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1. Introduction

Whereas the class of all subspaces of L; = L;(0,1) is so rich that it still does not have any
reasonable description, far more information is available on subspaces of L; isomorphic
to Orlicz spaces. First of all, an arbitrary subspace of L; isomorphic to an Orlicz sequ-
ence space Iy # [; can always be given by the span of appropriate sequence of indepen-
dent identically distributed random variables. The latter fact was discovered in the case
N(t) = t1,1 < q < 2, by Kadec in 1958 [21]. More precisely, he proved that for arbitrary
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1< p < q < 2 there exists a symmetrically distributed function f € L, (a g-stable random
variable) such that the sequence { f } z, of independent copies of f spansin L, a subspace
isomorphic to /.

This direction of study was taken further by Bretagnolle and Dacunha-Castelle (see
[14-16]). In particular, Dacunha-Castelle showed that for every mean zero f € L, =
L,(0,1) the sequence { fi } z, of its independent copies is equivalent in L,,1 < p < 2, to
the unit vector basis of some Orlicz sequence space Iy [16, Theorem 1, p.X.8]. Moreover,
Bretagnolle and Dacunha-Castelle proved that an Orlicz function space Ly = Ly[0,1]
can be isomorphically embedded into the space L,, 1 < p < 2, if and only if N is equ-
ivalent to an Orlicz function that is p-convex and 2-concave at zero [15, Theorem IV.3].
It should be mentioned that later some of these results were independently rediscovered
by Braverman [11,12].

The papers [11,12,14-16] exploit methods which depend heavily on techniques related
to the theory of random processes. In contrast to that, in more recent papers [6] and [8],
an approach based on methods and ideas from the interpolation theory of operators was
used. In particular, [6, Theorem 9] and [8, Theorem 1.1] imply the following: Let 1 < p < 2
and let the Orlicz function N be (p + €)-convex and (2 — €)-concave at zero for some & > 0.
If L, contains a subspace isomorphic to the Orlicz sequence space ly, then the function
1/N7'(t), 0 < t < 1, belongs to L,. The main aim of the present paper is to extend the
above result from L,-spaces to the more general class of interpolation symmetric spaces
with respect to the couple (Ly, L,) (Theorem 3.1). Note that in the case when N(¢) = /4,
1 < g < 2, asimilar result was proved by Raynaud [29] for every separable symmetric space,
by using a completely different approach based on the profound theorem of Dacuncha-
-Castelle and Krivine on structure of /,-subspaces of L; from [17].

In the final part of the paper, a result, which in a sense is converse of Theorem 3.1,
is obtained. We find necessary and sufficient conditions on an Orlicz function N, (1 +
¢)-convex and (2—¢)-concave at zero for some ¢ > 0, under which a sequence of mean zero
independent functions equimeasurable with the function 1/N~!(¢), 0 < t < 1, spans the
Orlicz sequence space Iy in every symmetric space X such that X > M(¢) (M(¢) being
the Marcinkiewicz space generated by the function ¢(t) := t/N~!(¢)) (Theorem 3.8).

2. Preliminaries

Recall the basic definitions from the theory of symmetric spaces (its detailed exposition
can be found in the books [9, 23,24]).

Let I = [0,1] or [0, ). By x*(s) we denote the non-increasing left-continuous rear-
rangement of the absolute value of the measurable function x = x(t), t € I, i.e.,

x*(s) = inf{'r> 0:m{tel: |x(t)]>1} <s},
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where m is the Lebesgue measure. Two measurable functions x(¢) and y(t), t € I, are
called equimeasurable if x*(s) = y*(s), s € L.

A Banach function space X on I is said to be symmetric if from y = y(t) € X and
x*(t) € y*(t), t € 1, it follows that x = x(¢) € X and |x|x < | y]x-

We begin with defining some classes of symmetric spaces. Let 1 < p < 00, 1< g < oo.
Then the space L, 4 is defined as the set of all measurable functions on I for which the
following quasi-norm is finite:

1/q

q . dt
W= (2 [ @) &) regem,

1

and
Il 00 = sup £/757(2).
tel, t#0

Replacing in the preceding formulas x* () with x**(t) := 1 [Ot x*(s) ds, we get an equ-
ivalent symmetric normin L, 4, for every1< p < c0,1< g < co. Wehave L, = L, , and
Lpg © Lp,g, if1<q1< g2 <00

Another natural generalization of L ,-spaces are Orlicz spaces (see [22,24]). Let N (u)
be an Orlicz function, that is, an increasing convex function on [0, c0) such that N(0) = 0.
The Orlicz space Ly consists of all measurable functions x(¢) on I such that the function
N (|x(t)|/p) € L, for some p > 0. It is equipped with the Luxemburg norm

Ix]Ly = inf{p 50 : [N(@)dts 1}.

In particular, if N(u) = uf,1< p < oo, we obtain usual L,-spaces.
Let ¢ be an increasing concave function on I with ¢(0) = 0. The Marcinkiewicz space
M(¢) consists of all measurable functions x(t) on I such that

1 S
x| = sup—fx*(t)dt<oo.
M(9) o« o(s) J

In particular, L o = M(/7),1< p < oo.
For a symmetric space X on I, the Kothe dual space (or associated space) X' consists
of all measurable functions y such that

Iyl = sup fle(0)y(0)]de
[lx]x<1

is finite. Then, X’ equipped with the norm || - | x/ is a symmetric space. Moreover, X c
X" continuously with constant 1, and the isometric equality X = X" holds if and only
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if the norm in X has the Fatou property, that is, if the conditions 0 < x, / x a.e. on I
and sup, .y ||| < oo imply that x € X and |x,| ~ |x|. In particular, all Orlicz and
Marcinkiewicz spaces have the Fatou property.

Next, we will mainly consider symmetric spaces on [0, 1]. In this case, L is the smal-
lest and L, the largest symmetric space [23, Theorem I1.4.1].

The dilation operator 0.x(t) = x(t/7) - X[o,min(1,0)](£)> T > 0, is bounded in any
symmetric space X on [0,1] (throughout the paper, y is the characteristic function of

aset E). Moreover, ||0; | x—.x < max(1, 7) (see [23, Theorem 2.4.5]). The function | o, | x-x

is semi-multiplicative, and hence one may define the upper and lower Boyd indices of X:

UL P i Il
wEM T e M AT

Note that 0 < ax < fx <1[23,§2.1] and ar, = B, = 1/p, 1< p < oo.

Suppose X is a symmetric space on [0,1]. A closed subspace B of X is said to be
strongly embedded in X if, in B, convergence in the L;-norm is equivalent to convergence
in the X-norm (cf. [1, Definition 6.4.4]).

Let (Xo, X;) be a Banach couple (i.e., Xy and X, are Banach spaces linearly and conti-
nuously embedded into a common Hausdorff topological vector space). A Banach space
X is called an interpolation space with respect to (X, X;) (in short, X € I(Xy, X;)) if
Xo N X; ¢ X c Xp + X; and every linear operator bounded in X + X; and in X;, i = 0,1,
acts boundedly in X.

Given Banach couple (X, X;) the Peetre K-functional K(t,x; Xy, X;) is defined for
xeXo+X;and t>0by

K(f,x;Xo,Xl) = inf{onHXO + t”leXI L X=X+ X1, Xo € XO, X1 € Xl}

In particular, K(1, x; Xo, X;) is the norm in the Banach space X, + X].
Interpolation in the Banach couple (Xo, X;) is described by the real K-method of in-
terpolation if from x, y € X, + X; and the inequality

K(t,y; X0, X1) < K(t,x;X0,X;) forallt>0

it follows that there exists a linear operator T: Xy + X; - X + Xj such that Tx = y. For
a detailed exposition of the interpolation theory of operators, see [9, 10, 24].

As in the function case, to any Orlicz function N we associate the Orlicz sequence
space Iy of all sequences of scalars a = (a,);2, such that

for some p > 0. When equipped with the norm

lals, = inf{p>o = ZN(@) <1},
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Iy is a Banach space. Clearly, if N(t) = t?, p > 1, then the Orlicz space Iy is the familiar
space l,. Moreover, the sequence {e, };2, given by
en=(0,...,0,1,0,...)

———
n —1times

is a Schauder basis in every Orlicz space Iy, provided that N satisfies the A,-condition at
zero, i.e., there are ug > 0 and C > 0 such that N(2u) < CN(u) for all 0 < u < u,.

Let1 < p < q < oo. Given an Orlicz function N, we say that N is p-convex (resp.
g-concave) at zero if the map t — N(£"/7) (resp. t ~ N(t/1)) is convex (resp. concave).
In what follows, without loss of generality, we assume that N(1) = 1and that N: [0, c0) —
[0, c0) is a bijection.

For a fixed f € L;(0,1), every k € N, and ¢ > 0 we set

7.0 = {f(t—k+1), tel[k-1k),

R otherwise.

Finally, positive functions (quasi-norms) f and g are said to be equivalent (we write f < g)
if there exists a positive finite constant C such that C™'f < g < Cf.

3. Results
The main goal of this paper is to prove the following result.

3.1. Theorem. Let X be a separable symmetric space on [0,1] such that X + L, € I(Ly, L,)
and let the Orlicz function N be (1+¢)-convex and (2—¢)-concave at zero for some ¢ > 0. If X
contains a strongly embedded subspace isomorphic to the Orlicz space Iy, then the function
1/N7! belongs to the space X"'.

For the proof of this theorem we need an auxiliary assertion.
Let1< p < 2,andlet N and Q be Orlicz functions that are p-convex and 2-concave
at zero and satisfy the following conditions:
li F =
5, Q=0
and for some K > 0
N(u)<KQ(u), O0<u<l (1
By [16, Theorem 1, p.X.8] (see also [6, Theorem 9]), there exist sequences { f, } and {g,}
of mean zero independent identically distributed functions which in L, are equivalent to
the unit vector bases of Iy and g, respectively. We set f := f* and g:= ¢/, i=1,2,...

3.2. Proposition. Let 1 < p < 2, and let the functions N, Q, f, and g satisfy the above
conditions.
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() If Y is a symmetric space such that Y € I(Ly, Ly ), then from g € Y it follows that f € Y.

(ii) If the function N is (p + €)-convex and (2 — €)-concave at zero for some ¢ > 0 and X
is a symmetric space such that X + L, € I(L,, L, ), then g € X implies f € X.

Proof. As said above, we assume that N(1) = Q(1) = 1.
First, by [8, Proposition 2.4], we have

1/2

N%(t)x(%[Otf(s)Pds)l/P+(%ftlf(s)zds) . 0<t<l, (2)

ar < (L sora) (L [sera) oo

Moreover, by the well-known Holmstedt formula [20], the K-functional for the couple
(L,[0,1],L,[0,1]),1< p < 2, satisfies the following:

and

. 1/2
+t(/sz*(u)2du) , 0<tgl,
27

with constants independent of x € L, and 0 < ¢ < 1. Therefore, (2) and (3) can be rewritten

1/p

20
t2-p
K(t,x;Ly,Ly) X (/ x*(u)Pdu)
0

as follows y
t/P 2
—— <X K(t?r,f;L,,L,), 0<t<l],
N <K filp L)
and
tl/P 2p

QT(t)xK(tﬁ,g;Lp,Lz), 0<t<L
Since inequality (1) and concavity of the inverse function N~ imply that
Q'(u) < N'(Ku) < KN'(u), 0<ux<l,
for some C > 0 we obtain
K(s,f;Lp, L) <CK(s, gLy, L2), 0<s<L

Clearly, the latter inequality holds for all s > 0. So, since interpolation in the Banach couple
(L, L,) is described by the real K-method of interpolation [28], from Y € I(L,, L,) and
g€ Y, weinfer f € Y, and part (i) is proved.

Now, let us prove (ii). First of all, as above, we have f € X + L,. Furthermore, by the
hypothesis concerning to the function N and by [8, Theorem 1.1], for sufficiently small

t>0,
1
N-1(r)

f(t) = (4)
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We will show that
N(t)>t, 0<t<], 5)

where r = 2—¢. Indeed, since N is r-concave, it follows that the function N ( £/ ") is concave,
and therefore
N((us)l/r) >uN(s""), 0<u<l,

whence
N(tv) 2t'N(v),0<t, v<L

Since N(1) =1, we obtain (5).
From (4) and (5), for some ¢ > 0 and sufficiently small ¢ > 0, we have

f(t) 2 et (6)

On the other hand, f € X + L, implies f = hy + h,, where hy € X, h; € L,. In view of the
inclusion L, c L, valid for every g < 2, choosing g € (r,2), we obtain

i) <ctVa, o<l
Hence, from [23, § I1.2, Inequality (2.23), p. 67] it follows that
f(t) <hf(t/2) +2Yicr e, 0<t<l,

and so, by (6),

hi(t)2) > f(t) -2Y9Ct™Ma = f(t)(l - zl/qc;_(—lg) > f(t)(1-2"1Cc ),

This and the inequality g > r imply that
" 1
B (112)> 5 1(0)
for sufficiently small ¢ > 0. Since h; € X, we obtain f € X. O

Proof of Theorem 3.1. By hypothesis, there is a sequence {h };2, ¢ X, which in the spa-
ces X and L, is equivalent to the unit vector basis {e, };2, in Iy. Thus, with constants
independent of (¢i) € Iy, we have

Hnghkul = chkhkux X ||(ck)||lN. (7)

Clearly, since the function N is (1 + ¢)-convex and (2 — €)-concave at zero for some ¢ > 0,
{e,} is a weakly null sequence in Iy. Therefore, from (7) it follows that hy % 0in X.
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Further, by a version of the (so-called) subsequence splitting property, proved in [5, Lem-
ma 3.6], passing to a subsequence (but preserving the notation), we obtain

hy=u,+v,+w,, neN,

where {u, },{v,},{wn} are sequences in X such thatu} < g, g = ¢* € X", v, are pairwise
disjoint, lim, o W, |x = 0,u, 2 0,v, = 0. It is clear that v, — 0 in L, and, therefo-

re, by disjointness, |v,[; — 0. Hence, the stability property of a basic sequence (see, for

instance, [1, Theorem 1.3.9]) allows us to claim, passing again to some subsequence, that,
in view of (7),

HgmwaMM. ®

Moreover, by the proof of [27, Theorem 4.5] (see also [3, Proposition 2.1]), there is a sub-
sequence of {u, } (again we keep the notation) such that

Uy =Xn t+ Vns

where {x,} is the sequence of martingale differences, x, — 0 in Ly, and |y,|; — 0.
By [5, Lemma 5] (for results on comparison of norms of sums of martingale differences
and their disjoint copies in general symmetric spaces, see [7]), we obtain

n n
[ ], < X
i=1 1 i=1

where X; are pairwise disjoint copies of the functions x;, i = 1,2,... (see Preliminaries).

neN,

(Li+1,)(0,00)

Since u; = x; + y; and m(supp y;) <1,

% =%l (L1+12) 0.00) = [7ill (Li+12) (0,00) = (Wi ]l1-

Hence, taking into account that ||y,[; — 0 and u; < g, in the same manner as above
(passing to a subsequence, if necessary), we get

n n
|>us SN
i=1 i=1

Thus, by (8), the equation

n

| <G|ys

(LirL2)(000) M (L) (0,00)”

|<c2
1

B 1
W N-(1/n)

n
> ek
k=1

and definition of the norm in (L; + L,)(0, o0 ), we have

1 1/n 1 RNV
Wécs(nfo g(S)ds+<n/1/ng(s) ds) ), neN,
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or, by convexity of N,
1 1 P
l(t) ( [g(s)ds+( /g(s) ds) ), 0<t<], 9)

Let { g« } be a sequence of mean zero independent functions on [0, 1] such that g = g,

for some C > 0.

k=1,2,...In L;[0,1] it is equivalent to the unit vector basis of the Orlicz space I, where
Q is the 2-concave Orlicz function satisfying the condition ([16, Theorem 1, p.X.8])

lim &

t—0+ t

=0.

Therefore, by [8, Proposition 2.4] it follows that

}(t) 1/ g(s)ds+(1f g(s)zds)l/z, 0<t<l (10)

Moreover, since N is (1 + ¢)-convex and (2 — ¢)-concave at zero for some ¢ > 0, by [8,
Theorem 3.3], we have

l(t) ff(S)dH( ff(S)zds)l/z, 0<t<l, (11)

where f(s) := 1/N7'(s). Let us show that the remaining conditions of Proposition 3.2 (ii)
also hold.

First, (9) and (10) imply inequality (1). Moreover, (X + L,)" = X" + L, [25, The-
orem 3.1]. Therefore, by [26, Corollary 4.2] the fact that X+L, € I(L;, L,) implies X" +L, €
I(Ly, Ly). Thus, since g € X", by Proposition 3.2 (ii) and (11), we obtain that 1/N~!
X", ]

Recall that ary is the lower Boyd index of a symmetric space X (see Preliminaries).

3.3. Corollary. Let X be a separable symmetric space on [0,1], ax > 1/2, and let N be an
Orlicz function which is (1 + €)-convex and (2 — €)-concave at zero for some € > 0. If X
contains a strongly embedded subspace isomorphic to ly, then 1/N~' € X"

Proof. By [4, Theorem1], X € I(Ly, L,). Then, obviously, X+L, € I(L;, L,), and it remains
to apply Theorem 3.1. O

3.4. Remark. In the case when N (t) = /4,1 < g < 2, the result of Theorem 3.1 was proved
by Raynaud in [29] for every separable symmetric space by a completely different approach
based on the profound theorem of Dacuncha-Castelle and Krivine on the structure of
l4-subspaces of L; from [17]. So it is natural to ask whether Theorem 3.1 holds without the
interpolation condition imposed on the space X.
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We will show that a similar result is valid, without any extra interpolation condition,
if a separable symmetric space X is contained in the Marcinkiewicz space M(¢) with
@(t) := t/N71(t). More precisely, we have then X" = M(¢).

3.5. Theorem. Suppose the Orlicz function N is (1 + €)-convex and (2 — €)-concave at zero
for some € > 0, and X is a separable symmetric space on [0,1] such that X ¢ M(¢), ¢(t) :=
t/N7(t). Then if X contains a strongly embedded subspace isomorphic to the Orlicz space
In, we have X" = M(¢).

Let us begin with the following simple lemma.

3.6. Lemma. If an Orlicz function N is (1 + ¢)-convex at zero for some ¢ > 0, and ¢(t) =
t/N7Y(t), then
gy < sup x*(£)N'(2).
0<t<1

Proof. Let us estimate from above the dilation function M, (t) defined by

My(t) = os<1?<)1 9;( (Sst))

for0<t<1.
Since the function N (#/(+¢)), 0 < t <1, is convex, we have

N((st)/0 ) <eN(sM*9)), 0 <s,t <1,

or
N(uv) <v'**N(u), 0<u,v<l,
Hence
N—l(s) . tl/(1+s) < N_I(St),
and so

st 5t£/(l+£)
t) = < .
¢ = 60 S N

As a result, we obtain
M,y (t) <109 o<t

whence M, (t) - 0as t — 0 + . Thus, applying [23, Theorem I1.5.3], we have

l * * —
Hx||M(q,) = sup ——x"(t) = sup x*(£)N 1(t‘).
o<t<1 @(1) 0<t<1
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Proof of Theorem 3.5. Since X ¢ M(¢), we have X" ¢ M(¢)"” = M(¢). Combining this
with Lemma 3.6, we obtain that for all x € X"
sup x*(t)N7!(t) < oo. (12)
0<t<1

Further, in the same way as in the proof of Theorem 3.1, we can find a function
g = ¢* € X" and an Orlicz function Q satisfying relations (9) and (10). Then, from (12)
it follows that

A
1) ———, 0<t<l],
g(t) NI(D)

and therefore, by (10),
1 1t 1
RO fo g(s)ds+ (; ft g(s) ds)

ot s ) )

On the other hand, since the function N is (1 + ¢)-convex and (2 — ¢)-concave at zero for
some ¢ > 0, by [8, Theorem 3.3], we have (11) with f(s) = 1/N7'(s). Therefore, from the
preceding inequality it follows that
1 C
S b
Q7'(t) ~ N7H(1)
This inequality combined with (9) and (10) yields

1/2

0<t<l

1 1 rt 1 ! X 1/2
—x- - <L
=1 tfo g(s)ds+(t/t g(s) ds) , 0<tg1

Hence, again taking into account the properties of N, by [8, Theorem 1.1 and Proposi-
tion 2.4], we infer that

g(t)xN+(t)

for all sufficiently small ¢ > 0. As a result, the function 1/N ! belongs to X"/, which, in view
of Lemma 3.6, is equivalent to the inclusion M(¢) c X”. Since the reverse embedding also
holds, the proof is complete. O

If a symmetric space is situated very “close” to L,, it may be a non-interpolation space
with respect to the couple (L;, L, ). However, for some such spaces we have the following
result.

3.7. Corollary. Let an Orlicz function N satisfy the conditions of Theorem 3.5. If a sym-
metric space X is such that X c L, for every r < 2, then X does not contain a strongly
embedded subspace isomorphic to the Orlicz space Iy. In particular, this holds for the Lorentz
spaces Ly 4,1 < g < oo.
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1.
1, is concave, we have

Proof. Asabove, ¢(t):=t/N7'(t),0<t

<
Since the function N (¢/(78)),0 < t <

N((st)l/(zfs)) > tN(sl/(zfg)), 0<s,t<],

or
N(uv) 2 v *N(u), 0<u,v<l,
Therefore,
N7Y(s) - /9 3> N7Y(s1),
and since N (1) = 1, we obtain

Nfl(t) < tl/(27s)'

Thus, by Lemma 3.6 it follows that M(¢) o L, «, where 1 := 2 — € < 2. Now, choosing
any r, from the interval (r1,2) and taking into account the conditions of the corollary, we
infer that M(¢) 2 L,, oo 2 X. Therefore, passing twice to dual spaces, we obtain M(¢) 2
L;, o 2 X", and the result follows from Theorem 3.5. O

Let1 < p < 2 and let {gh} be a sequence of mean zero independent functions on
[0,1] equimeasurable with the function g(u) = u™/?, 0 < u < 1. Then if X is a symmetric
space such that X o L, ., we have

(oo}
| ane
n=1

with constants independent of (a,,) € I, [13, Theorem IIL.3]. The following theorem, being

M “(a")Hl,,

in a sense converse to Theorem 3.1, gives necessary and sufficient conditions under which
an analogous result holds for the arbitrary Orlicz function N(¢t) situated sufficiently “far”
from the extreme functions t and t2. As above, M(¢) is the Marcinkiewicz space with

¢(t) = t/N7I(1).

3.8. Theorem. Suppose the Orlicz function N is (1 + €)-convex and (2 — €)-concave at zero
for some & > 0, and let {gN} be a sequence of mean zero independent functions on [0,1] equ-
imeasurable with the function 1/N7(t), 0 < t < 1. The following conditions are equivalent.

(i) Forevery symmetric space X such that X > M(¢), we have, with constants independent

of (a,) €ln,

fe o)
| S ane
n=1

(ii) For every symmetric space X such that X > M(¢), with constants independent of
neN,

I,

| Z &
k=1

. 1
x " N-Y(1/n)’
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(iii) There exists a constant K > 0 such that for all 0 < u, v <1 we have
N(uv) < KN(u)N(v). (13)
Proof. As above, without loss of generality, we may (and will) assume that N is strictly

increasing and N (1) = 1. Let us begin by proving the implication (iii) = (i). Since, by [8,
Proposition 2.4 and Theorem 3.3],

(oo}
| > angh
n=1

it is sufficient to prove that for some C > 0 and every (a,) € Iy

oo
|2 aned
n=1

First, from the embedding X o M(¢) and [18, Theorem 1] it follows that

oo oo
N N
| 2 aneh| <[> aned
n=1 X n=1

oo
L2 CH ’;ang,’N X ||(a,,)||lN,

L<Cl@l,,- (14)

= |G, 1)(0,00)> (15)
oy X [GallGrcoy11250000

where G, (u) = ¥, a,gN(u), u > 0. Since the function N is (2 — £)-concave at zero,
then by the definition of the norm in the space (M(¢) + L,)(0, c0)

1Gall (M(9)+Ly)(0,00) = HG;X[O,I] ”M(go) + HG;X(I,oo)HZ'

Noting that in view of [18, Theorem 1] and [8, Proposition 2.4 and Theorem 3.3],

IG2 100l € CIGulwrvnnyom) = | X anga] <[ (@n)]o

we see that to prove (14) it is sufficient to verify the estimate

1G2 xto.lmp) < C”(“")HIN (16)

with some C > 0.
Let |(an)|y, = 1. Then Y72 N(|a,|) = 1, and since N increases and N(1) = 1, we
have |a,| < 1for all n € N. Moreover, for every 7 > 0,

Nk

m{u>0:|G,(u)|>1}=> m{te[0,1] : |a.g) (t)|> 1}

1 T
m{te[O,l] : NT(t)>W}

()

1

=
I

Ngk

=
Il
—

™3

=
I
—



42 Sergey V. Astashkin

In particular, since N strictly increases, this implies that
m{u>0 2Ga(u)] >T} >1 ifr<l.

Therefore, from Lemma 3.6, inequality (13), and concavity of the function N~! it follows
that

|Gaxtonlaucy) < sup Ga ()N () =sup N~ (mfu > 0 : |Ga(u)| > 7})
<i<

21

= sup TNl(iN(la—:'))
< sup TN_l(KiN(|a,,|)N (%))

721 n=1

1
= sup TN~! (KN (—)) <K.
721 T
Thus inequality (16) is proved.
Since implication (i) = (ii) is obvious, it remains to show that (ii) implies (iii).
Combining the hypothesis with the equivalence from (15), we obtain
oo Cl
| > &
n=1

<————, neN.
(M(9)+12)(0,00) ~ N7(1/n)

Hence, again by the definition of the norm in (M(¢) + L,)(0, o),

CII

1
HN”(-/n) HM(«» SNAamy S t

Since, by Lemma 3.6,
N7'(1)

1
_ < sup ———,
HN_I('/H) HM((P) 0<t£1 N-1(t/n)
we infer that
N7(t) ._C

N(tfn) S NA@ay T

N7 (1/n)N7\(t) < CN7\(t/n)

for all t € (0,1] and n € N. Therefore, in view of 2 — e-concavity of N we obtain
N(N7'(1/n)N7'(t)) < N(CN7'(t/n)) < C*“t/n,

which combined with convexity of N implies (13). O
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3.9. Remark. Up to this point, we did not consider the case when N(t) = t2. As follows
from [29, Proposition 1], if a separable symmetric space X contains [, as a strongly embed-
ded subspace, then its second dual X" contains the standard Gaussian random variable.
It turns out that the same assertion holds even under a weaker condition, that does not
specify the strongly embedded subspace of X. Indeed, if X contains a strongly embedded
infinite dimensional subspace B, then the norms on X and L; are equivalent on B. Hence
the canonical inclusion I: X — L, is not strictly singular and by [19, Theorem 1] (see al-
s0 [2]) X o G, where G is the closure of L, in the Orlicz space generated by the function
e’ —1, ¢ > 0. It remains to note that the latter embedding is equivalent to the fact that the
Gaussian random variable belongs to X"’
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