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A note on galbed spaces
We shall say that an F-space (complete metric topological vector space) 

is strictly galbed if there is a sequence (C„) of positive real numbers such 
that whenever xne X  and (Cnx„) is bounded, then Ix„  converges. Such 
spaces have been studied by Turpin ([7]) who calls them “spaces galbed 
by /t°”. Turpin does consider other galb (or generalized convexity) conditions, 
but strictly galbed spaces seem to be the most useful. Particularly important 
are exponentially galbed spaces (C„ =  2"), see [6], p. 91. See [7], p. 141, 
for examples of strictly galbed spaces.

A locally pseudo-convex F-space is strictly galbed by making C„ =  2". 
The purpose of this note is to show that if X  is not locally bounded 
(and hence also locally pseudo-convex by [6], p. 61), then X  contains an 
infinite-dimensional locally convex subspace; in fact this subspace can be 
chosen to be nuclear. We remark that if X  is locally convex already, this 
result reduces to one of Bessaga, Pelczynski and Rolewicz [1], that a locally 
convex F-space which is not a Banach space contains an infinite-dimensional 
nuclear subspace.

If A is a strictly galbed F-space, then we may assume that the 
corresponding sequence C„ satisfies Q  =  C2 =  1 and Cm+„ ^  CmC„. Then 
we may also select a sequence of symmetric closed neighbourhoods of 0, 
V„ say, satisfying Cj"1 Vn+1+  ... + C ~ 1 Vn + l a  Vn (1 ^ m <  go, 1 ^ n <  со).

If we define ||x||„ =  inf (A: xeXVn}, then

11*!+ . . .  + X k \\n ^ max C, ||xi||„ + 1 (1 ^ к < oo, 1 ^  n <  oo),
1 < к

a"d ЦЯх||„ =  |A| ||x||„.
If X  does not contain arbitrarily short lines we may suppose K, does 

not contain any lines and hence for 1 ^  n <  oo, ||x||„ =  0 о  x =  0.
If X is not locally bounded, we may also suppose Vn + l does not 

absorb Vn for any n, i.e.

sup
IWMO

n+ 1 OO.



76 N.  J. K a l t o n

A sequence (en) in an F-space X  is called M -basic if there are continuous 
linear functionals (e*) defined on the closed span E of (en) such that 
ef(ej) =  Sij and if x e E  with e*(x) =  0 (1 ^ n < oo), then x =  0. We shall 
say that (en) is equicontinuous if e* (x) en -> 0 for x e E. Our first result is 
that an M-basic sequence always contains a subsequence which is equi­
continuous.

T heo rem  1. Let (e„) be an M-basic sequence in an F-space X. Then 
(en) has a subsequence (/„) which is an equicontinuous M-basic sequence.

Proof. We can suppose that (e„) is fundamental in X  and hence that X  
is separable. Let us denote by 9 the F-space topology of X. We construct, 
similar to Section 6 of [4], a transfinite sequence of topologies xx (1 ^ a ^ Q), 
where Q is the first uncountable ordinal. Let x0 be the topology induced 
by the linear functionals x -* e*{x) (neN).  Then for a =  P + 1, let хя be the 
topology whose base consists of all x^-closed ^-neighbourhoods of 0; for a 
a limit ordinal, хг =  sup(xa: P <  a). Then as in Lemma 6.3 of [4], there 
exists a countable ordinal ц such that x,( =  0.

Consider the following property:
(Px) There exists a subsequence (/„) of (en) such that whenever a„f„ -> 0 ( xx) 

then a j„  -► 0(0).
If P0 holds, then anf n -+0(9)  for any sequence (a„). Thus (/„) has 

a subsequence equivalent to the usual basis of a> and the theorem 
follows easily. Otherwise let  ̂ be the first ordinal such that Pti holds; 
clearly fi ^ y\ is countable. If ft is not a limit ordinal ft — a+ 1 , and there 
exists an such «„/„->• О(xx) but a„ f„ ++ О (xfi) . By [3], Proposition 3.2, (/„) 
has a subsequence (gn) which is т̂ -basic. If x e F , the closed linear span 
of (g), then

* =  Z  9*(х)дп(ь)n — 1

and hence g*(x)gn -> 0(xfi) and so by (P({) g*(x)gn -*• 0(0).
Now suppose P is a limit ordinal, say p =  supa„. Then there exist a„П

such that anf n -* 0{xx ) but a„fn++ 0(xp). Hence there exists Ti, «i ^ <  P,
such that anf n -+ 0 { у г) but anf n+ + 0 ( x. +1). Now again by [3 ] , Proposition 
3.2, there is a subsequence (gn) of (/„) which is xy +1-basic. Now replace 
(/„) by (gn) and oq by a2 and repeat the process to obtain a subsequence 
(hn) of (g„) which is x72 + 1-basic where ol2 ^  y2 < P• Repeating inductively 
and using a diagonal argument, we obtain a subsequence (w„) of (/„) which 
is x.,n+1-basic for all n, where a„ ^ y„ <  p. Clearly, (u„) is also x^-basic since 
P =  supy„. The remainder of the argument is as for the case where P is 
a non-limit ordinal.

T heorem 2. Let X  be a strictly galbed F-space; then either X is locally
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bounded or X  has an infinite-dimensional closed subspace which is locally 
convex and nuclear.

Proof. If X  contains arbitrarily short lines, then X  contains a subspace 
isomorphic to со, which is nuclear and locally convex ([6], p. 114). Hence, 
we suppose X  non-locally bounded and without arbitrarily short lines. We 
then choose a base of neighbourhoods (V„) of 0 as described in the intro­
duction with V1 linearly bounded.

Let m be fixed, where 1 ^ m <  oo. By induction we may pick un 
(1 ^ n ^  m) so that

ИмЛзи+1 ^ Q + 1 > НЧ.Изп + 2 ^ Cm(\\ul +  ■■■ + x || 3„ + 3 + 1).

Then let em = ul + ... + u m. If 1 ^  n ^  m 

1к«11зп ^ max(Cj ||ut + ...
... +  ! ||3„+1, C2 \\un\\3n, C3 ||wn+1||3„+1, ..., Cm_„ + 2 ||wm||3n+i).

However, for к ^ n

Cfc-n  + 2 ИмЛ з п + 1  ^  C k - n  + 2 11%11зк+1 ^  ^ k ~ n  + 2 ^ k + l  ^  1-

Hence

1км11зп < max( 1, ||w1 +  ...+ u „ _ 1||3„ + 1).

On the other hand,

lk l|3n + 2 ^ max (Cx IlMi-b ...
— T 1 1|з„ + 3, C2 \\em\\зи + з, C3 ||ми + 1||3и + 1, ..., Cm_„ + 2 ||ит |1зл + з)

and

C k - n  + 2 II Ц(с11 3n + 3 ^  G t - n + 2  ]j W*. || 3 jt + i  ^ 1  ( к  ^  П +  1 ) .

Hence

IIII3n + 3 ^  Cn(llwi +  ... +u„_1||3„ + 3-l-1)  ̂Cm||ew||3„ (1  ̂n  ̂m).
Now let bm<fl =  \ \e jm; then

I «  I ■+ Z  C„ 1 < ccC "" Ca L
n=  1 + 6,n n = 1 ” m + 6,n n = m

so that the Kdthe sequence space /i(bm,„) of all sequences (£„) such that

Z b m,n \ U  < 0 0 ,  r n =  1 , 2 , . . . ,
n= 1

is nuclear in its natural topology (the Grothendieck-Pietsch criterion, cf.
[2], p. 59).
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Suppose £„e/1 (frw,„). Then

sup bm,J£„| < 00, 1 ^ m <  00,
n

and hence

sup |£„| ik„||3m + 3 < со, 1 m <  00.П

Thus

sup Сп\Ц \\en\\3m <  со, 1 ^ m < 00,fl

i.e. (C„ Çn en) is bounded. Hence £  converges, and we may define

T: /1(hm,n )-» A r
by

00

m  = I  £„e„,
n= 1

and T is continuous by the Banach-Steinhaus Theorem.
We shall show that the range of T includes an infinite-dimensional 

closed subspace E; then since E is isomorphic to a quotient of T ~ l {E), 
E is also a nuclear locally convex F-space.

Let y be the vector topology on X  with a base of neighbourhoods
00 n

W(ak) =  U  X ak *з» where (ak) ranges over all sequence ak >  0. It is easy
n= 1 fc= 1

to see that y is indeed a vector topology. Also W(Ck x) cz V2 and is thus 
linearly bounded; hence y is Hausdorlf. Also ||em||6-1 em -> 0(y)  since 
Ikmllô-1 1кт11з ^  C~L However, ||em||F1 em+-»0 in X  and hence (em) has a 
subsequence which is M-basic ([3], [5]) and by Theorem 1 a further 
subsequence (emfe) which is equicontinuous and M-basic; let E be the closed 
linear span of this sequence.

If x e E ,  then e*k (x) emk -> 0, where e*k are the dual functionals on E. 
Define =  e*k{x) and £„ =  О (пфтк). Then sup bm>„ |£„| <  со, 1 ^ m <  00,

П
and hence (bm<„). Clearly, TÇ =  x, and so E cz (bm>„)); thus we 
are home.

Remark. Suppose <p(0) =  0 and

(p(x) = 1T log
x

-1
0 < x ^ 1,

(p(x) =  1, 1 ^  X  <  0 0 .

Then the Orlicz sequence space has no infinite-dimensional locally pseudo- 
convex subspace. Indeed, any infinite-dimensional closed subspace contains 
a basic sequence equivalent to a block basis (u„) of the standard unit
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vector basis. Now pick an so that

X <p(\anun(k)\) =
1

к = 1 log (и + 1)
, 1 ^ n <  00,

so that a„u„ -> 0. Then

X </>(|e na„un(k)\) ^ < p ( 0
k = i log(w -fl)

since (p is supermultiplicative. As

q>{e~n) “ 1
I - I„ = , lo g (n + 1) „t'l (n + l)lo g (n  + l)

, 1 ^ n <  00,

=  oo,

YJe~n anun does not converge, and hence the closed linear span of (anun) is 
not locally pseudo-convex. Of course, ^ is not strictly galbed (cf. [7]); indeed 
it has no strictly galbed subspace by the above result.
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