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Asymptotic behavior of the solutions of an 
n-th order difference equation

Introduction. The asymptotic behavior of the solutions of the n-th order 
differential equations have been considered by T. G. Hallam [3 -4 ] and W. F. 
Trench [7]. Similar problems with regard to the second order difference 
equations were investigated by J. W. Hooker, W. T. Patula [5], A. Droz­
dowicz [1] and to the n-th order by J. Popenda [6]. This paper is 
a generalization of the result obtained by A. Drozdowicz and J. Popenda [2] 
for second order difference equation.

In the present paper the asymptotic behavior of the solutions of m-th 
order difference equation

(E) Am x„ + p„f{x„) — 0, m is a positive integer

will be considered. A necessary and sufficient condition for the existence of 
a solution x of (E) which has the asymptotic behavior

(AB) lim xn = C,
/1-+ 00

where C is a constant such that /(C) # 0  will be proved.
Let N denote the set of positive integers, R the set of real numbers. 

Throughout this paper it will be assumed that / :  R^> R is continuous and 
p: N -*■ R + и  {0}. Next for a function a: N  -» R one introduces the difference 
operator A as follows:

Aa„ = an+1-a„, Aman = A (dm_1 an), where an = a{n), neN .  

Moreover, let = 0.
One can observe that if /  is defined and finite on R then there exists 

a solution of (E) for any initial values: x0, ..., xm.

1. A necessary condition

T h eo rem  1. A necessary condition for the existence of a solution x of 
(E) which has the asymptotic behavior (AB) is
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(NS) YJjm' 1Pj <oo.

Proof. Let x denote a solution of (E) having property (AB), i.e. xn->C 
for n -* oo. Then

(1.1) dx„-> 0, d 2 x„ -> 0 , . . . ,  Amxn -* 0 as n -* oo.

Assume that /(C) > 0. (The case f(C ) < 0 can be proved in a similar way.)
The continuity of /  implies that there exists г > 0 such that f(t) > 0 for 

t e / :  = [C —e, C + е]. Since x„ -* C as n -> oo, there exists n1 = N (e) such that 
xne l  for all n ^  nt . Therefore

(1.2) /(x„) ^  C0:= min f(t) > 0 f o r n ^ n l .
te l

By summation of (E) over n and using (1.2), one obtains
л— 1

Am~1 xn — Am~1 xk ^  — C0 £  Pj î o r n ^ k ^ n 1.
j=k

In view of (1.1),
00

(1.3) Am~1 xk ^  C0 Y_ Pj for any к ^  n1.
j = k

Therefore, the series
oo

(1.4) £  Pj is convergent.
j= k

By summation of (1.3) over к we obtain

Am- 2xn- A m~2xs ^  C0 £  f > y.
k = s j = k

In view of (1.1) we get
00 00

C 0 Z X P j  < ~ A m ~ 2 x s < oo.fc=sj = k

Hence the series Х*=®Х./=*Т/ is convergent.
Changing the order of summation, we have

00 00 00
CoX  Y, Pj = C o U t i + i - ^ P j ^  ~ A m~2xs,

k —s j = k  j ~ s

The next summation (using (1.1)) gives

Co f J {j + 2~S)Pj ^ ^ m" 3Xs, 
j = s
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Repeating the above reasoning, we find
n — 1 00

Со I  1 Г -2(х„-х„,),fc = Щ j  = k

Tending with n to infinity, we obtain
00  00

Со Z  i r s : I ' * ) p ^ ( - i r ' 2 ( c - x j .
k = m  j  = k

Changing the order of summation, one can show that
00

c 0 Z
j  = ni

Hence the series

(1.5) £  ni)Pj is convergent.
J = ni

It is easy to show that the condition
q -1

( 1.6) /  = «!(JT ‘)+  Z  ( ? - l - f ) ! ( * - 9  + r)(-<+| l } = r ‘) /
r = 0

holds for arbitrary j, к, qeiV.
One can observe that for r = 0, — 1, IceiV, the inequality

q — i — r — k < 0 holds, too. Hence
1(1.7) 1

( q - 1 -г)!
Let q ^  1. For q = 1, the convergence of the series Pj was shown

in (1.4). Assume that the series Yj=nJq l P j  is convergent for some q ^  m— 1. 
Then by virtue of (1.5), (1.6) and (1.7) it follows that

oo oo oo q — 1

Z j q P j  =  Z  <ll (j+qq ~ k) P j +  Z  Z  (il - ^ - r ) l ( k - q  +  r)(j+9qZ \ Z r- k) j r p j
j  = k j  — k j  = k r — 0

 ̂ . £ n + q - k \  , - r ) \ ( k - q  +  r) £ .e_1 ^
<«! Z(' \  ) P j + l  -----7Z-- ]-- Tj----- Z/ 1 P j < « > -

Therefore the series Y j = k J 9 P j  is convergent. If q = m — 1 then it follows that the 
series l P j  convergent, too. ■

2. A sufficient condition
T h e o r e m  2 .  Let for every k e N

(51) ((iR + pkf): R-+R if m is even,
( 5 2 )  \(iR — Pkf): R ~ * R  if m is odd
be surjections. (iR denotes here the identity function on R.)
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A sufficient condition for the existence of a solution x of (E) which possesses 
the asymptotic behavior (AB) is (NS).

Proof. The case /(С) > 0 will be considered. (The case /(C) < 0  can be 
shown in a similar way with some modifications.)

Let (NS) hold. Hence

(2.1) lim 1 Г " Р ,  = 0.
n “► 00 j  — n

One can observe that the sequence \Yj=njm~l Pj}^=i 1S nonincreasing. Anal­
ogously as in the proof of Theorem 1, there exists an interval 
/ :  = [C — e, C + e] (e > 0) such that /  is positive on /.

Denoting Ct := maxteJ/(f), from (2.1) it follows that
oo

Ct £  j m l Pj ^  8 f°r all w ^  N(b, Cj).
j  = n

Let
\00

n2 = max {min {ne N: Cl £  / ”_1 pj ^  e}, m— 1}.
j  = n

Next let lœ denote the Banach space of bounded sequences x = {hi} f i l with 
the norm ||x|| — supi^ l \hi\.

Moreover, let us define the set T a  lx as follows:

(2.2)

where

x = {hi}?=l e T if
hk = C for к = 1, 2 , . . . ,  n2 — 1, 

for n2

!*■■= [ c - c ,  Х Г “ Ч >  c + c ,
j = k  j —k

k >  l i ­

lt is easy to show that T  is bounded, convex and closed in lo0. The fact that 
T  is compact will be shown.

Let us write diam [a, b] = b — a, a, b e R. By virtue of (NS) it follows that 
diam I„ -»• 0 as n -► oo. Let us choose any £* > 0. If £j is such that diam h 2 < 4  
then v = {С, С, C, . . . J e /д, is an £r net.

The case diam /^ ^  ^  will be considered. Let n3 ^  n2 be such that 
diam/^ ^ б !  and diam/„3 + 1 < e1. (In any case one can find n3 because 
diam /„ -► 0 as n -> oo.) Then it is easy to show that the set of elements of the 
space of the form

WSl,S2,.
,из —П 2+ 1
■ ,Sn3 - n 2 + 1 {C, • • • » C, C + Sj 8j , ..., C + s„3_ n2 + j  , C, ...}
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where

st = 0, ±1, ± 2 ,. . + r{ : = En
diam J„2 + i_1 

2et +  1, i — 1, 2 ,. . . ,  n2 — n2 +1,

forms an fij-net. (En denotes the entier function.)
One can observe that there are n3 —n2 + l intervals Ik for which 

diam ^  e1. In every interval Ik we take 2rk +1 values which differ from C by 
an integral multiple of et and do not exceed the borders of Ik. Next we take all 
permutations of these values such that the first element belongs to In2, the 
second to I„2 + 1 and so on, and the last one to Iny One can observe that the 
number of these permutations is equal to + 1 (1 + 2rt). Therefore

card { v ^ 2;;:X3"2n+J i}  = f î  0  + 2rù <
;=i

Hence the e^net is finite. By the Hausdorff theorem, T is compact. 
Let us define the operator A on T in the following way. For any x e T  

(defined by (2.2))
Ax = y = {bu  b2, ... , bn2, ..., bk, ...},

where r
C „ for n = 1 ,2 ,... , n2- 1,
c - E ( J+s = r n) p , m for n2, if the order of the

IIe J-n00 equation (E) is even,
[C + I ~")Pjf(h), for n2

j = n
к if the order m is odd].

The case where m is even. We shall show that A is a function from T  to T. 
By observing that Ik cz I it follows that 0 <f{hk) ^  Ci for к ^  n2.

For к ^  n2 and j  ^  k, the inequality

(2.3) 0 < ( j  A- m — 1 — к m~ 1 )Pjf(bj)
•m — 1

c ' l'i ri f  1
(m— 1)! C ,P j

holds. Hence
00  00

С ^  С -  X (J+Z - \ - k)Pjf{hj) > C - C 1 Y r - ' p j .
j=k j=k

This means that bk e Ik for к ^  n2. Therefore, у e T.
Next we shall show that A is continuous. Since /  is continuous on R, it is 

uniformly continuous on J. In view of this fact, for each e2 > 0 there exists 
<5X > 0 such that the condition \tt —12\ < Ôt implies \f{ti) —f ( t2)\ < e2. Con­
sider the sequence {xa} ®= j , xae T  such that
(2.4) ||xa — x°|| -> 0, i.e. sup |fi“ — -> 0 as a -*• 00.

nZ 1
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From (2.4) it follows that there exists n4, = N(31) such that 
||xa —x°|| < <5ls i.e. sup|h“ — h°\ < 3k for a ^  n4.

nïs 1

Hence, for every a ^  nA and for each ieN, |/i“ — hf\ < 3k. Then for a ^  n4 

\\Axa-Ax°\\ = sup|b“*-h?|
n >  1

00 00
= suP | £  (■'+: i 1r " )p J/(ft;)- E  (j+;ir")Pj/№ ?)|.

П>П2 j ~ n  j ~ n

where b° = Ax°, ba = Axa.
Since the series ^]°=„(i+m-î~п)Р}/{Щ), Ij°=„(j+m-\~n)Pjf(h^) are con­

vergent (which follows from (2.3)), we have

|Их“—Tx°|| ^  s2 £  (j+mm~-\~n2)Pj, cc^n4.
j = n i

Hence A is continuous.
By the Schauder fixed point theorem, there exists in Г a solution of the 

equation x = Ax. Let z = {dt , d2, ..., dn2_1, dn2, ...} denote such a solution. 
Since z e T ,  it can be written as follows:

z {С, C, . . . ,  C, dn2, dn2 + i ,  . . . } ,

and
00

Az = {C, C, . ... C, C -  E (i+zr-\-ni)Pif(,d) ,
j  = rt2

00

C -  E (J+”m-" r2)Pj/(dЛ -..} .
j  = n2 + 1

This means that
00

(2.5) d„+k = С -  E  for k >  0.
j  = n2 +k

Using the operator A to (2.5) m times, one obtains
Amdn2+k = ( - \ r Pn2+kf(dn2+k), k ^ O .

This means that the sequence {d„}™= x fulfils equation (E) but for n ^  n2 only. 
Now the existence of the solution {x„}̂ °= ! of (E) such that x„ = dn for 
n2 will be proved. One can observe that (E) can be rewritten in the form

x n +  Pnf { x n) =  - x m+„ +  (T)xm+n_1-(^ )x m+„_2+ ... - ( - l ) M_1(m* 1)xII+1.
If n — n2 — 1 then one gets
(2.6) x„2_1+p„2_1/(x„2_1)

=  - * m + „2- i + ( l ) * m + „2- 2 +  • ■ • ( I)”* 1 (m— l) Х П2-
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But we require xn to be equal to dn for n'$^n2. From (2.6) one obtains

*„2- i+P „2- i / ( * „ - i )  = - d „ +„2_1+ O d m+̂ 2+ . . . ~ ( - i r - l L n-i )dn2.
By virtue of (SI) it follows that the equation

x + P m - i f W  = - dm+n2- i + ( ’i)dm+n2- 2+ ••• - ( - l ) M_1(m-i)rf„2

has solutions. Let us denote one of them by xn2_!.
Analogously, one can calculate x„2_2, x„2_3, ..., x2, x t one after the 

other. In consequence one gets a sequence which fulfils (2.6), i.e. which fulfils 
(E), too. Moreover, this sequence is identical with {z„} j for n ^  n2 and it has 
the asymptotic behavior (AB) because limn̂ 00dn = C.

The case where m is odd. In a similar way as in the proof of the case 
where m is even but with some modifications one can show that A is 
a function from T  to T and A is continuous. Using Schauder’s fixed point 
theorem, analogously as above one finds that

oo
z = Az = {C, .... C, C+ X r V - ' f ”2)Pjfihj),

j - n 2

00
c +  I  e ^ m- - r 2)Pjf(hj),...}.

7 =  7 1 2 + 1

This means that
00

(2.7) d„2+t = C+ £  (i+m~m1- 7 2~k)Pjf(àJ), k >  0.
j  -7 1 2  +  к

Using the operator A to (2.7) m times yields

Amdn2+k = - p n2+kf{d„2+k), k ^ O .

Hence the sequence ( z j  *= ± fulfils (E) but for n2 only. Recalling that m is 
odd, one can observe that (E) can be rewritten as

X n ~ P n f ( X n .) =  ^m + » - ( T ) X m + » - l + ( z ) ^ *  + H- 2 -  +  ( ~  1 Г “  1 (тт , - l )  x .

Reasoning similarly to the case where m is even but using (S2), one can 
calculate x i, xni_2, ..., x 2, x x one after the other.

In consequence one gets a sequence which fulfils (E) and which is identical 
with {z„}®=1 for n ^ n 2. It has the asymptotic behavior (AB), too. ■
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