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Abstract. We discuss some sufficient and necessary conditions for strict K-monotonicity
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1. Introduction. Let R and N be the sets of reals and positive integers,
respectively. As usual S(X) (resp. B(X)) stands for the unit sphere (resp. the
closed unit ball) of a Banach space (X, |||/ x)-

Let L° = L (I,m) be a set of all (equivalence classes of) extended real valued
Lebesgue measurable functions on I, where I = [0,1) or I = [0,00) and m is the
Lebesgue measure on the real line. For z € L° we denote its distribution function
by

dy(N)=m{t eI :|z(t) > A}, A >0,

and its decreasing rearrangement by
() =inf{A>0:d,(\) <t}, t=>0.

Given x € L° we denote the mazimal function of x* by
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It is well known that =* < z**, 2** is non-increasing and subadditive, i.e.

for any x,y € L°. For the properties of d, z* and z**, the reader is referred to
[1, 21].

A Banach lattice (E, ||| g) is called a Banach function space (or a Kdthe function
space) if it is a sublattice of L° satisfying the following conditions

(1) fr e L° y € FE and |z| < |y| a.e., then x € E and ||z||g < ||yl &
(2) There exists a strictly positive z € E.

The set Ey = {x € E : © > 0} is called the positive cone of E. A Banach
function space is said to be strictly monotone (E € (SM) for short) if for any
xz,y € Ey \ {0} such that <y and y # «, we have ||z|/ 5 < ||y||g -

A point x € F is said to have an order continuous norm if for any sequence
() in E such that 0 < z,, < |z] and x,, — 0 m-a.e. we have ||z,||; — 0. A Kothe
space E is called order continuous (E € (OC) for short) if every element of E has
an order continuous norm (see [17, 22, 26]). As usual F, stands for the subspace
of order continuous elements of E. Recall that a Banach function space E has the
Fatou property if for any sequence (z,,) such that 0 < x,, € Eforalln € N, z € LY,
z, Tz a.e. with sup,,cy ||zn|lp < 00, we have x € E and ||z,||g 1 ||z] &

A Banach function space FE is said to be symmetric or rearrangement invariant
if for every x € L? and y € E with d, = d,, we have z € E and ||z|z = ||y .
For any symmetric Banach function space E denote by ¢pg its fundamental func-
tion, that is ¢p(t) = [[Xx[0,¢)|lp for any ¢ € I (see [1, 21]). It is well known that
every fundamental function is quasi-concave, i.e. ¢g(0) = 0, ¢g(t) is positive,
non-decreasing and ¢~ !¢ g(t) is non-increasing for ¢t € (0,m(I)). It is well-known
that quasi-concavity of fundamental function ¢r on I is equivalent to the fact
that ¢g(t) < max(1,t/s)¢g(s) for all s,t € (0,m(I)). Moreover, for each fun-
damental function ¢g, there is an equivalent, concave function 5,;, defined by
¢p(t) = infoeomn) (1 + 5)op(s). Then ¢p(t) < dp(t) < 2¢p(t) for all t € I.

For each symmetric function space E with the concave fundamental function ¢g
there are the smallest and the largest symmetric space with the same fundamental
function, namely the Lorentz space Ay, and the Marcinkiewicz space My, that will
be defined below.

For any symmetric space E we have L' N L™ C E C L' + L, where

LlﬂL"O:{x:xeLlandxeLoo}

and L'+ L™ is the space which consists of all functions  in L° that are representable
as a sum x = y + 2z of functions y in L' and z in L*. The spaces L' N L™ and
L' + L™ are equipped with the norms

[l Lrppee = max{[Jz]l o, 1] o }

and
@/l 1y poe = if {Jlully + 12l sy +2 =2, ye L', z€ L7},
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respectively.
The relation < is defined for any z,y in L' + L> by

<y () <y™(¢t) for all ¢ > 0.

Recall that a symmetric space E is K-monotone (KM for short) or has the
magorant property if for any x € L' + L™ and y € F such that < y, we have
v € E and |l2l|s < |1yl 5.

It is well known that a symmetric space is K-monotone iff it is exact interpolation
space between L' and L. Moreover, symmetric spaces with Fatou property as well
as separable symmetric spaces are K-monotone (see [21]).

A symmetric space F is called strictly K-monotone (SKM for short) if for any
x,y € E such that z < y and 2* # y* we have ||z|| 5 < ||yl -

There is proved in [3] (Proposition 2.1) that every separable symmetric space
FE with the Kadec-Klee property is strictly K-monotone. Moreover, in separable
Lorentz spaces, strict K-monotonicity is equivalent to the Kadec-Klee property (see
[3], Theorem 2.11).

H. Hudzik, A. Kaminska and M. Mastyto showed in [12] the following lemma.

LEMMA 1.1 FEvery symmetric rotund and K-monotone space E is strictly K-mo-
notone.

The goal of this note is to discuss some sufficient and necessary conditions for
strict K-monotonicity of some important concrete symmetric spaces. By the way
we conclude that the converse of Lemma 1.1 is not true in general.

2. Results. Let ¢ be an Orlicz function, i.e. ¢ : R — [0,00], ¢ is convex,
even, vanishing and continuous at zero, left continuous on (0, c0) and not identically
equal to zero. Denote

a, =sup{u>0:¢(u) =0} and b, =sup{u >0: ¢ (u) < co}.

We write ¢ > 0 when a, = 0 and ¢ < 0o if b, = co. Denote by p the right hand side
derivative of ¢ with the domain restricted to the interval [0, 00). An Orlicz function
© is said to be strictly conver (¢ € (SC) for short) if the inequality

0 (“) < Loty + Lo

2 2 2

holds for any u,v € [0,00) such that u # v. Define on LY a convex semimodular I,
by

_ [ llpozllp ifpoxck,
Io(z) = { 00 otherwise,
where (pox)(t) = ¢ (2 (t)), t € T. By the Calderén-Lozanovskil space E,, we mean
E,={x€ L°:I,(cx) < co forsome ¢ > 0}
equipped with so called Luzemburg-Nakano norm defined by

|2l g, = inf{X>0: I, (z/X) < 1}.
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If E = L', then E, is the classical Orlicz function space L¥ equipped with the
Luxemburg-Nakano norm. If E is a Lorentz function space, then E, is the cor-
responding Orlicz-Lorentz function space equipped with the Luxemburg-Nakano
norm (see [10, 11, 18]). On the other hand, if ¢(u) = u?,1 < p < oo, then E,, is the
p-convezification E®) of E with the norm ||z|| g = || \x|p||11g/p. We still assume that
E is symmetric and consequently E,, is also symmetric. We also assume that F has
the Fatou property, whence E, has also Fatou property, whence E,, is K-monotone
Banach space.

We say an Orlicz function ¢ satisfies condition As(oo) if there exist K > 0
and up > 0 such that ¢(ug) < co and the inequality ¢(2u) < K¢(u) holds for all
u € [ug, 00). If there exists K > 0 such that ¢(2u) < K¢(u) for all u > 0, then we
say that ¢ satisfies condition Ax(R,). We write for short ¢ € Ag(00), ¢ € Ag(Ry),
respectively.

For a Kothe function space £ and an Orlicz function ¢ we say that ¢ satisfies
condition AY (¢ € AL for short) if:

1) ¢ € Ag(oo) whenever I = [0,1);

2) p € Ay(Ry) whenever I = [0,00) (see [11]).

PROPOSITION 2.1 (i) Suppose E, # {0}. If E, € (SKM), then ¢ > 0 and ¢ €
AL,

(ii) If ¢ >0, g € AF and E € (SKM) , then E, € (SKM).

(iii) If o € AP, B € (SM) and ¢ € (SC), then E, € (SKM) .

Proof. (i) In order to prove that ¢ > 0 and ¢ € AF we need first to show
the equality b, = oo. Let b, < oo. Since E, # {0}, the fundamental function
¢e(t) = |Ix0,.nllE, t € I, has the Darboux property on [0, || xz||£) (see [7]). Consider
the following cases.

a) Assume that ¢(b,) < co. Then there are numbers a < b, and t1,t, € I with
t1 < tg such that

(b)) Ix10,e0) |2 + (@) |IX[t1,0) | 2 < 1.
Define
a
T =byX[0,61) T AX[t1,t) and Yy = byX[o,,) + S X[t t2)-

Obviously, x = z*, y = y*, ™ # y* and y** < z**. Since y < x, we have

Io(y) < Ip(z) = llp ozl g < @(0p)lIX10.0) 12 + (@) X111 1) |2 < 1.

Moreover,

_G'\c
—
> 8
N
Vv

Y b a
) (om0,

b b
H@ ° (fmm) HE = (f) Ixto.en) [ = o

for any A € (0,1). Hence, by the definition of the norm ||||E¢ , we conclude that
||a:||Ew = Hy||Ew = 1. Consequently, E, & (SKM).

\%
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b) Let ¢(b,) = co. For any n € N define u, = (1— 55)b,. Then (p(uy)) is
an increasing sequence tending to infinity. By the Darboux property (see [7]), we
conclude that lim; o+ | x[0,1)[|z = 0. Take a decreasing sequence (s,,) such that

1 1
Sn < 5 and () [Xjo,00) 15 < 5

for every n € N. Let t, = Y ;- s, for every n € N. Setting

o0 o0
Tr = Z UnX[tpt1,tn) and y = Z UnX[tpt1,tn)

n=1 n=2

we have

I(y) < Ip(x) = eoxlp <D ewn)Xitnsrtmlle =D un)lxp,sle <1
n=1

n=1

and

€

—
> 8
N~
A%

L (3= loe G, =[e (o)

o0 (Sxmernan) |, = (55) Ixwsn 15

E

Y

for any A € (0,1) and any k € N. Obviously, there is k5 € N such that 5= > b,
for any k > ky. Consequently, ¢ (%) = oo for each k > ky. Hence I, (z/)) =
I, (y/ A) = oo for any A € (0,1). Therefore, by the definition of the norm [|-||_,
we conclude that ||z = [lyllz, =1.

On the other hand, it is easy to see that z* # y* and y** < «**. Thus E, ¢

(SKM).
To prove that ¢ > 0, suppose conversely that a, > 0. Since b, = oo, there exists
b > a, such that ¢(b) ||X[071/2)HE = 1. Setting

— bxp 1) + + %
T X o) T X ) T X3y

1 1
2 27

1) and y:bX[O,%
we get z* # y* and y™ < z*. Moreover, I, (y) = I,(z) = 1 and
min {1, (%£),I, (%)} > 1 for any A € (0,1). Hence, by the definition of the norm
g, . we have |2, = llyllg, = L. Therefore, E, ¢ (SKM).

Suppose ¢ ¢ AY. We discuss only the case I = [0,1). Then ¢ ¢ Ay (c0) and we
find an element @ = "7, u; X 4,, where the sequence (u;) increases to oo, (4;) is a
sequence of Lebesgue measurable pairwise disjoint sets, I, (z) < 1 and |z|g, = 1
(see Theorem 1 in [9]). Taking y = > oy u;xa, we get x** > y**, z* # y* and
lyllg, = 1. Thus E, ¢ (SKM).

(13) Take z,y € E,, ** < y** and z* # y*. Without loss of generality we may
assume that [|y||g, = 1. We have

/ 2 (s)ds < / (s



216 A note on strict K-monotonicity

for all t € I. By property 18° from [21], page 100, (see also [1, page 56, Proposition
3.6]),

/ " (s)2(s)ds < / 'y ()=(s)ds

for all t € I and any z, provided z = z*. Take z = %f*xsuppz* that is non-

increasing as the composition of the non-decreasing function # and the non-

increasing function z*. Therefore,

/Otwc*(s))dss/Otso<y*<s>>ds

forany t € I. Set u=poz and v = poy. Then v € E and |Jv||g = 1, by p € AL.
Moreover, by ¢ > 0,

* *

ut = (pox) =poa* # ooy =(poy) =0v".
Furthermore,

T, 1t -
*/Oso(x (8))d8§¥/0<p(y (s))ds =v™" ()

kk t
w0 =1
for each t € I. By strict K-monotonicity of E, we have u € E and I,(x) = [Ju||g < 1.
Finally, by ¢ € A¥, we obtain |||z, < 1.

(7). By Corollary 2.8 [18], E, € (SC). Now, applying Lemma 1.1, we conclude
that E, € (SKM).

REMARK 2.2 The implication in Proposition 2.1 (i4) cannot be reversed, i.e. the
condition E € (SKM) is not necessary for E, € (SKM). The suitable countere-
xample is given in Remark 2.11.

COROLLARY 2.3 Let p > 1. If E € (SKM), then its p-convezification E®) ¢
(SKM).

Notice that Proposition 2.1 (ii) is a generalization of Theorem 14 from [12].
Take

E=Ay= {x eL: ]|y, = /x*(t)¢’(t)dt < oo}
I

where ¢ is concave, increasing function with ¢ (0) = ¢ (0+) = 0. If ¢’ is strictly
decreasing then A, € (SKM) by Theorem 2.11 from [3]|. Therefore, Theorem 14
in [12] follows from our Proposition 2.1 (i7) . Moreover, the assumptions ¢ > 0 and
¢ < oo are stated apriori in [12] and we proved that these conditions are necessary
for E, € (SKM).

The space

My = {2 € 22 ol = supo(0)a™ (1) < o0}
tel
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where ¢ is quasi-concave function on I, is called the Marcinkiewicz function space.
Mg is a symmetric Banach function space on I with the fundamental function
¢, (t) = ¢(t). Moreover, for any symmetric Banach function space E we have

1
E — My, since
1

o5(t)

1
27 (1) < $ ll2"llellxpale = llzlle

for any ¢ € I (see, for example, [1] or [21]).

LEMMA 2.4 The Marcinkiewicz function space My is not strictly K-monotone for
any quasi-concave function ¢.

Proof. For any Banach function spaces E, F, we have that ¢por = ¢p¢r, where
E ® F denotes the pointwise product of E and F, i.e.

EoF={2zy:x€ Eandyec F}
equipped with a quasi norm defined by the formula
12l pop =t {||zll g |yllp: 2 =2y, v € E, y € F}.

By the well-known Lozanovskii factorization theorem, for any Banach function space
E we have that L' = E ® E’, where E’ denotes the Kothe dual of E. Then, by
Theorem 2 from [20],

t= ¢ (t) = dper(t) = ¢p(t)op (1)

for any ¢ € I. Taking E = A, in the above inequality, we get ¢p/(t) = ﬁt), S0
this function must be quasi-concave. Consequently, its derivative is non-increasing
(the same we may conclude from the well known equality (A¢)/ = My/p)). Let

a € (0,1). Denote
/
t
Z‘(t):{ (W) fOI't<a,

0 fort>a

y(t) = (qjét))

for any ¢t € I. Then x = z*. Moreover,

/Ot x*(s)ds = ﬁ

and

~—

for any t < a, whence

Thus

_ ap(t))
|l az, = max{l’i?i P (a)} =1,
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because ¢ (t) /t is non-increasing. Clearly, ||y|lar, = 1. Since 2** < y*™* and 2* # y*,
by the definition of strict K-monotonicity, the proof is finished.
By Lemma 2.4 and the transposition of Lemma 1.1, we get immediately.

COROLLARY 2.5 The Marcinkiewicz function space My is not rotund.

Corollary 2.5 is also an immediate consequence of results obtained by A. Ka-
minska and A.M. Parrish in [16]. Namely, they proved that the only extreme points
/
of the unit ball S(My) are x € S(My) such that z*(t) = {%} forall t € I.

Consider also another Marcinkiewicz space M than the space M, defined above,
as

Mj = Mj(I)={z e L°(I): zllar; = sup ()™ (t) < oo}

The Marcinkiewicz space Mj need not be a Banach space and always we have

My i) M. Moreover, MZ £> My if and only if

bt t
/Owdsgcw

for all t € I (see [20]). In general, M} is quasi-Banach function space.

LEMMA 2.6 Let I =[0,1) or I = [0,00). The Marcinkiewicz function space M is
not strictly K-monotone for any quasi-concave function ¢.

Proof. It is enough to replace the function % by ﬁ in the proof of Lemma
24.

The following result, related also to Lemma 1.1, describes relationship between
strict monotonicity and strict K-monotonicity.

THEOREM 2.7 If (E,||"||) a symmetric space is strictly K-monotone and has pro-
perty that x*(oc0) = 0 for every x € E, then E is strictly monotone.

PROOF Let z,y € E,0 < a < yand x # y. Since 2*(c0) = 0, by Lemma 3.2 [13], we
get z* < y* and z* # y*. Since z** < y**, x* # y* and, by strict K-monotonicity
of |||, we obtain [z < [ly||. "

REMARK 2.8 Notice that the reverse conclusion does not hold, in other words even
uniform monotonicity does not imply strict K-monotonicity. Indeed, considering
L'[0,1] and taking z = 2X[0,1/2] and y = X[o,1] We obtain x* # y*, y** < 2** and
llzl| 1+ = ||yl 1. Recall also that if E € (OC), then 2*(c0) = 0 for any = € E.
Moreover, the converse is not true (see [6], Lemma 2.5 and Remark 2.1).
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REMARK 2.9 We claim that Theorem 2.7 is false when the assumption that z*(c0) =
0 for any = € E is omitted. Let’s focus on F = Ay where ¢ is strictly concave and
¢(00) < oco. It is easy to observe that the proof of the implication (i) = (i) of
Theorem 2.11 [3] does not require the assumption that for each x € E we have
z*(00) = 0, and so A, is strictly K-monotone. Finally, by assumption ¢(o0) < co
and, by Lemma 3.1 [18], it follows that the Lorentz space A, is not strictly mono-
tone, which proves our claim.

Suppose w is a measurable nonnegative weight function defined on I and 0 <
p < 0o. Consider now the space

Fpw= {x cL: l=lr, ., = </I(x**(t))pw(t)dt> v < oo} .

In order to I, ,, # {0} we need to assume that w is from class D,, that is
W (s) ::/ w(t)dt < oo and Wy(s) := s”/ t7Pw(t)dt < oo
0 s

forall0 < s € I, where a = m (I). It is well known that (I'p ., || - [Ir,.., ) is a symme-
tric Banach (quasi Banach) function space when p > 1 (if 0 < p < 1), respectively.
Moreover, I'j, ,, has the Fatou property. The spaces I', ,, were introduced by A.P.
Calderén in [2]. He was inspired by the classical Lorentz spaces

Ay = {x 1% |ally, . = ( / <z*<t>>pw<t>dt)1/p < oo}

introduced by G.G. Lorentz in [23]. The spaces A, ., are p-convexification of the Lo-
rentz spaces Ay (defined above) with ¢/ = w. I’y ,, is an interpolation space between
L' and L yielded by the Lions-Peetre K-method [1, 21]. Obviously, 'y w C Ap.p-
The reverse inclusion A, ,, C I'p ., holds iff w € B, (cf. [15]). Moreover, the spaces
I'pw and A, are also related by Sawyer’s result (Theorem 1 in [24]; see also [25]),
which states that the Kéthe dual of A, for 1 < p < oo and fooo w(t)dt = oo, coin-

p/
cides with the space I'y g, where 1/p+1/p’ =1 and w(t) = (t/ fot w(s)ds) w(t).
The following result characterizes conditions under which the Lorentz space I';, .,
is strictly /(-monotone. The deliberated property in I', ., is expressed in notion of

W(u) = [; w(s)ds. Observe that W is strictly increasing if and only if for any
(a,b) C I we have m((a,b) Nsupp(w)) > 0.

THEOREM 2.10 Let 0 < p < oo. The space I'y 4, has strictly K-monotone quasi-
norm H'”Fp.w if and only if W is strictly increasing.

PROOF NECESSITY. Suppose conversely that there exists (8,7v) € I with 8 < ~
such that

(2) m((B,v) Nsupp(w)) = 0.
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Define

1
F=X@22),  9=X0p T 3XE7)-

2

Then f = f* # g = g*. Observe that

- B+
ft) = X(0, 24~ (t) + TX[/*%,Q)@)
and 8 8
ok t+ +7
g7 (1) = x0,8/ 1) + —57XB,) ) + 57Xy, (1),

2t 2t
for all ¢ > 0, whence f** > g**. Moreover, by equality (2), we get

||f||1r)p_w = / (X(o’@)(t) + TPYX[E%’Q)(L‘) w(t)dt
' 0

=iéﬁw@ﬁﬁ+:la<ﬁ;7>pﬁghﬁ

and

° t+p B+ :
HNRMZA Qmw@ﬂ-2txmw@+m/mwﬂﬂ w(t)dt

::Aﬁw@Mr+/ﬂ(5;7>pﬁghw

Consequently, [ [ = llgllr, , which provides that I, ., is not strictly K-monotone.
SUFFICIENCY. Assume for the contrary that W is strictly increasing and Iy

is not strictly K-monotone. Then there exist f,g € I'y . such that f** < g**,

7 # 9" and |flly, . = gl .. Notice that 2f* < (f* + ¢°)** < 2" and, by

K-monotonicity of |-l we get

20, <1+ g7l <2097l -

Since || f*|

Ty = Hg*Han , it follows that

(52 - o

On the other hand, m((a,b) Nsupp(w)) > 0 for any (a,b) C (0, «) and

<f* —;g) () = f() = ;t/ot (9°(s) = f7(s))ds =0

for all ¢ > 0, which implies that f* = g¢* and this contradiction completes the
proof. n



M. Cliesielski, P. Kolwicz, R. Pluciennik 221

REMARK 2.11 (i7)The converse of Lemma 1.1 is not true in general. It is enough to
consider T'p,,[0, 00) with [ w(t)dt < co and the function W (u) = ;' w(t)dt being
strictly increasing. By Theorem 2.10, I', ,,[0,00) € (SKM) and, by Theorem 3.2
from [5], we conclude, that I, ,,[0, 00) is not rotund.

(#4) Note that a strictly K-monotone function space may contain an isometric
copy of [*°. It is enough to consider the space T}, ,,[0,00) with W being strictly
increasing and W(oco) < oco. Then, by Theorem 2.10, I',,,[0,00) has strictly K-
monotone quasi-norm |[-[|.  , although, by Proposition 2.1 from [5], it contains an
order-isometric copy of 1! ‘Clearly, [*° is not strictly K-monotone. Since strict K-
monotonicity is established on the cone of decreasing rearrangements of I, ,,[0, 00),
possessing of order-isometric copy of {*° does not contradict the discussed property.

(#4i) The condition E € (SKM) is not necessary for E, € (SKM) (cf. Pro-
position 2.1 (i4)). It is enough to take E = T'p,[0,00) with [°w(t)dt = oo,
W being not strictly increasing and ¢ € (SC). Then, by Theorem 2.2 in [5],
I')w[0,00) € (SM) and, by Theorem 2.10, T') ,,[0, 00) & (SKM). In view of Propo-
sition 2.1 (i4i), E, € (SKM), because ¢ € (SC).
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