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Abstract. In this paper we prove the uniform boundedness of the operators of co-
nvolution in the Musielak-Orlicz spaces and the density of C§°(R"™) in the Musielak-
Orlicz-Sobolev spaces by assuming a condition of Log-Hélder type of continuity.
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1. Introduction. Let 2 be an open set in R™ and let ¢ be a real-valued func-
tion defined in © x Ry and satisfying the following conditions :
a) ¢(z,.) is an N-function [convex, increasing, continuous, ¢(z,0) = 0, p(z,t) > 0
forallt>0,@%0asta(), @Hooastﬂoo]
b) ¢(.,t) is a measurable function for any t € R.
A function ¢(x,t) which satisfies the conditions a) and b) is called a Musielak-Orlicz
function.

We define the functional
0p.0u) = /Q o, [uz)]) e,

where u : Q — R is a Lebesgue measurable function. In the following the measura-
bility of a function u : Q — R means the Lebesgue measurability.

The set
K, () ={u:Q — R mesurable /g, o(u) < +o00}

is called the generalized Orlicz class.
The Musielak-Orlicz space (the generalized Orlicz spaces) L, (§2) is the vector
space generated by K, (), that is, L,(f2) is the smallest linear space containing
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the set K, (€2).
Equivelently:

L,(Q) = {u : 2 — R mesurable /o, o |u(/\x)|) < 400, for some A > O}

¥(x, s) = sup{st — p(z,t)},
>0

that is, ¢ is the Musielak-Orlicz function complementary to ¢(x,t) in the sense of
Young with respect to the variable s.
In the space L,(€2) we define the following two norms:

||| o0 = inf{A > 0//Q<p(m “(;)')dx, <1}

which is called the Luxemburg norm and the so-called Orlicz norm by :

Iiellse = snp /m 2)\d.

||'U p<l

where 9 is the Musielak-Orlicz function complementary to ¢. These two norms are
equivalent [19].

We say that a sequence of functions u, € L, (f2) is modular convergent to
u € L, () if there exists a constant k > 0 such that

Up — U

A op.0(=—) = 0.

For any fixed nonnegative integer m we define
W™ML,(Q) = {u € L,(Q) : V|a| <m D*u € L,(2)}

where a = (a1, ag, ..., @, ) with nonnegative integers «; |a| = |ag| + |aa| + ... + ||
and D®u denote the distributional derivatives. The space W™L, () is called the
Musielak-Orlicz-Sobolev space.

Let

_
0p.0(u Z 0p.0(D%u) and [[ul| o = inf{A >0:702, (<

3 <1

o] <m

for u € W™ L, (). These functionals are a convex modular and a norm on W™ L, (12),
respectively, and the pair < W™ Ly (Q), |[ul|q > is a Banach space if ¢ satisfies
the following condition [19]:

(1) there exist a constant ¢ > 0 such that insf2 plz,1) > c
Te
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We say that a sequence of functions u,, € W™ L () is modular convergent to
u € W™L,(Q) if there exists a constant k > 0 such that

'n,h~>n;o Qsp’ ( k’

For two Musielak-Orlicz functions ¢ and 1 the following inequality is called the
young inequality [19]:

(2) t.s < p(z,t) +¥(x,s) for t,s >0, © € Q

This inequality implies the inequality

(3) lulllp.0 < ep0(u) + 1.

In L,(£2) we have the relation between the norm and the modular :

(4) Q < Q%Q(u) if ||UH%Q >1
(5) HMM 2 0p,0(u) if |ul|po <1

For two complementary Musielak-Orlicz functions ¢ and ¢ let u € L,(2) and
v € Ly () we have the Holder inequality [19]:

(6) | / 2) dz) < |[ullp.0lllo]lly.0.

In this paper we assume that there exists a constant A > 0 such that for all
z,y € Q: |z —y| < 5 we have :

%
< tlog(i\zfyl)

o(x, )
@ o(y,t)

forall t > 1
For examples of Musielak-Orlicz functions which verify (7 ) see §Examples.

The aim of this paper is to prove the density of space of class C*° functions
with compact supports in R" Cg§°(R") in the space W™ L, (R") for the modular
convergence, under the assumption (7).

Our result generalizes that of Gossez in [14] in the case of classical Orlicz spaces
and that of Samko [21] in the case of variable exponent Sobolev spaces W) (R™).

A similar result has been proved by Hudzik in [16] and [17] by assuming the
following condition:

®) /M AT K/M o |f (@
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for all function f € Ly (R™),where fe is a regularized function of f. In our paper
we don’t assume any condition of type(8).

For others approximations results in Musielak-Orlicz-Sobolev spaces and some
applications to nonlinear partial differential equations see [9].

And for nonlinear equations in classical Orlicz spaces see [1], [2], [3], [5], [6], [8],
[10], [13], [11], [15], [12] and references within.

2. Main results. Let K(x) be a measurable function with support in the ball
Br = B(0, R) and let

1 T
K = —K(—).
() on (6)
We consider the family of operators
) Kef(@) = [ Kela=9)1() dy

We define

Qr ={z € R" : dist(x,Q) < R} 20,0 < R < 0.

THEOREM 2.1 Let K(z) € L>(Bg) and let ¢ and 1 be two complementary Musielak-
Orlicz functions such that ¢ satisfies the conditions (1), (7) and

(10)  if D C Q is a bounded measurable set, then / o(z,1)dzr < oo.
D

And 1 satisfies the following condition:

(11) P(x,1) < C a.e in Q.

Then the operators K. are uniformly bounded from L,(€2) into L,(Qr), namely

(12) ||K€f||§979R < CHfHAP,Q Vf € LAP(Q)’

where C' > 0 does not depend on €.

REMARK 2.2 For any Musielak-Orlicz function ¢ we can replace it by a Musielak-
Orlicz function % which is globally equivalent to ¢ such that @(x,1) + ¥(z,1) = 1,
where 1 is the Musielak-Orlicz function complementary to % (see [20], §2.4). Hence
by (1) we may assume without loss of generality that the condition (11) is always
satisfied.
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THEOREM 2.3 Let ¢ and K(x) satisfy the assumptions of theorem 1 and

(13) K(y) dy=1.
Br

Then (9) is an identity approximation in L, (), that is,

(14) 3A>0:g%g%%(@) =0, f € L,(Q).
Let
1
) 0= SN i "0

COROLLARY 2.4 Under the assumptions of Theorem 2.1 ,

fe_f
A

(16) hn% 24,9 ) =0 for some \ > 0.

REMARK 2.5 . The statement (16) is an analogue of mean continuity property for
Musielak-Orlicz spaces, but with respect to the averaged hiftéperator (15).

COROLLARY 2.6 Under the assumptions of Theorem 2.1 with @ = R", C§°(R"™) is
dense in L,(R™) with respect to the modular topology.

THEOREM 2.7 Let ¢ be a Musielak-Orlicz function which satisfies the assumptions
of Theorem 2.1 with = R"™. Then C§°(R") is dense in W™ L,(R"™) with respect
to the modular topology.

Examples. Let p : Q — [1,00) be a measurable function such that there exist
a constant ¢ > 0 such that for all points z,y € Q with |z — y| < we have the
inequality

1
2
C

Ip(z) — p(y)| < Tog(—)’

|z—y|

Then the following Musielak-Orlicz functions satisfy the conditions of Theorem 2.1

1. p(z,t) = tP@ such that sup,c p(r) < oo,
2. @(x,t) = tP@ log(1 + ),

3. p(z,t) = t(log(t + 1))P®),
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4. p(x,t) = (e)P®) —1.

3. Proofs.

PROOF (OF THEOREM 2.1) .
We assume that

(17) fllg.0 <1

It suffices to show that
(18) conn(Kef) = [ ola [ Kef@))dn < c
R
for some ¢ such that 0 < ¢ < e < 1, and ¢ > 0 independent of f.

Let

be any partition of Qg into small parts w¥ comparable with the given &:
diam W% <e, k=1,2,3...,N = N(e).
We represent the integral in (18) as

(19) gean(Kef) = /w“’ \/Kx— (y) dyl)dz

=1

We put

(20) o (t) = inf{p(z,t),z € Ok 5} <inf{p(zx,t),z € wg}

where some larger partition Q% D w’ will be chosen later comparable with ¢ :

(21) diam Q% <me ,m > 1.
Hence :

N

(22)  op,0n(K:f) = Ar(z,e) eu(l | Ke(z—y)f(y) dyl) dx

©,Q I;A k k: /
where \f V(o) dy)
A = Q2 Y

() \fQ 370 )

We shall prove the uniform estimate
(23) Ag(z,8) < ¢, € wh

where ¢ > 0 does not depend on x € wh, k and € € (0,£°) with some €° > 0.
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By (6) we have
ow.e) = | [ Ke—ni@ il < 5 [ o wldy

M
< e lixeagllle

where M = supp, [K(y)|.

By (3) and the condition (11) we obtain

(24) IxBerllly < colBer| +1 <2 +1

for 0 < e < |B(0,1)|" % := &9 .

Hence

(25) a@¢)<§5

We observe now that by (7) and (20) we have

A

(26) @(xvt) QO(LL‘,t) < tlog(ﬁ>

ent) (&)

where x € wh, & € Q%. Evidently |z — &| < diam Q% < me .

Therefore,
pla, a(z,€)) =4S
A’f x7g - . N g « Jj,&‘ log(”LE)
( ) @(flﬁ a(:E?E)) ( ( ))
A A A
(27) < (Clafn)bg(ﬁ) < (Cl)log(%) (gfn)log(#)

under the assumption that 0 < & < 5= := €.

Then from (27)

(28) Ap(z,e) < ¢4 := c3€®™, 5 = (1) "5

for x € wf% and

1
(29) 0<e< — =

Therefore, we have the uniform estimate (23) with ¢ = c3e?™* and 0 < ¢ <

V) €% = minicrcse?, €9 being given above.

e’, €
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Using the estimate (23) we obtain from (22)

N
(30) oK f)=c¢ (I | Ke(z—y)f(y) dy|)dx .
0.0 ,;/w;%/n y)f(y) dy

So by the Jensen integral inequality we obtain

Q@,QR(KEf) < ngzl f‘y|<€R ‘Ke(y”dy fwf? ka(f(x - y))d.’E

(31) - czgzl f\y|<R | K (y)|dy fx+eyew’§ or(f(x))d

Obviously, the domain of integration in x in the last integral is embedded into
the domain

(32) U {z:z+ycwh}
YEB, R

which does not depend on y. Now, we choose the sets Q¥ in (20), which were not
determined until now, as the sets (32). Then, evidently, Q% D wf—i, and it is easily
seen that

(33) diam Q% < (14 2R)e
so the requirement (21) is satisfied with m =1+ 2R .

From (32) we have

0p0n(Kef) <Xt [yycn K@)y [y ox(f(@)da
<

3 S KWy S0 fog gy 21 ()

In view of (33), the covering {wy, = Q% NQ}Y_ | has a finite multiplicity (that
is, each point = € € belongs simultaneously to not more than a finite number ng of
the sets wg, ng < 1+ (14 2R)™ in this case ) .

Therefore,

(35) opan(K-1) < ¢ /Q Bz, f(z) de,

where
95('7;) t) = mia‘X Pi (t)v

the maximum being taken with respect to all the sets wy containing x. Evidently,
P(x,t) < p(z,t) VYo e Q.
Then from (35) and (17) we arrive at the final estimate

(36) 0pn (Kof) < 5 /Q (o, f(2) da < cs. .
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PROOF (OF THEOREM 2.3) .

To prove (14), we use the Theorem 2.1, which provides the uniform boundedness of
the operators K, from L, () into L,(Q2r). Then by the Banach-Steinhaus theorem
it suffices to verify that (14) holds for some dense set in L,(f2). So, it is sufficient
to prove (14) for the characteristic function yg(x) of any bounded measurable set
E C Q[19]. We have

K.(xe)(r) — xe(z) = : E(y)xe(r —ey) — xe(v)]dy,

Hence for A > 0

N el R e e

<[ k([ o St e - xpdndy .

by the Fubini theorem and the Jensen inequality. Hence by the condition (10) and
the Lebesgue dominated convergence theorem we obtain (14) for some A > 0.

PROOF (OF COROLLARY 2.4) .
To obtain Corollary 2.4 from Theorem 2.1, it suffices to choose K (y) = WXB(OJ) (y)

PrROOF (OF COROLLARY 2.6) .
Let xn(2) = xB(0,~) (). Then the functions fV(x) = xn(z)f(z) have compact
supports and for the approximate of f(z) € L,(R™) by f~, we have :

=N e (LI e — LI
eoret 500 = [ et e = [ e Thae 0

as N — oo.
Therefore, we may consider f(x) with a compact support in the ball By from the
very beginning. To approximate the f(z) by C§°, we use the identity approximation

(37) fe(x) = RnKs(Ift)f(t)df: ” 1K(y)f(fv*€y)dy

where k(y) € C5°(R™) has its support in the ball By and satisfies

K(y)dy = 1.

lyl<1
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Then, evidently, f.(z) € C*°(R"™) and has a compact support because f. = 0 if
|x] > N +e.

Therefore, for € < 1, there exist some A > 0 such that

(38) o) = o (FL70) 0 .

as € — 0, by Theorem 2.3.

PROOF (OF THEOREM 2.7) .
The proof follows from Theorem 2.3 and Corollary 2.6 in two steps.

1. Let f(z) € W™L,(R") and let pu(r), 0 < r < oo, be a smooth step-function
sp(x) = 1for 0 < |z| < Lp(z) =0 for |z| > 2, plx) € CP(R™) and
0 < p(x) < 1. Then
N T m n
(39) fo() = u() () € WL (R")

for every N € Ry and f" has compact support in Boy.
The function (39) approximate f(x) in W™ L, (R"). Indeed, denoting vy (z) =

1 — p(5), we know that vy (z) = 0 for |z| < N, so using the Leibnitz formula
for dlfferentlatlon, we have for A > 0

N y
=) = Y g (2D

A
l7l<m
D¥(wn) DI f
= Y sl 3 2P,
l7l<m 0<k<y

N

S Y dop (PP,

|7]<m 0SSk

Y Q%RR(M)

, A
l7l<m
Di~kf

D M IPRRCE L

l71<m 1<k

vnDI(f

< Z ¢, ( = )\( ))

l7l<m

L
e > |k|9wR" h\ f)~

171<m 1<k



A. Benkirane, J. Douieb, M. Ould Mohamedhen Val 119

(1]

2]

Hence there exist a A > 0 which depend to m, n such that each term on the last
hand side goes to Zero as N — oo, the first one by the Lebesgue dominated
convergence theorem and the second one by direct examination.

. By step 1 we may consider f(z) € W™L,(R") with compact support. Then
we arrange the approximation (37), evidently, f. € C5°(R™). Indeed, for any
j we have

1

(40) Djff(x):W/Kl(DjK)(m_t

)f(t)dt € C=(R")

and f.(z) has compact support because f.(z) = 0 if |z| > 1 + (3, where
ﬂ = Supresuppf |CU|

We have

_f Dif - K.(DJ
@@,Rn(f )\f) < Z QW,R”(M)
l7l<m
D/ f — K. (D’ f)
= oo (—————)
Ing - A

where Q; = {z : dist(z,Q) < 1}, Q = suppf(z). It suffices to apply Theorem
2.3. [ |
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