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The problems of separability, duality, reflexivity 
and of comparison for generalized Orlicz-Sobolev spaces W^(Q)

Abstract. We shall prove the theorem on representation of bounded linear functionals 
on generalized Orlicz-Sobolev space WÜ(Q) generated by a class of iV-functions M(t ,u)  with 
parameter t. We shall give some sufficient conditions in order W^(Q) be separable and some 
sufficient conditions in order that W^(£2) be a reflexive space. Moreover, we shall prove that 
if W ^fQ) is a dense subspace of (Æ), then M2 <  M t .

0. Introduction. Rn denotes the «-dimensional real Euclidean space, 
p = Lebesgue measure on Rn,Q  is an arbitrary non-void open set in 
Rn, R + = [0 , oo). A function M (•,•): Q x R  + ̂ >R+, which satisfies the con­
ditions :

There exists a set A of measure zero such that:
(i) M(t ,u)  = 0 if and only if и — 0 for every t sQ\A;

(ii) M(t,  ctx ut + ct2 u2) ^  (*! M(t ,  ul)+a2 M(t ,  u2) for every tGQ\A, u ly
n2, a t, a2 e K +, «1 + а2 =  1 ; *

(iii) M(t , u ) is a measurable function of t for every fixed и ^  0; 
is called a (p-function of the variable и with parameter t.

A (^-function M(t ,u)  with parameter t, which satisfies the condition:
(iv) there exists a set A of measure zero such that

M(t,  и) 
и

0 as и->0 and
M(t ,u)
-------——>oo as w->oo

и
for every t eQ\ A,

is called an N -function with parameter t.
The following conditions for (^-functions M( t , u ) with parameter t will 

be used:
(v) there exists a number u0 > 0 such that j  M(t ,u)dt  < oo for every

в
compact set B a  Q and for every 0 ^  и ^  u0;

(vi) for every compact set B a  Q there exist a set AB, p(AB) = 0,
a constant CB > 0, and a function hB ^  0 belonging to (В) such that

и ^  CBM(t,  u) + hB(t) for every и ^  0 , t e B \ A B;
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(vii)
M(t,  и)
------------- >oo as и oo uniformly with respect to t on every com-

u
pact set B a  Q;

(A2) there exist a constant K  > 0, a set A с  О of measure zero, and 
a non-negative function h1e L l (Q) such that for every t eQ\ A  and for 
every и ^  0

M(t ,2u) ^  KM(t ,u)  + hl (t).

Obviously, we may assume that the sets A in the conditions above 
are the same.

By F we denote the real space of all complex-valued and Lebesgue 
measurable functions defined on Q with equality almost everywhere on Q. 
For every (^-function M( t , u ) with parameter f, we define the functional 
(convex modular)

<?*(/) =  jM fM /M O r f t .V /e F ,
a

and the Orlicz-Musielak space (see [11])

LM(G) =  { / e F :  Э Д > 0, 0 u (if) <  oo}.

For every ^-function M(t,u) ,  LM(Q) is a real vector space with usual 
scalar multiplication and addition of functions. The functional || • ||LM de­
fined by

II/I Ilm =  inf (e >  0: QM(f/s) ^  1}

is a norm on LM(0). || ■ ||Lm is called the Luxemburg norm (see [8]). Further, 
for any fixed non-negative integer к we define

Wi(Q) = {f e L M(Q): V |a| ^  к 3 D * f e L M(Q)},

wfierç I f f  =  d^f/dfp- . . .dfnn, a = (а15...,а„) is a multiindex with а,- ^  0, 
|a| =  a j+  ... + a„, denote the distributional derivatives of the function /  
of order |a|. The space W^(Q) is called the generalized Orlicz-Sobolev space 
(see [2]). Let

в м ( Л  = Z  and l l / l l <  = inf (e >  0: gM(f/e) ^  1}
|a|<k

for /  e Wm (Q). These functionals are a convex modular and a norm on 
Wm (Q), respectively. If M is a ^-function with parameter satisfying condition 
(vi), then the pair < W^{Q), || • \\wkM)  is a Banach space (see [2]).

If a (^-function M( t , u ) satisfies condition (v), then the inclusion

(0.1) Cg4fl)c= ИЙ(Я)

holds for every non-negative integer k, where Cq {Q) denotes the space of 
all infinitely differentiable functions on Q with compact support in Q.

If a «^-function M( t , u ) with parameter t satisfies condition (vi), then
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there holds the inclusion LM (O) <= (0). Condition (vi) is also necessary
in order that the inclusion LM(Q) cr t™(Q) hold (see [8]). Thus, if condi­
tion (vi) is satisfied, then for every function f  e LM (&) the functional 7} 
defined by

Tf ((p) = </,<?> = Sf(t)<p(t)dt, V (peC$(Q),
Q

is a regular distribution and so W^{Q) = LM(Q) if к =  0.
If M{t ,u) is an AT-function with parameter t, then we define the 

complementary АГ-function N(t ,u)  to M(t,  и) by

N(t,  u) = sup {uv — M(t,  u)} ; V te f l ,  u ^  0.
u> о

Henceforth, M( t , u ) and N(t ,u)  denote a pair of complementary AAfunctions. 
There holds the following Young’s inequality

(0.2) uv ^  M (t, u) + N  (t,v); V t e Q\A, u, v e R+.

Moreover, if p(t,u)  and q(t,u) denote the right-hand derivatives of 
N-functions M( t , u ) and N(t ,u)  with respect to the variable и for fixed t, 
respectively, then there hold the following Young’s equalities:

(0 3) up(t,u) = M(t ,u)  + N(t ,p(t ,u)),  V t e Q \ A , u ^  0,
vq(t,v) = M(t ,  q(t,v)) + N(t ,v) ,  ^ t e Q \ A , v ^  0.

i
Now, let / = £  1 and let ZiM(0) = f ]  LM(Q), i.e. liM(Q) is the

|a|<fc i= 1
/-tuple Cartesian product of LM(Ü). Then every element f e L lM(Q) is of 
the form f  = where f e L M(Q), i = 1 We define

i
Qm U) = Z  в м Ш  and \\f\\L‘M = inf {£ > 0: QM{f/&) ^  1}

i= 1
for every /  e ÉM (Q). Obviously these functionals are a convex modular and 
a norm on LlM(Q), respectively, and the pair <LlM(Q), || • ||L« > is a Banach 
space. We define also on LlM(Q) the Orlicz norm *11 • ||L/ by

Ml/ll^, = sup [| Z  S/(t)gi(t)dt\: \\g\\L‘N ^  1}.
i'=l n

There hold the following inequalities (see [6])

l l / l k  < Ч / У м <  2 \\f\\i}M, V f e L lM(Q).

Let us suppose that the / multiindices a satisfying |a| ^  к are linearly 
ordered in a convenient fashion so that with each /  e W$ (£2) we may 
associate a well-defined vector Pf  in ÉM (Q) given by

(0.4) P f =  ( V f )  M$fe.
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We have \\f\\wkM = \\Pf\\Li , so P is an isometric isomorphism of W^(Q) 
onto a subspace PWm (Q) = W of the Z!M(&). If к > 0, then PWÜ(Q) is 
a closed proper subspace of liM(Q).

Let X ' denote the dual space of X  for any Banach space. It is easily 
seen that if M(t ,u)  satisfies condition (v), then the Lebesgue measure and 
the open set Q c  R" satisfy conditions A and В from [8] with the sequence 
{7̂ } of compact subsets of Q. Thus, Ihere holds the following (see [8]):

0. 1. Lemma. I f  f * e [ L M(Qy\i, where M( t , u ) is an N-function with par­
ameter t satisfying condition (v) and (d2), then there exists a unique function 
f e L N(Q) such that for every g e L M(Q)

f*(g)  =  < /,0>  = Sf(t)g(t)dt and \\f*\\ = 4 f \ \ LN-
Q

1. The separability of Wm (Q). We shall prove the following
1.1. Theorem. I f  M(t ,u)  is a (p-function with parameter t continuous 

with respect to t for every fixed и ^  0 and satisfying conditions (vi) and (d2), 
then the space W^{Q) is separable.

Proof. The space LM{Q) is separable. This follows from density of 
Cq (Œ) in LM(Q) (see [3]). Hence also liM{Q) is separable. Since the 
operator P defined by (0.4) is an isometry between W^(Q) and PWm (Q) 
cz liM (O) and WÜ (O) is complete, W  = PW^  (O) is a closed subspace of 
llM(Q). Thus, W  and (Q) = P~l W  are separable spaces.

I
2. Duality, the space Wffk(Q). First, we shall write the following lemma 

which immediately follows from Lemma 0.1.
2.1. Lemma. I f  an N-function M{t ,u)  with parameter t satisfies conditions 

(v) and (A2), then to every f*  e [ZiM (£?)]' there corresponds a unique 
f  g LlN (Æ) such that

(2.0) /* (» )=  i  <X0i>, V3eL'M(Q).
i = l

Moreover, ||/* || =  A|| f \ \L(l.
There holds the following Holder’s inequality

I £  «  ll/llt l l , ll0lllV V/eLjv/(i3), 0614,(0).

Thus each element /  e l iN(Q) defines a bounded linear functional /*  on 
Wfi(fl) by

(2-1) f*(g) = X <D*g,Â>,
1*1

where the element /  eI lN(Q) is rewritten in the form /  = (fi)\3\^k.
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We define on the space LlN(Q) a relation of equivalence R by: 
/1 Rfi for f x, /2 g LlN(Q) if and only if f x and f 2 define by formula (2.1) 
the same bounded linear functional on W^(Q).

2.2. Theorem. Let M( t , u ) be an N -function with parameter t satisfying 
conditions (v), (vi), (A2) and let f*  e [IT*, (Q)]\ Then there exists an element 
f e l l N(Q) such that, writing the element f  in the form (/я)|я|<ск, we have

(2-2) f*(g)  = X <D°g,Â>
M«fc

for all geWÙ(Q). Moreover, ||/* || =  inf H /H  ,} = min ( 1||/ | | ,}, the
infimum being taken over land attained), on the set of all f e L lN(Q), which 
define the functional f* , i.e. (2.2) holds for every gEW^(Q). Thus, the space 
[W$ (£?)]' is isometrically isomorphic to the quotient space Ziv (Q)/R with the 
norm

;i[/]llL: /R = inf{1ll/lli.,: f e i n h
Proof. Using Lemma 2.1, the proof is analogous to the proof of the 

respective theorem for the space Wk{Q) (Theorem 3.8 in [1]).

2.3. Some rem arks. Let us denote by Wm (Q) the closure in W^(Q) 
of the set Cq (&) with respect to the norm II • II Wm> and by R0 a relation 
of equivalence on IiN(Q) defined as follows: f x R0 f 2 for f x, f 2e LN(Q) iff 
f x and /2 define the same linear bounded functional on (Ц). Then the 
dual space [ Wm (Q)J is isometrically isomorphic to IiN(Q)/R0 with norm

IILOoll =  infHl/llz.!,: / 6 [ / ] » } ,
where [ / ] 0 denotes the equivalence class of the element /  with respect 
to the relation R0.

If M( t , u ) is an N '-function with parameter t satisfying conditions (v), 
(vi) and (A2), then every element /*  e [И'аН&ХГ is an extension of a distri­
bution T e3)'(Q) to Wm (£2), with T  of the form

(2.3) T(<p)= X ( " I P D * Tfa(cp), 4<peC%(Q),

where /  =  (Х)|а|<л is an element of liN{Q) determining the functional /* .  
Obviously, for every /  e [ / ]  the distribution T  defined by (2.3) is the same, 
but if T  is any element of Q)'(Q) having the form (2.3) for some /  el lN(Q), 
then the continuous extension of T  to Wf) (&) may be not unique. However, 
T  possesses a unique extension to W^(Q).

We denote by W,dk(Q) the Banach space consisting of distributions 
T s g ( Q )  satisfying (2.3) for some/ e L N(Q), normed by

II71 = inf H /H jrU  /  satisfies (2.3)}.

By the above remarks, Wjdk(Q) is isometrically isomorphic to [В$(£2)]'
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(so also to Ën (Q)/R0), provided the N-function M( t , u ) with parameter t 
satisfies conditions (v), (vi) and (A2).

3. Reflexivity of Wm (Q). First, we shall prove two lemmas.
3.1. Lemma. I f  M(t ,u)  and N ( t , u ) are complementary N -functions with 

parameter t and M satisfies conditions (v) for every и ^  0 and (vii), then 
N satisfies condition (v) for every и ^  0.

Proof. We have (see (0.3))

N(t,  и) = uq(t, u)—M{t,  q(t, и)).

Obviously, M(t,q(t ,u))  ^  uq(t,u),  because N( t , u ) is non-negative. Hence 
M (t, q(t, u))/q(t, и) ^  и . Let B c  Q be a compact set and w ^  0 an arbi­
trary fixed number. Then by condition (vii) there exists a vu such that

M(t ,  v)/v ^  и, V  v ^  vu, V  t e B .

Hence we obtain that q(t ,u) < vu for every t e B .  Thus we have

J N (t , u)dt ^  j  uvudt + J M (t, vu)dt < oo. 
в в в

3.2. Lemma. / /  M( t , u ) amf N ( t , u ) satisfy condition (A2) and if M  
satisfies conditions (v) and (vii), then the space (Q) is reflexive for every 
positive integer l.

Proof. The AT-functions M( t , u ) and N(t ,u)  satisfy the assumptions 
of Lemma 2.1. It suffices to prove that (see [1]) the natural isometry 
W : (Q)s f\-+ f**  e[l!,M(Q)Y given by

/ * * ( / * ) = / * ( / ) ,  V / * e [ Z ! M ( G ) ] '

maps ZlM(£2) onto uniquely. From Lemma 2.1 it follows that exists
arr isometry T : liN (Q) ^  [IiM (Q)J given by (2.0). Thus, if /**  e [IlM (£?)]", 
then there exists a unique z* e [ILN(Q)J such that

/ * *  ( / * )  = Z * ( T ~  7 * ) ,  V / *  g  [Z !M (Q)J.

It suffices to put z* = /**  о T. Let us assume that the functionals 
z* e \_IiN (Q)J and f*  are determined by the elements z e I i M(Q)
and /  e Z!v(f2), respectively. So we obtain

/* * (/* )  = i  <ZiJi> = f * ( z h  V /*6[Ü M(fl)]\
i = 1

Thus, the element /**  e [lLM (£?)]" is uniquely determined by the element 
z e L!m {Q) and ||/**|| = 1 •

3.3. Theorem. I f  M(t ,u)  and N(t ,u)  satisfy conditions (vi), (A2) and 
if M( t , u ) satisfies conditions (v) and (vii), then for every non-negative integer 
к the space Wf, (Q) is reflexive.
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Proof. Let / = Yj 1* Since, by Lemma 3.2, the space EM(£2) is reflex­

ive and Wm (Q) is isometric to the closed subspace W  =  PW^{0) of lLM{Q)> 
so Wm (Q) is reflexive.

4. The space H ^ k(Q) and duality. Let M( t , u ) and N( t , u ) satisfy the 
assumptions of Theorem 3.3. Then the space И$(£2) is reflexive. Each 
element g e L N(Q) determines an element Tg of [Им (£2)]' by means of
Tg(f)  = i f ,  g>• Moreover,

(4.1) \Tg(f)\ = Kf,g>\ ^  \ \ f \ U l \\g\\LN, where ЧЫк* = MlflflU-

We define the ( — k,N)-norm of g e L N(Q) to be the norm of Tg, that is,

1Ы1 -k,N = sup {Kf,g>\: \ \ f \ U  ^  1}.

Obviously,
\\в\\- k ,N  < 1M\ ln and equality holds for к = 0.

V= {Tg: g e b N(£2)}.

Obviously, V is a linear subspace of the space [Им (£2)]'. We shall show 
that V is dense in [Им(£2)]'- This is easily seen by showing that if 
F e l W i m "  satisfies F (Tg) =  0 for every TgeV,  then F(T) — 0 for every 
T e [Wm (Q)Y. Since Им (£2) is reflexive, there exists /еИ $(£2) such that

Since N( t , u ) satisfies condition (v), Cq (£2) is contained in LN(£2); hence 
from (4.2) it follows that / =  0 in И$(£2). Hence ||F|| =  1\\fwkM =
= 0. Thus F = 0.

Let H ^ k(Q) denote the completion of LN(£2) with respect to the 
norm II • H-fcjv Then we have

4.1. Theorem. I f  M( t , u ) and N(t ,u)  satisfy conditions (vi), (A2) and 
if M(t ,u)  satisfies conditions (v) and (vii), then the space [Им (£2)]' is iso­
morphic to the space Hfik(Q).

Proof. We denote by H the closure of LN(£2) with respect to the 
norm II • H-fcjy. Obviously, the spaces Vx = {Tg: g e H] and H ^ k{Q) are iso­
morphic. From the density of V in [Им(£2)У it follows that Vx — [И м(£2)]' 
and thus H ^ k(Q) and [И$(£2)]' are isomorphic.

Moreover, there holds the following Holder’s inequality

Let

(4.2) <f , 9> =  W )  =  F ( V  = 0 , V 3 e L N ( £2) .
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5.1. L e m m a . I f  M l (t,u) and M 2(t,u) are (p-functions with parameter 
t and W^^Q) c= Wm2(Q), where к is a non-negative integer number, then 
there exists a positive constant К > 0 such that

(5.1) \\f\\wit2 ^  K\ \ f \ \wïii, V f e W ' f Q ) .

Proof. It is sufficient to prove that the embedding operation from 
WmJQ)  into WfoAQ) is closed, i.e. the conditions \\f„—f \ \wk -*■ 0 and• ' M i
II fn~G\\wk 0 as n -*• oo imply /  =  g almost everywhere on Q.

From2 the first condition follows that J„Xa->0 with respect to the 
measure for every measurable set A of finite measure (see [5]). Since 
the Lebesgue measure on R" is сг-finite, we may find a subsequence {zn} 
of the sequence {/„} such that zn (t) f(t)  for a.e. t eQ.  We have also 
Ilzn — GII wk -► 0 as n->oo. Now, we may find a subsequence {hn} of theMy ___
sequence {z„} such that hn(t) g(t) for a.e. teQ.  Thus we have hn(t) „ т ^ / (0 
and hn(t) g(t) for a.e. teQ.  Hence /  = g almost everywhere on Q.

5.2. C o ro lla ry . I f  W^fQ)  a  W^2{Q), then [WÜ2(Q)J <= lW*fQ)J.

Proof. If f * e l W * 2m \  L e W ^ f Q ) ,  n = 1 ,2 ,... and Ц/ J ^ - >  0 as 
n —*■ oo, then H /J ĥ  -> 0 as n -» oo, and thus /* (/„) -► 0 as n -*■ oo.

5.3. T h e o r e m . I f  M l (t,u), M 2(t ,u) are N -functions with parameter sat­
isfying conditions (v), (vi), (Л2) and if W^fQ)  a  Ŵ 12(Q), where W ^fQ ) 
is dense in Wm2(Q) with respect to the norm || • \\wkM2, then M 2 -< M t , 
i.e. there exist a set A of measure zero, a constant К > 0, and a non­
negative function h e '^ iQ ) such that

M 2(t,u) ^  M x(t, Ku)+h(t) for every t eQ\A,  и ^  0.

Proof. We define the relations and ~ 2 on spaces ÜNl(Q) and 
I]N2(Q), where l = £  1 and N 2(f, u), N 2(t, u) are complementary iV-func-

tions to and M 2(t,u), respectively, as follows: f t ~ i / 2 for f x,
f 2e liNl (O) iff these elements determine the same bounded linear functionals 
on / ,  ~ 2/ 2 for / , ,  / 26i{v2 (O) iff these elements determine the
same bounded linear functionals on W^2(Q). Now we shall prove that 
under assumptions of the theorem the relations ~  j and ~  2 coincide. 
Obviously, if f *E{Wf t 2(Q)]', then / *  e [Wfn (&)]'• Moreover, if / * ( / )  = 0 
for every / e Wff2{Q), then also / * ( / )  = 0 for every /  e W^fQ).  Conversely, 
if / * e [W$2(Q)]' and / * ( / )  = 0 for every / e W ^ i Q ) ,  then by density of 
Wfu (Q) in W£2(Q) we have / * ( / )  =  0 for every /  e W^2 (O).

Thus, we may take ZiNl/~  and ZiA-2/~  instead of 1iNJ ~ x and 
ZiiV2/ ~ 2» respectively. Hence, by Corollary 5.2, we have IlN2/ ~  <= liNJ ~ .  
Thus liN2(Q) c: llNi(Q) and further LN2(Q) cz LS](Q). By [8], Theorem 1.8,

5. Comparison of the generalized Orlicz-Sobolev spaces.
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we obtain that there exist a set A of measure zero, a constant К  >  0, 
and a non-negative function h e  (&) such that

А ,(г,и) ^  N 2(t, Ku) + h(t) for every t eQ\A,  u ^  0.

Hence, we obtain

M 2{t,u) = sup { u v - N 2(t,v)} = sup { u v - N t (t, v/K)+h(t)j
v > 0  v > 0

^  sup
t> > 0

K u - ^ - N i( t ’ v/K n + h (t) = M l{t ,Ku) + h(t).

Thus the proof is complete.
5.4. Rem ark. If the assumptions of Theorem 5.3 are satisfied, Q — Rn.

Now let denote the modification of / ,  M 2(-,u) is a continuous function 
on Q for every fixed и ^  0 and 11Уй11гм2 ^  II/Hlm2 о̂г 0 ^  ^ ^  / е ^м2(^Х
then W^1(Rn) is dense in W^2(Rn).

Proof. By assumptions, C®(Rn) is dense in W^2{Rn) and Cq (R") 
c  WSJJR") (see [4]).

5.5. Rem ark. If condition (v) is satisfied, then for every compact set 
В a  Q , L00 (B) c= LM(B). Conversely, if L00 (B) c= LM(B) for every compact 
set В c= Q, then the N- function M( t , u ) with parameter t satisfies condi­
tion (v).

Proof. П°(В) is the Orlicz space generated by the «^-function without 
parameter

(p(u) =
0
oo

if M < 1, 
if \u\ >  1.

The function q>(u) has infinite values for |w| > 1 and does not satisfy 
condition: (p(u) = 0 implies и = 0. But such (^-functions were also con­
sidered by A. Kozek in [7] and [8]. By Theorem 1.8 from [8], we have

(5.2) M( t , u ) ^  q>(Ku)+h(t), V и ^  0, V fe£ \A , ц(А) = 0

with an К > 0 and a non-negative function fieL ^B ). If Ku ^  1, i.e. 
и ^  1 /К,  then by (5.2), we obtain

(5.3) M ( t , u ) ^ h ( t ) ,  V t e B \ A ,  fi(A) = 0,

i.e. condition (v) holds with u0 =  1 /К.  The first part of the remark is 
obvious.

I am much indebted to Professor J. Musielak for his kind remarks 
during preparation of this paper.
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