уг),уя))

=  Q(T(w(yi),yi), T(ip(y2) ,y 2))

<  -1 ^~~у -̂ б(Т(у’ (у2),У 2), T(ip(y2), y j) +

+  Г - • ’ g ( ^ ( y ( y 2) > y i ) >  ^ ( ^ ( 2 / 2 ) ,  2/2))

<  T- ^ iy~)^^T ^ ('y^ ’ y^ ’ T № y*)’ yi)) +
+  е(8(у>(Уг),У1), S(y>(yt), y2))\-

Finally, T(ip(-), •) and 8[ip('), •) are continuous on B.
R em ark. Let y0eB and let for у =  y0 condition 2° be satisfied. 

If T is one-to-one, then there exists at most one element we A such that 
B(w, y0) =  T(w, y0).

From the corollary we obtain [2]:
Let E  be an arbitrary metric space and let M be a complete metric space 

with the metric q. Suppose that 8 : M xE -+ M  is a transformation such 
that

(i) for all yeE there exists а(з/)е[0,1) such that Q[8{w1,y ), S(w2,y)) 
<  a(y)-g(wlf w2) for хг, w2e Ж;

(ii) for all we M the function 8(w, •) is continuous on E.
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I f  у^>а(у) is a continuous function on E, then there exists a unique 
continuous function ук E-^M such that 8(y>(y),y) =  y(y) for an arbi­
trary yeE.

2 . Now, we are going to give some examples of applications of 
Theorem 1.

I. Consider the differential equation 

(1) x' = f ( t ,x )

(cf. [1], [3]). We introduce
A ssu m ptio n  (I). Suppose that
1° the function f :  [0, oo) x ( — oo, oo)->( — oo, oo) satisfies the Cara- 

théodory ŝ conditions and Lipschitz conditions: there exists a locally inté­
grable function L : [0, oo)->[0, oo) such that

If(t, <ог)~ f ( t ,  ®2)l <  L{t) \xL- x z\
for every t >  0 and — oo <  хг, хг <  oo ;

t t

2° f f(s ,0 )d s  =  О (exp f  Z(s)ds) for t^ O . 
о о

Denote by C [0, oo) the Banach space of bounded continuous functions 
on [0, oo) with the usual norm ||a?|| =  sup{|a?(£)|: t ^  0}. In [3] it has 
been proved that assuming (I) equation (1) has for every rj exactly one 
solution xeC[0, oo) with the initial condition x(0) =  rj. Let us prove:

2.1. Let assumption (I) be satisfied. Then
1° equation (1) has for every P  =  rje( — oo, oo) exactly one solution xPe

t
<7[0, oo) with the initial conditionxP(0) =  rjandxP{t) — 0(exp(p* f L(s)ds))j, 

where p >  1 ;
2° if (P J-> P 0, where P n, P 0e( -  oo, oo), then

uniformly in every finite subinterval from [0, oo).
Proof. Let p >  1,

t

A =  jæe(7[0, oo): x(t) =  O ^exp^p*jL(s)dsjj

and let P  =  ( —oo, oo) with the Euclidean metric. The transforma­
tions T and S  are defined by

t

T (x,P )(t) =  x(t)exp ( — p* [Z(s)dsJ,
о

t  t

S(x ,P ){t) =  {r] +  ff(8,œ (8))d8)-exp(-p-fZ (s)d8)
о 0

lim xpjt) =  xPo(t)

for t ^  0
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for œeA and P  =  rjeB. Then S, T: A x B-+C[0, oo) and {T(œ, P): xeA) 
=  C[0, oo) for every P<zB.

Fix P 0 =  t]0€B. Then 8(œ ,P0) =  T (x ,P 0) for xeA and x(t) =  rj0-f-
t

+  j  f(s , œ(s))ds for t >  0. Since 
о

t t
l®(0l < Ы  + |//(*> 0)^| + / L { 8 ) \ a e ( 8 ) \ d 8

о 0

and
t - s t

J  B(s)exj) {p • jL(u)du^ds =  p ~ x(exp (p - jL ( u ) d u j—l j ,
o o  ' o '

we obtain xeA and therefore {8 (x ,P 0): xeA} <= {T (x ,P 0): xeA). It can 
be easily seen (cf. [4]), that

II# (®i, Po) -  #(®a> -Po)ll <  f ~ l • l|P (»i, P 0) P o)ll

for aq, x2eA. Now, we shall prove that the equation 8 (æ ,P 0) =  T (æ ,P Q) 
has at most one solution in A.

Let xteA and let 8(х{,Р 0) — T{œi , P 0) for i = 1 ,2 .  Then
t

l®i(t)-®a(*)l ^  J'p (s) ^ ( s )  — x2(s)\ds 
о

t

< P ~ 1' II®! - ®all* (exp [p  • f L ( s ) ds) - l ) ,

where
t

II®! —®al|p =  sup{l®i(*) — x2{t)\exp ( — p -fB (s)d s): tf^ o }.

Hence
ь

VtyXi-хЛ р <  | [ ® i - ® 2 | | p S u p { l - e x p ( — f  B(s)dsj: o}

and therefore ||®i — со2\\р =  0.
By Theorem 1 there exists a unique function h: B~>A such that 

T (h(P),P) =  S(h (P ),P ) for P eB  and if P n =  rjM P 0 =  щеВ,{г}п)-+г]0, 
then

t
\ Ы Р п) - М Р о ) \ \ р  =sup|(»yft+  f f ( s ,  h ( P J ( s ) ) d s \ -4 --̂л I ' * •t> o

l b
(«7o+  J / ( s ,  A(P0)(#))<fe)|*exp(-^ jL (s )d s )->0 as n- ■ oo.

II. Let a >  0. Let us denote by Ct (ie[0, a]) the set of all bounded 
continuous functions on ( — oo, £]. We introduce
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Assumption (II). Let G(t, x) be a functional defined for £<?[0, a], and 
xeCt. Suppose that

1 °  there exists a continuous function q: [0 , & ]->[0 , oo) such that 

\G{t, vx)-G {t , v2)\ <  q{t)-8up{\v1( s ) - v 2{s)\: s e ( - o o ,  t]}

for every (t, vx), (t, ®2)e[0, a ]x C t,
2° for fixed heCt the function G {‘ ,h) is continuous on [0,tf]. 
Consider the differential-functional equation

x(t) — (p(t) for te( — o o ,0 ],
( 2)

x'(t) =  f{t, G(t, x)) for te [0 ,a ],

where <p: ( — o o , ()]->•( — o o , oo) and / :  [0, a }  x ( — o o , o o ) -> (  — o o , oo ).
Let us denote:
by C ( - o o , a ]  — the Banach space of bounded continuous functions 

on ( — o o , a ]  with the usual norm ||‘ ||;
by — the space of bounded continuous functions /  on [0, a] x 

x (  — oo, oo) satisfing the Lipschitz condition: there exists a constant 
Lf >  0  such that \f(t, aq) — f(t, x2)\ <  Lf \xx — x2\ for tfe[0 , a] and — oo <  
<  xx, xz <  oo, with the norm

\\\f\\\ =  sup{!/(«, x)\: («,я?)€[0 , а ] х ( - о о ,  oo)}.

2.2. Let assumption (II) be satisfied and let <p be a defined and con­
tinuous bounded function on ( —oo, 0].

Then, for an arbitrary fe3F there exists a unique function xfeC( — oo, a], 
equal identically to the function p on the set ( — oo, 0] and such that

=  f(t ,G (t,x f )) fo rte [0 ,a '].

Assume, moreover, that su p }^ : /eJ*"} <  oo. Then the function f  \->xf 
maps continuously êF into C( — oo, a].

Proof. Let p >  1 and let A denote the set of continuous functions 
x: ( — oo, a]-*( — oo, oo), which are equal identically to the function p 
on the set ( — oo, 0] and such that

sup{|a?(£)|-exp( — pt): te (~  oo, a]} <  oo.

For each (x, f ) *A  x£F, define

T (x ,f)(t) =  x(t)-exp(-pt)
and

S (x ,f)(t)
p (t)'exp(—pt) for tc (  — oo, 0 ] ,

t
|çj(0) +  J /($ , G{s, x))ds^-exp( — pt) for <e[0,a].

0
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Evidently, S and T map the set A x BF into the space С ( — oo, a] and 
{S (x ,f ) :  xeA} <= {T ( x , f ): xcA) for /e#".

Let ooneA and let \\T(xn,f )  — y0||->0 as n->oo. Put

for te( — oo, 0], 
for ^e[0, a].

for te{ — oo, 0],

we have T(x0,f )  =  y0 and x0eA. Consequently, {T{x, f ) :  xzA ) is a com­
plete subspace of С( — оо,а].

Let the function /e ̂  satisfy the Lipschitz condition with a constant 
Lf . For £e[0, cb\ and хг, x2eA, we have

\S(oc1, f ) { t ) - S { x 2,f)(t)\
t

<  exp ( -p t) • J  |/(s ,G (s, a?x)) - f ( s  ,G (s, x2j)\ds
0

t

<  Lf -exp{ — pt)' f g(s) sup \xx{u) — x2(u)\ds
0 0<w<s

t

<  Lf • sup 3 (i)-exp( — pt) f  exp (ps)-sup {exp ( — ps) ^ ( s )  —
0«<o о

— a?2(s)| : se[0, ajjds
^  p~lLf sup q(t) \\T(x1, f )  — T(x2,f)\\

0«<a
and it follows

\\S{x1, f ) - S ( x 2, f ) \ \ ^ p - 1Lf sup q(t)'\\T(x1, f ) - T { x 2,f)\\.
0«<a

Fix xeA. Let f n and |||/я —/ 0|||->0. We have 

\S(æ,fn) { t ) - S ( x , f 0)(t)\
t

<  exp ( —pt) • J  \fn (s, G (s,x))—f 0(s, G(s, x))\ds <  a |||/n- / 0|||
0

for te[0, a] and it follows

llS (æ ,fn )-S(œJo)ll-+Q as n-+oo.
The function

/i->p-1 sup q{t)* sup Lf
0«<o fe^

is constant on . The application of Theorem 1 completes the proof.

Since

m M %)x0(t) =
уo(<)' exp (pt) 

y0(t) =  ?>(«)• exp (-ptf)
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R em ark  1. Let h: [0, a ]-> (-o o , a] be a continuous function such 
that h(t) ^  t for f« [0, a]. Then the functional

G(t,x) == æ(h(t))
t

satisfies assumption (П) and equation (2) takes the form 

x(t) — <p{t) for te( — oo, 0],

æ'(t) =  f(t, æ(h(t)fl fo r te [0 ,a ] .

R em ark  2. If
oo

G(t, x) =  J  x(t — s)dsr(t, s),
о

we get
x(t) =  (p(t) for te( — oo, 0],

OO
œ'(t) = / ( i ,  J  x(t — s)dsr(t, s)J for <e[0, a], 

о

where the integral is in the sense of Stieltjes. In order that the above 
functional G satisfy assumption (II), it is necessary to choose a suitable 
function which appears in the functional’s definition.

Suppose that the function r :  [0, a] x [0, oo)->( — oo, oo) satisfies the 
following conditions

1° r(t, 0) =  0 for tfe[0, a];
2° there exists a continuous function V: [0, a]->[0, oo) such that 

the total variation of the function r with respect to the second variable 
verifies the inequality

oo

V r(tf s) ^  V(t) for #e[0, a];
S—0

3° for every e >  0 there exists a number К  >  0 such that
OO
V r(t, s) <  e for ie[0, a];

s —K

4° for every Jc >  0 and re[0, u]
к

l im j \r(t, s) — r(r, s)\ds = 0 ,  where ie[0, л].
>т o

Under the above assumptions if xeC( — oo,a], then the Stieltjes
OO

integral has its meaning f  x(t — s)dsr(t, s) and it is a continuous function
0

of the variable t (cf. [1], [4]). Moreover,
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IG(t, xx) — G(t, x2)\ <  sup \xx{t — s) — x2(t — s)| V »*($, s)
s > o  s = o

<  F(i)-sup{sup |a?1('it) — a?2(w)l}
S>0 « « —s

<  F(tf) *sup |a?1('w) — ̂ 2(^)l

for te[0, a] and a?j, x2eC{ — oo, a]. Consequently, the functional 6r satis­
fies (II).

III. Let a, b >  0 and P  =  [0, a] x [0, 6]. Consider the following par­
tial differential equation

/04 d2z(x, y) ,
(3)

where /  is defined and continuous over P  x ( — 00, 00).
Let that the functions a and r he respectively of the class C1 [0, a] 

and O1 [0? satisfying the condition. o(0) =  r(0). Then the Darhoux 
problem for equation (3) is equivalent to solution of the following inte­
gral equation

x y
z{x,y) =  z0{x,y) +  /  f  f(u ,v ,z(u ,v))dudv,

0 0
where z0(x ,y ) =  a(x) +  т(у) — cr(0).

Let us denote:
by <7(P) — the Banach space of continuous functions on P  with 

the usual norm ||*||;
by 8F — the space of bounded continuous functions /  on P  x ( — 00, 00) 

satisfing the Lipschitz condition : there exists a constant Lf >  0 such 
that If{x , y, zx) - f { x ,  y, z2)\ <  Lf \zx- z 2\ for (x , y)eP and zx, z2c( — 00, 00), 
with the usual norm 111 • 111 >

by ЯГ — the space of points (o', т)<=Сх[Ъ, a] xO^O, b] such that 
cr(0) =  t(0), with the usual metric.

2.3. For an arbitrary ftSF and аеС1^ ,  а], геС1[0,Ь'] such that 
cr(0) =  t(0) there exists a unique function z^ â eC(P) satisfy equation (3) on 
P  and such that ẑ f a ^(x, 0) =  o(x) for xe[0, я] and 2(/><TjT)(0, y) =  r(y) 
for ye[0, &].

I f  sup{Py: f e ^ }  <  00, then the function

(/, 0-, r) ^ z if>atX)

maps continuously x SC into C(P).
The proof of this result follows exactly the same pattern as that 

of 2.1 and 2.2. In this case, we define the transformations T and 8 on
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C { P ) X & X %  by:

T (z ,f , (a, r)){x, y) =  z{x, y )exp (-p {x  +  y))
and

S (z ,f , (or, t))(x , y)
X у

=  \a{œ) +  r{y) — cr(0) +  J  J/(w , z(u, v))duâv]exp( — p{x +  y)),
0 0

where p >  1.
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