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Compactness and upper semicontinuity of solution set 
of functional-differential equations of hyperbolic type

1. Introduction. Let /Г denote «-dimensional Euclidean space with the 
norm | |. Denote by Conv(/T) the family of all non-empty compact and 
convex subsets of Rn. Conv(/?") is a metric space with the Hausdorff metric h 
defined in the following way, h(A, B) =  max {h(A , B), h (B ,A )} ,  for A, 
B e Conv(/?") where h(A , В) =  max [d(z, В ): z e A ]  and d(z, B) =  min{|z — b|: 
b e B } .  Let a >  0 and b >  0 be given, P  =  [0, a ] x [0, b] and let us denote by 
C (P ) the Banach space of all continuous functions of P into /Г with the 
usual norm ||*||. Furthermore, we use the space CX(P) of all functions 
и: P  -> R*1 such that u ( - ,y ): [0, a] -> /Г is measurable for fixed y e [0 , b], 
u(x, •): [0, b ]-v R " is continuous for fixed x e [0 ,  à]  and such that

a

\u\x =  j  max |m(x , y)\dx <  oo.
0 yefO.ft]

Similarly we can define a space Cy(P).with the norm | -\y. It was proved ([2]) 
that (C*(P), |-|x) and (Cy(P), |*|y) are Banach spaces.

Let F : P  x  C(P) x  CX(P) x  Cy(P) -* C o m (R n) be a multivalued mapping 
satisfying the following Carathéodory type conditions:

(i) F ( - , •, z, u, v) is measurable for fixed (z, u, v )eC {P ) x C x(P) x C y(P),
(ii) F (x , y, - , - , •) is continuous for fixed (x, y )eP ,

(iii) there exists a square Lebesgue integrable function m : P -*■ R such 
that h (F (x , y, z, u, v), {0}) ^  m (x, y) for (z, u, v)e C (P) x CX(P) x Cy(P) and 
almost all (x, y)e P.

Furthermore, it will be assumed that F (x , y, z, -, •) satisfies the 
following strong Lipschitz condition:

(iv) there exists k >  0 such that

h (F (x , y, z, u, v), F (x , y, z, U, v))
x  y

<  fcflf [*ф , y)-M (s, y)]ds| +  |J [y(x, ty\dt\
о 0

for zeC(Pj^; u, ü e C x(P); v, v e C y(P) and a.a. (x , y ) e P .
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Now, we will consider a generalized functional-differential equation of 
the form
(1) z''y(x, y ) e F (x ,  y, z, z'x, z'y) for almost all ( x ,y ) e P  

with the initial Darboux conditions:

(2) z(x, 0) =  <r(x), z (0, у) =  т(у), where a : [0, a]  -> Я", т: [0, b] -► /?" are 
given absolutely continuous functions such that o'e L (0, a) and 
t' =  L(0, b).

We will say that F : P  x  C(P) x  CX(P) x  Cy(P) -> Conv(/?") has the VolterrcCs 
property if F (x , y, z, u, v) =  F (x , y, z, U, v) for every (x, y ) e P  and (z, u, v), 
(z, ü, v )eC (P ) x C x(P) xC y(P) such that 2|[0 х] x[0>,] =  z|[0)X] X[0(J,], w|[o,x] x[o,j>] 
=  “1[0,*]х[0.,]> ul[0,x]x[0>y] =  l̂[0,x]x[0 where for given w: P R" and 
(x, y )eP ,  w|[0>x] X[0(JI] denotes the restriction of w to the rectangle [0, x] 
x [0> У] c  P- Let us denote by C (0, a) and C (0, b) spaces of all continuous 

functions of [0, a] and [0, b] respectively into /Г with the usual norms, 
denoted by ||*||e and \\-\\b, respectively. By A we will denote the subset of 
space C (0, a) x C (0, b) containing all pairs of absolutely continuous functions 
{a, z) such that <т(0) =  t (0).

2. Compactness and upper semicontinuity. Suppose F : P x C(P) x CX(P) x 
x Cy(P) -*■ Conv(/T) satisfies the Carathéodory conditions (i)—(iii), the 
Lipschitz condition (iv) and let F  have Volterra’s property. Denote by £((T, t) 
the solution set of problem (1)—(2), that is the set of all solutions of (l)-(2). In 
virtue of remark given in ([3]) £(<т, i) is non-empty for every (o, z )eA . 
Now we can prove the following theorem.

T h eo r em  1. I f  M is a compact subset o f  A, then X(M) 
=  (J { X((j, z): (<r, z) e M ) is a compact subset o f  C(P).

P ro o f. Let M' and M" be projections of M  into C(0, a) and C(0, b) 
respectively. Then there exist d 1, d2 e R  such that ||oj|e < d x and ||т||ь <  d2 for 
every (cr, z) e M.

If ze  3E(M), then there exists a point {a, z) e M  such that
X  у

z(x, y) =  <7(х) +  т(у) —<r(0) +  J J  zxy(s, t)dsdt.
о 0

Hence,
INI ^  2||<r||e-l-||T||b +  J J  m(x, y)dxdy .

p

Thus X(M) is bounded. Let (xl5 yj), (x2, y2)e P . Then 

1И * 2» У2) Z (X i, yj)\
JCl У2 x 2 У2

<  |o-(x2)-o-(xi)| +  |T(y2)- i(y i)| -f  J  J  m(s, t)d sd t+  J  j  m(s, t)dsdt.
0 *1 0
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Therefore X(M) is equicontinuous. Thus by Ascoli’s Theorem X(M) is 
compact in C(P).

Now, we shall show that X{M) — £{M ). Let (zk) be a sequence of X(M) 
convergent to zeC (P ). In virtue of Lemmas 1.2 and 1.3 in ([4]) and 
Theorem 2.8 given in ([1]), z is absolutely continuous and

00   00
z ' x y ( x ,  y ) e f l  CO  U  (Z k) ”y ( x ,  y )

i =  1 k =  i

00 __ 00
<= П CO U F ( X y  У, Zk3 (.z kyx, (zk);) c  F ( x ,  y ,  z, z'x3 z'y)

i=  1 k = i

for almost all (x, y )e P .

Furthermore, for every zkeX (M )  there exists (<rk, тк)е М  such that <rk(x) 
=  zk(x, 0), тк(у) =  zk (0, y). Since M  is compact subset of A there exists a 
subsequence, also denoted by (<тк, тк) convergent to a point (о, т)еМ. Thus,

|z(x, 0) — cr (x)| ^  |z(x, 0 ) - z k(x, 0)1 +  |zk(x, 0) —CTk(x)| +  |(7k(x) —u(x)|

for every к =  1, 2, 3, . . . ,

then we obtain z(x, 0) =  u(x) for x e [0 ,  a] and similarly, z(0, у) =  т (у) for 
y e [0 , b]. The above shows that zeX (M )  and the proof is complete.

Now we can prove that a mapping X: Мэ(<7, т)-> 3E(<r, т )еС о тр (С (Р )) 
is upper semicontinuous.

T heorem 2. The mapping X is upper semicontinuous.
P ro o f. Assume that X is not upper semicontinuous at (o0, r 0)e M , that 

is there exists e0 >  0 such that for all <5 >  0, X [B 0(<t0, т0)] ф £ ° ( a 0, t0), 
where B 0(o 0, r 0) denotes a neighbourhood of (u0, x0) at the radius Ô >  0. 
Choose zk such that zke  j£[M  n  B 1/k(o0, t0)] and гкф 3C°{g0, т0). Now 
zke  3E[M i 0)] which is compact by Theorem 1. There exists a
subsequence, also denoted by (zk) covering to ze X [ M n В у(о0, т0)]. Let 
e >  0 and (ак, тк) е В 1/к(а0, т0) be given. Choose k0 and k x such that k >  k 0 
implies ||z —zk|| < ^ e  and к >  k t implies ||crk — tr0||0 <

Then for x e [0 ,  a] and к >  max (k0, k t), we have

|z(x, 0) —<x0 (x)| ^  |z(x, 0 ) - z k(x, 0)| +

+  |zk(x, 0) — o k (x)| +  <rk(x) — cr0(x)j ^  ifi +  0 A js  =  e.

Since £ is any positive number, we have z(x, 0) =  CoM an(i similarly z(0, y) 
=  т0(у). Thus, z e X ( a 0, x0). But гкфУС°{о0, т0). Therefore гф Х {о0, т0). From 
this contradiction we conclude that X is upper semicontinuous. The proof is 
complete.
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