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Additive and countably additive correspondences

Set-valued measures (or countably additive correspondences) have
been intensively studied for their own sake, and in connection with their
applications, for about fifteen years now. The main interest has been
focused on those arising as integrals of correspondences (see e.g. [2],
{71, [12], [13], [24], [39], [40], [43] and references therein). However,
it seems that such important topics from the theory of vector measures
as, e.g., the extension problem, convergence theorems, boundedness,
have not been investigated in case of correspondences. The purpose of
this paper is to fill in this gap, to some extent.

The first two sections are of preparatory character; in Section 2
much attention is paid to a theorem discovered by Radstrom [37] and
generalized by Hormander [26], but in the finite dimensional case essen-
tially due to Minkowski (cf. [5]), which appears to be a very useful tool
in studying bounded-valued correspondences. This was apparently ob-
served first by Debreu [12], then used also by Valadier [43]; see also [25].

In Section 3 we discuss additivity, countable additivity and some
other properties of correspondences. Though most of the results stated
here remain valid for group-valued correspondences, we restrict ourselves,
in Section 3 and throughout the paper, to those taking on values in locally
convex vector spaces.

In Section 4 our main task is to prove the extension Theorem 4.5,
an analogue (also as concerns the method used) of the corresponding
result for vector or group valued measures [16].

In Section 5 we seek conditions which ensure boundedness of the
range of a set correspondence. Also, we establish here the Saks type de-
composition of correspondences, and generalize a result of Diestel [14].

The results in Section 6 are of Lapunov-type: they were inspired
by results of Tweddle [42], Schmeidler [39], [40] and Artstein [2] (cf.
also [8], [9]).

Section 7 contains the Vitali-Hahn—-Saks and Nikodym type theorems.
on convergent sequences of correspondences, and an analogue of Nikodym’s.
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uniform boundedness theorem. All of these are almost immediate conse-
quences of the Minkowski~-Radstrom—Hormander theorem.

In Section 8 we consider the problem of the existence of a control
measure for an additive correspondence, and in connection with this
the existence of additive selections.

1. Basic notation used throughout this paper is as follows.

X denotes a Hausdorff locally convex topological vector space, T
its topology, X’ the topological dual of X. U is a generic notation for
a member of a base % of absolutely convex closed neighborhoods of the
origin in X. & (X) is the family of all non-empty subsets of X; #(X),
€(X) and o (X) are the families of bounded, closed, and closed bounded
convex sets in of (X), respectively. Instead of {0} we will usually write 0.
The closure [resp. convex hull, closed convex hull] of a set 4 in X is
denoted 4 or A~ [resp. cod, coA].

For the moment, let ~ denote the equivalence relation on & (X)
defined by

A~B iff 4=B5B.

Then the quotient « (X)/~ may be identified with € (X). Further,
the usual addition (A4, B)-—+>A + B in & (X) agrees with ~, that is 4, ~ By,
A, ~ B, imply A,+ A4, ~ B,+ B,. Therefore, {«/(X), +} admits a fac-
torization by =, and the resulting quotient semigroup may be identitied

with (€(X), ié]—), where the new addition is defined by
A+B =(A+B)" (=(4+B))

(cf. [26], p. 182, and [25]). Recall that 4 +B — A + B if one of the sets
A, B is closed and the other compact ([31], § 15.6 (10)). The symbol *}’

used for finite sums or series will indicate that the addition involved is .

N denotes the set of positive integers, #(N) the family of all its
subsets; B = (~— oo, co).

Z denotes a ring of subsets of a set §. Whenever it is clear from a con-
text that a set, say E, is (or should be) taken from %, we avoid writing
“HeZ’ or so.

M always denotes an X-valued correspondence defined on %, i.e.
a function Z->o(X), such that

M(G) = 0;

then M, M, coM, coM are the correspondences defined by the formulas

v

M(B) = U{M(F)|F < B},
M(E) = (M(E)~, (coM)(B) =coM(E), (coM)(E) = coM(B).
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Any additional conditions on X, #, M will be imposed explicitly
only when necessary.

The reader is referred to [16]-[20] for information about submeasures,
Fréchet—Nikodym topologies, and some terminology used there for usunal
set, functions. This terminology will be extended here to case of correspon-
dences.

2. A topology on «/(X), the Minkowski-Radstrom-Hoérmander the-
orem and series of sets. Let 1l be the invariant uniformity on X com-
patible with 7. Then the exponential ewtension of W to o (X) is defined

to be the uniformity U on &/ (X) determined by the families
* *
E(U) ={A,B)e I ( X)XA(X)A<cB+U,Bc A+ U}, Ue

as a base of vicinities. ( —*i— may be replaced by -+.)

The topology on «/(X) associated with ﬁ, the uniform ewponential
extension of 7, will be denoted 7. The symbols 1 and 7 will be also used
to denote the induced uniformity and topology on any subfamily of .« (X)
(cf. [6], Exercises to Chapter 2; [32], [33]). Thus if A,e o (X), then the
families

(U, Ag) ={AdeL(X)|(4, Adg)e 6(U)}, Ueu,

form a base of 7-neighborhoods of 4, in =/ (X).

We note that the mappings (4, B)—>A4 +B, A—>A, A—>cod, A—coA
are uniformly continuous.

If ~ is the relation considered in Section 1, then ((g (X), ) may be
identified with (& (X), 7)/~, and (¢(X), 1~I,‘ with the separated uniform
space associated with (#(X), Y).

If X is metrizable, then (Jai (X)), 1~I) is semimetrizable, e.g. via the
known Hausdorff distance between sets; if, besides, X is complete, then
80 is ¥(X). In the particular case where 7 is determined hy a norm | |},
the Hausdorif distance is given by the formula

I4, Bl = inf{ > 0|4 ¢ B+tU,, B c A+iU,},

where U, = {#eX]| @]l < 1}.

The families of convex, or bounded, or compact members of % (X),
as well as the intersections of these families (and many others) are closed

* ~ . . * -

subsemigroups of (¥(X), +; 7). On 4 (X), the addition + together with
the usnal multiplication (¢, 4)->?4 by nou-negative reals (which is associa-
tive and distributive with respect to --) define the algebraic structure
of an “abstract” convex cone.
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The semigroup # (X) has the significant property that the law of
cancellation

(1¢) AYB=C1B =>4 =0

holds in it. This fact, first observed by Radstrom for the usual addition
+ in a normed space X, allowed him to embed algebraically and iso-
metrically some ‘“‘cones” of closed convex subsets of X, endowed with
the Hausdorff distance, into appropriately defined normed vector spaces
[371.

Soon afterwards, this was generalized by Hormander [26] who proved.

that if (X, 7) is a locally convex vector space over R, then (/' (X), 7|
can be identified with the cone

A = {E 4| Ae #(X)}
of the real vector space
¥ ={K,—Kgzld, Be 4 (X)}
equipped with the locally convex topology of uniform convergence on
z-equicontinuous subsets of X’. And he observed that when dim X < oo

this result is essentially due to Minkowski (cf. [5]). Here K, : X >R
is the support function of 4 which is defined by

K (2') =sup{a'(v)|wecd}.

The original construction of Radstrém, in which X’ does not appear
has been recently modified in [25] to treat that general case. It seems
worthwhile to present briefly a version of that construction in which
neither X’ nor the seminorms defining 7 (as in [25]) will be used.

We start by proving that:

(leg) If Ae o (X), Be B(X) and C is a closed convex subset of X, then
A+BcO0iB=4cC

(cf. [37]), Lemma 1). Evidently, (lcg) = (le).
Take any Ue %. Then

A+B<C+B4+U.
Let aed, and choose any b,e¢ B. Then
a-+b; =c¢;-+by+uy for some ¢,¢C, bye B, u,¢e U,
a-+by = ¢+ by;+u, for some c,eC, bze B, uye U,

and so forth. Hence

1 1 1
(ex4-oc+6,)+ = (bpyy—by)+—(uy+...+u,), nel.

a —
n n n

I
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Hence, by boundedness of B and convexity of ¢ and U,
aeC+20.

Sinee C is closed, we conclude that aeC. This proves (leg).
Now consider the product-semigroup #3(X) = # (X)X #(X) and
the equivalence relation ~ on it, defined by

* *
(44, By) ~(4,, By) iff 4,+B, = B;+4,.

The addition in #%(X) agrees with ~, hence B(X) = #?(X)/~ is a
semigroup under the addition i defined by
(4, B) 1 (0, D). = (410, B D)_;

{E, F). denotes the element of B (X) determined by (¥, F). Since (4, B). —T-
:—(B, A). =(0,0). = 0., the zero of R(X), (B, A). is the negative of
(4, B). relative to -+; notation: (B, 4). = *(4, B).. Thus (R(X), +)
is an abelian group. Since the mapping A—(A4, 0). is an isomorphism
of (o (X), jel—)in’co (R(X), —?), we can identity each 4e % (X) with (4, 0).
¢ R(X). Since (4, B). = (4, 0} (0, B). = A* B, we see that

It is now obvious that E(X) is a smallest, up to isomorphism, abelian
group which contains # (X).

We should note that the negative *-4 in R(X) of a member 4 of
A (X} does not coincide with — 4 = {—ajacd} unless A has only one
point.

For each Ue % let

E(U) ={(4, B).< B(X)|(4, B)e &(U)};

E(U) is well-defined because using (leg) one easily verifies that if (A, B)
e &(U), (0, Dye #*(X) and (C, D) ~(4, B), then (C, D)e &(U). Then
{B(U)|Ue%} is a base of symmetric neighborhoods of 0. for a group
topology, »(z), on R(X). It is Hausdortf, for if 2 = (4, B). e B (U), that
is A B—T— Uand B < A—*k U, for every U, then A = B, so that & = 0.
Tt is also easy to see that r(z) induces 7 on »# (X). In fact, for each
*
Ae¢ #(X), the neighborhood (A+E(U))r\3{(X) of 4 in (' (X), (7))
coincides with the mneighborhood &(4, U)nA'(X) of 4 in (#(X), 7).
From this, and the definition of r(7), it follows that the invariant uni-
formity on R(X) compatible with r(z) is the finest one which induces f[
on X4 (X).
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The group R(X) can be now converted into a vector space over R
by defining multiplication by the formulas

t-(Ad,B) = (t4,tB). it 1>0, t(A4,B). =(—tB, —tA)_ if 1<0.

This is a unique multiplication which induces the usual multiplication
by non-negative reals on 4 (X) and satisfies the condition (—1)-(4, B).
= “i(Ay B)z'
Since the neighborhoods E(U) of 0. in B(X) are convex and absorb-
ing, £2(X) is a Hausdorif locally convex topological vector space under r(z).
Thus we have established the following

2.1. THEOREM (Minkowski—-Radstrom—Hormander). There exists a Haus-
dorff locally convew topological vector space (R(X), v(r)) over R such that

(a) #(X) = R(X) and R(X) = A (X)EA(X);

{(b) R(X) induces on K4 (X) its algebraic structure of an “abstract’”
conver cone;

(e) #(7) is the finest group topology on R(X) whose invariant uniformity
induces on H(X) its uniformity u (and topology 7).

If (X, t) is metrizable {and complete], then so is (R(X), r(7); [and
A (X)) s a complete, hence closed, conves cone in R(X)]. If (X, t) is normed
by || |, then so is (R(X), 7(7)}, and a norm defining r(t) can be chosen so
that the distance in R(X) between any two members A, B of # (X) is equal
to their Hausdorff distance |4, Bjl. (*)

This theorem seems to be of some importance for the theory of cor-
respondences (see [12], [25], [43]), because in some situations it enables
one to replace correspondences by suitable vector-valued functions which
are usually more handy. '

Concerning the definitions and propositions stated below, see [4],
[25], [36]-

2.2. DEFINITIONS. Let (A4,) be a sequence of members of & (X).

Then ) 4, denotes the set of all # such that for some a,e4, (ne N) the
n=1

o
series ) a, converges in (X, ) to a.
=1
n o )
We say that the series D' A, t-converges [resp. v-converges], if every
00 n=1 n
series D' a, (@,¢4,) T-converges in X [resp. if the sequence S, = } 4;
=1

n=1

(1) Added in proof. R. Urbafiski has recently extended this result to non-
locally convex spaces X (to appear in Bull. Acad. Polon. Sci.).
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z-converges in «/(X)]. We write then (T)ZO'OA” [resp. (%)S‘)An]; this.
symbol will also denote the z-sum [resp. %-ns;lm] of the serig;,l by which
we understand the set f A, defined above [resp. the unique closed set
Sy (7)lim 8, ]. "

n->00

We say that the series Z A, satisties the Cauchy condition (with

n=1
respect to 7) if

n
(Ce) VU, 3k, Vo, m: n=m>k > ZAic: U.

t=m
We will write 4,,—~0if 4,—>0in7,thatis VU, Uk, Vr:n>k = A, U.

o] .
It is obvious that the %-convergence of a series D' A, is equivalent
n=1
to the convergence of the series ZA in the Hausdorff topological
n= 7

A 7)im* Y 4 X).

n—>00 =1
o0 [ee] -
2.3. PROPOSITION. (a) If M A, + @ and the series Y A, T-converges,

=1 n=1

*
semigroup (¢(X), +;7), and (7 )

nb,g

then

If a series 2 A, T-converges, then it satisfies (Ce), hence all the
n=

series 2 a, (a,eA,) converge uniformly, i.e.
n=1

VU, dk, Vo: n>=k :.>ZAZ-C U,

i=n

so that the series Y A, T-converges (to( > A,)7)
n=1

n=1

b’) If A, B(X), Vn, and the series Y’ A, T-converges, then it satisfies
n=1 o0

(Ce), its % sum is in B(X)NE(X), the series * > oA, T-converges in A (X)
o n=1
and ( Z cod, =co (7)) 4,.
n=1 n=1

(¢) Suppose X is sequentially complete. Then if a series D A, satisfies
n=1
(Ce), it is T-convergent.
Proof. Parts (a), (b), {(¢) are known (and easy). (b’) It is obvious.
that the 7-sum S, of our series is closed and bounded. Now, given U,



32 L. Drewnowski

n

there is k& such that S, = Z A;e £(8y, U)forn > k. Then co8, = Z COA,)~
e &£(co8,, U) for n = k. It follows that the series 2 cod, - conwerges

=

in #(X) to c08,, hence also in (R(X), r(7)). Hence, given U, there is k
such that ¥ 4; < *Y cod, = U for n>m >k, ie (Ce) is satisfied.

i=m i=m

Actually, (Ce) is an easy consequence of (lcg) Indeed, if 8, ¢ &(8,, U)
for n>k, then §,c So+U and S, = Sm—f- U for n>m>=%k Hence

8 +2A c 8, -{—2U so that Z A; < 20U for »>m=k, by (leg).

i=m+1 i=m+1

2.4. COROLLARY. Suppose X is sequentially complete. Then a series
of members of B(X) is T-convergent iff it is T-comvergent.

The concepts of the unconditional - or 7-convergence and the sub-

o B
series v- or T-convergence of a series ) A4,, and of the z-summability of

n=1
a family (4,),;, are quite analogous to those in the “point” case (see e.g.
131, [83, [10], [25]). We say that a family (A;),; satisfies the Cauchy
condition (with respect to 7) for summability if

(Ces) VU, deg, Ve: eney =0 = > A, U;

tee
€y, ¢ denote finite subsets of I. If (Ces) holds and I = N, we also say

that the series Y A, is unconditionally Cauchy.
n=1
The statements in the proposition below are either straightforward

or can be proved by applying the Minkowski—-Radstrom-Hérmander
theorem (or (leg)).

2.5. PrROPOSITION. (a) If a series ZA is unconditionally [resp.

subseries] T-convergent, then it is uncondmo'nally [resp. subseries] T-com-
vergent and unconditionally Cauchy.

b) If A, e B(X), Vn, and the series > A, is unconditionally 7-CON-
n=1
vergent, then it is unconditionally Cauchy and

(B) X Ay = () D' 4,

(o o]
for every permutation p of N. Moreover, * ¥’ co A, is unconditionally z-con-
n=1

vergent in A (X).
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() Suppose X is sequentially complete. Then for a series ) A,, where
n=1

A, e B(X), Vn, all the kinds of convergence introduced after 2.4., and (Ces),
are equivalent.

In view of the Minkowski-Radstrom~Hormander theorem it is also
clear that 7-summability in #(X) has “usual” properties ([6], Chapter 3).

Remark. It is well known that #(X) is the same for all locally
convex topologies on X which are compatible with the (given via 7) duality
(X, X’) ([31], 20.11(7)), and also that the closure of a convex subset
of X is the same for all of them ([31], 20.8(6)). Therefore the family 2 (X)

and the addition + in it do not depend on a choice of such a topology,

and neither does (R(X), —;—). It would be interesting to know somewhat
more about the relationship between the corresponding topologies on
B(X) (it is trivial that v; < 7, = r(7y) < 7(7,) and to represent the resulting
duals of R(X). Hormander’s functional representation of R(X) seems
to be more suitable for those purposes.

Another question is whether # (X) is the largest subsemigroup of

»*
(8 (X), +) in which the law of cancellation holds. And what about #(X)
in (leg)?

Further, are there any conditions other than metrizability which
jointly with completeness or sequential completeness of X imply comple-
teness or sequential completeness of ¥(X) or o (X)? This is pertinent
to the extension problem for additive correspondences (4.5).

3. Additivity of correspondences. A correspondence M may be con-
sidered as a mapping of #Z into either the semigroup (&f (X), —{—) or, if

*
sets with the same closure are identified, the semigroup (%(X ) —I—). Accord-
ingly, we have two types of additivity, and then two types of count-
able additivity of a correspondence. More precisely:

3.1 DrFINITION. We say that M is

(a) additive [resp. subadditive] if

M(E,VE,) = [resp. <] M(H,)+ M(B,) (= M(E,)+ M(E,)
whenever F,, E, are disjoint;

(b) Countably additive, or o-additive [resp. o-subadditive], if

M(E,) = [resp. =] (7 ZM B,) ( ZM E,))
=1
for every disjoint sequence (E,) < # whose union is in #;
(¢) ewhaustive [resp. semiewhaustive] if M (E,)—0 for every infinite

disjoint sequence (E,) « # [whose union is in #];

8 — Roczniki PTM — Prace Matematyczne XIX
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(d) order-continuous, it M (E,)—0 for every sequence {F,) < # such
that E, | O;

(e) strictly additive [subadditive, o-additive, o-subadditive], if the
equalities or inclusions in (a), (b) hold when ~ and * are omitted and (7)
is replaced by (7);

(f) semicountably additive, or sc-additive [resp. semicountably sub-
additive, or so-subadditive], if

M(U E,) = [resp. =] the set Y M(E,)
n=1 n=1

for every disjoint sequence (E,) = # whose union is in #.

Though it is quite obvious, note that M has any of the properties
introduced in (a) and (b) iff M has the corresponding property.

3.2. PROPOSITION. Suppose M is additive. Then M 1is exhaustive
[semiexhaustive] iff for every disjoint sequence (E,) = # [whose union s
in R] the series Y M(E,) is unconditionally Cauchy.

n=1

Proof. Only if. Otherwise, for some U there is a sequence (¢,) of
pairwise disjoint finite subsets of N such that ) M(H;) ¢ U. Then
— 1:€8k
M(F,) ¢ U, where F,, = | B; (ke N). This contradicts the exhaustivity

ieek
of M.

In the case when M is semiexhaustive the sequence (G,) = (Eil,
Fy, By, ¥y, ...), where {i;1,5,...} = N\Lk)ek, yields a contradiction
because its union belongs to #Z and M(G,)+ 0.

Part 4f is trivial.

3.3. PROPOSITION. M s additive and order-continuous iff M is o-ad-
ditive and semiexhaustive.

Proof. If. We will show more, namely that M is order-continuous.
If this is false, we can find a sequence (I,) c £ such that E,|0 and
for some U, M (E,) + U (ne N). Hence for each « there is F, < E, such
that M (F,) ¢ U. Since

H(F,) = (7) D) M(F,0(ENEBy,),

k=n

for m large enough we have

®

NS

M(F,\E,_,) = M(F,N(ENE,.,)) ¢ U.

k

I
3

Now one defines easily a sequence 1 =k, << k, << ... such that

M(Fk‘n\Ekn-l—l) ¢ U, Ne J\T.
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Denote 4, = ¥ NEBy, s B, = B \F, (neXN). Then the sequence
(C,) = (B, 4,, B,, A, ...) is disjoint, its union is F,¢ #, and M (C,)-+ 0.
A contradiction with the semiexhaustivity of M.

Only if. First we show that M is semiexhaustive. Let (E,) be a dis-

joint sequence in # whose union belongs to £, and let ¥, denote | ) #,
k=n
(ne N). Then
M(F,) = M(E,)+ M(F,,,),

and M(F,)—0, M(F,, ,)—0 by order-continuity of M. It follows that
M(E,)—0.
On the other hand, by additivity,

M(F) = Y M(B)+M(F,,,), nel,

k=

—

hence

o0

M(Q E,) =) Y M(E,)

Thus M is o-additive.

The trivial example: M(E) =X if F #£0, =0 if H =0, shows
that ¢-additivity does not imply semiexhaustivity, in general.

3.4, PRoPOSITION. Suppose M is strictly additive [and its values are,
respectively, sequentially closed, or sequentially complete (in particular
compact)]. Then M is order-continuwous +ff M is so-subadditive and semi-
exhaustive [resp. so-additive and semiexhaustive; strictly o-additive].

Proof. If. Let E,, F, be as in the only if part of the proof of 3.3.
Then, for any U, there is by Proposition 3.2 some k such that Y M(E,) <« U

t=m

if » > m > k. Hence, by so-subadditivity of M, M(F ) is contained in
the set Y M(H,), which in turn is contamed in U; m > k. Since M (F,)

m—1 i=m
= ) M(E)+ M(F,), it follows that 2/ M e &(M(F,), U) for m = k.
i=1
Thus M (F,) = (7) 2 M(E,), and this means that M is o-additive. There-
n=1
fore Proposition 3.3 can be applied to deduce that M is order-continuous.

Only if. Again, let E,, F, be as above. Then
M(F,) = M(E,)+ M(F,;,), mneN,

and therefore, starting with an arbitrary element y,e¢ M(F,) we can
successively define elements @, y,, then @,, y;, ... so that
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and
yn = wn+yn+1; nEN'
Hence ’

Y1 :ka_l_yn-}—l, ne N,

and since ¥,.,—0 by order-continuity of M, y, = Z @,. Thus M(F,)
c Z M(E,). Semiexhaustivity of 3 follows from 3 3

n=1

Now let u,¢ M(E,) (ne N). Then, picking out any v,« M(F,) (ne N),
we have

Z“k = V16 M(F)
k=1

oo

and v,,,— 0 by order-continuity. Therefore, if the series ) u, converges
E=1

[and it is certainly so when M (F,) is sequentially complete] and M (&)

is sequentially closed, the sum of the series belongs to M(F;). Hence

the alternative assertions of the proposition follow.

The following is an immediate consequence of the Orlicz—Pettis
theorem (see e.g. [217, [28]).

3.5. PROPOSITION. Let Z be a o-ring. If M is strictly o-additive when X
is endowed with the topology o(X, X'), then M is strictly c-additive under
‘the original topology of X.

The next two results show how strictly additive or o-additive cor-
respondences may be obtained from subadditive ones.

3.6. ProPOSITION. If M is strictly subadditive, then the formula

(a) MYEHE 12 M(EN(E):, is a finite decomposztw% of E}

defines the least (with respect to <) strictly additive correspondence M%:
R—>sf(X) such that M(E) < M*(E), Ee#. If M is so-subadditive, then
so is M*.

3.7. PROPOSITION. Suppose X is sequentially complete and suppose M
is strictly additive, so-subadditive and semiexhaustive. Then the correspond-
ence M°: Z—of (X) defined by the formula

(o) M) {ZM B,) is a decomposition of F)

18 strictly o-additive.
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Proof. In view of Proposition 3.2, if (4,) is a disjoint sequence

o0
in # whose union is in %, then the series ) M(4,) converges uncondi-
n=1

tionally.
Let F < # be the union of a disjoint sequence (F,) < %, and let e M°(E).
By definition, there exists a decomposition (£, ) of ¥ and elements @, ¢ M (E,)

o0

such that # = 2 ®,. Since E, = | (E,nF,), using so-subadditivity of M
k=1 20

we find ;€ M(E NF,) such that o, = ) ®,,. The family {w,,n, ke N},
k=1

a8 well as each family {w,,/ne N} (ke &), is summable in X. Hence for
each k the series }' ®,, converges unconditionally, and its sum, y,, belongs

n=1

to M°(F,). Now

(o]
2, i =

1 k=

[\4 8

)
Ly = Zylu
k=1

so that xe ) M°(F,). Thus we have proved that
k=1

ln

Ms
Live

—

n k

Le. so-subadditivity of M°.
Conversely, suppose 2z,¢ M°(F,). Then for each &k there is a decom-

j=1

form a decomposition of E, hence the family {2;;|%k, je N} is summable

in X and
2%—2%d[
K jeN
o0
Thus the series ) M°(F,) r-converges (unconditionally) and its sum is
k=1

contained in M°(E). This, together with so-subadditivity, is nothing
else but strict o-additivity of M°.

Tt is easily seen that M° is the least (with respect to <) s-additive
correspondence for which M(E) « M°(E), HeA.

3.8. ProprosITION. (a) If M has any of the following properties:
additivity; subadditivity; exhaustivity; semiexhaustivity; additivity and
order-continuity; strict additivity; strict subadditivity; so-subadditivity,
then so does each of the correspondences M~ and coM.

(b) If M is o-additive, then so is cold.

(¢) If # is a o-ring and M is strictly o-additive, then so is M .
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Proof. The only non-obvious implication in (a), (M is additive
and order-continuous) = (M is order-continuous), is a consequence of
Proposition 3.3 and the if pary of its proof. Implications (b) and (e)
are easy to prove.

3.9. PROPOSITION. Suppose f 18 a continuous linear mapping from X
into another Hausdorff locally convex space Y, and let the correspondence
fM: #-><(Y) be defined by the jormula

(fM) (&) = [ M(E)].
Then if M has any of the properties imtroduced by Definition 3.1, ewcept
so-additivity, then so does fM, respectively.

In order to include in our discussion correspondences of the type
considered in Example 3.12 betow, we formulate the following

3 10. DEFINITION. M is said to be quasi-additive [resp. strictly quasi-
additive], it it is subadditive |strictly subadditive] and
(q) M(E)<e (M(EVF)— M(¥))™ [resp. M(E)= M(EVF)—M(F)]
whenever E, F are disjoint. _

3.11. PROPOSITION. If M is quasi-additive, then so is M ; if in ad-
dition M is order-continuous, then so is M, and both M and M~ are semi-
exhaustive.

Proof. The first assertion is straightforward. Now assume M is
order-continuous and let B, | . Then M(E,\E, ) = (M (B,)— M(EnH)):
by (q), hence M(E,\E,  ,)—0 so that M is semiexhaustive. Suppose M
is not order-continuous. Then we can assume that, for some U, and some
F,c B, MUF, 2U (nelN). Since F,NE, O (k-—>occ), for k large
enough we have M (F,NE,) < U, hence M(F,\E,;) ¢ U by subadditivity
of M. Our proof can be now completed similarly as in the if proof of 3.3.

3.12. ExaMPLE. Let K be a family of (point-valued) additive set
functions u: # — X. Then the correspondence M = My: £ — .o/ (X) given
by the formula

M(E) = {u(B)|pe K}
is strietly quasi-additive.

If each ue K is c-additive [resp., if K is uniformly exhaustive ([16],
§4)], then M is so-subadditive [resp. exhaustive]. If # is a o-ring and
each ue K is o-additive [resp. exhaustive], then M has the following
property :

(%) If (E,) is a disjoint sequence in # and, for some 7, we M (F,), then
there exists a c-additive set function »: #(N)—X such that
v(e)e M(U E,) for every ec Z(N), and »({r}) =

nee

[resp.
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{#%) = (%) with “c-additive” replaced by “additive exhaustive”].

Formula 3.6(a) for M = My takes the form

b=

MYE) = { i (B ((pgy By))iey is a finite sequence in K X,

K5

I
-

(K71 18 a decomposition of E},

which reminds one of the known formulas for the supremum of a family
of real-valued additive set functions (ef. [21], TIL. 7).

Countable additivity of each geX and uniform exhaustivity of K
may not ensure (semi)exhaustivity of M* However, if X = (X, | ) is
a Banach space and there exists an exhaustive additive 2: #£-—-[0, co]
such that

H,“(E)H<A(E)7 EeZ, pek,

then M?® is exhaustive. In this case M° = ( M%) (Proposition 3.7) can be
defined, and M° is the lea~t strictly o-additive correspondence which
“contains” all pek.

If X is finite dimensional, the given condition is also necessary for M*
to be exhaustive.

If p is a continuous seminorm on X, we define a function pM:
A0, ] by the formula

(PU)E) = sup {p()| we I (B)}.

Evidently, pM = pM , pM(®) =0 and pM is non-decreasing:
EcF =>pH(E)<pM(F).

3.13. PROPOSITION. If M is subadditive, then pM is a submeasure.
If, moreover, M is o-subadditive or so-subadditive [resp. exhaustive; semi-
exhaustive; quasi-additive and order-continuousl, then pM is o-subadditive
{resp. exhaustive; semiexhaustive; order-continuous .

4. Continuity and extensions. Let I' be a Frechet—Nikodym (FN-)
topology on #. In particular, I' can be the FN-topology I'(%) determined
by a submeasure n on #; recall that I'(n) is semimetrizable, for instarce
by the semimetric (#, F)—inf{l, n(EAF)} (A4 denotes the symunetric
difference). We write (#, n) to indicate that # is endowed with the top-
ology I'(x).

4.1. DEFINITION. M is sald to be [-continuous, M < I', it M is con-
tintous as a mapping from (#, I') into ((X), 7). If I = I'(y), we write
M < 5 instead of M < I'(n).

Suppose M is subadditive. Then the families

V(U)y ={Ee# M (E)< U}, Ue%
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form a base of neighborhoods of @ for an ¥FN-topology, I'(M), on % ([16],
1.5). This topology obviously depends only upon M and the topology
of X. If {p;|ie I} is a family of seminorms on X determining the topology
of X, then the corresponding family of submeasuves p,M,ie I, deter-
niines I'(M). It is evident that M is I'(M)-continuous at @, this, however,
does not imply continuity on £. (Counterexample: Lt # be the family
of all subsets of NU{oo}and M(E) ={} 27"} if co¢ B, =R it B = {o},

nel
= [0, 1] otherwise.)

4.2. PROPOSITION. Suppose M is quasi-additive and I is an F.N-topology
on R. If M is I'-continuous at @, then M: (#,I) — (Z(X), 7) is uwi-
formly continuous. Moreover, I'( M) is the weakest T N-topology on # under
which M is continuous. Thus M < I' iff I'(M) < I

Proof. Given U, there exists a normal ([16], §1) neighborhood #~
of @ in (#,I') such that Ee% = M(E)c< U. (Hence # < ¥ (U). It
follows that I'(M) < I'.)

Let H, Fe# and EAFe#. Then M(E) < (11[(E\F)+JII(EnF))‘
< (M(BENF)+ (M(Fy— M(FP\E))™)" = (M(F) + M(ENF)— M(F\E)|”
c M(F)+3U, and similarly M(F) = M(E)+3U. Hence M is uniformly
I'-continuous.

We will write M, € M, when M, < I'(M,), and M, ~ M, when
M,< M, and M, < M, (cf. [16], [19]).

Some properties of M yield corresponding properties of I'(M). For
example

4.3. ProrosiTTON. If M is quasi-additive and order-continuous {ex-
haustive], then the FN-topology I'(M) is order-continuous |[exhaustive].

This is in part a consequence of Proposition 3.11, in part obvious.
The above two propositions enable us to apply some results concerning
the relation I, = I', among FN-topologies to obtain analogous results
about continuity of correspondences. For example from [19], 1.1, we
get immediately the following

4.4. PROPOSITION. Suppose # is a o-ring, M is quasi-additive and
order-continuous, and n is an arbitrary submeasure on #. Then M < n
iff M(H) =0 whenever n(E) = 0.

In the particular case when M = M, (Example 3.12), M € I" means
simply that the functions pe K are I'-equicontinuous.

Now we proceed to the extension problem for correspondences.

4.5. THEOREM. Let X be metrizable and complele, and let %, be the
c-ring generated by 2.

If M:Z->%(X) is quasi-additive, order-continuous and exhaustive,
then there exists a unique quasi-additive order-continuous (hence exhaustive)
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correspondence My: %, —€(X) such thal
My(E) = M(E), FEeZ.

In particular, if M is o-additive (or strictly o-additive) and evhaustive,.
then the extension M, is o-additive and exhaustive.

Proof. Since the FN-topology I' = I'(M) is order-continuous and
exhaustive (4.3), there exists a unique order-continuous FN-topology I,
on #, which induces I" on Z ([16], 8.3 or 7.2). Since # is dense in (#,, I')
([16], 8.2), €(X) is complete under the Hausdorff distance and M is
uniformly I'-continuous (4.2), there exists a unique I'y-continuous ex-
tension My: #,—€(X) of M.

M, is quasi-additive. In fact, let B, Fe #,, EnF = @. Since I"and [,
are semimetrizable and £ is dense in (#,, I';), there are sequences (E,),
(I,) € # such that

E,>E, F,~F in I}

Then also
E,oF,-EUF in I.

We can assume that E,NF; =0 (neN). (Otherwise replace E,,
r, by E\F,, F,\E,, respectively.) From

M(B,OF,) < (M(B,)+ M(F,))", ME,) <= (ME,F,)— M(F,),

by passing to the limits as #— oo and employing continuity of the mappings.
{4, B) »-(A+B)~, (4, B) >(4—B)~, we get

My(BUF) = (My(B)+ My(F))™, Mo(B) < (My(EUF)— My(F))".

So indeed M, is quasi-additive.

Since I, is order-continuous {and exhaustive), so is, obviously, M,.
It is also evident that Iy = I'(M,).

Now suppose M,: #,—%(X) is another duasi-additive order-con-
tinuous extension of M. Then I'y = I'(M,) is an order-continuous FN-
topology on %,, # is dense in (%,, I;) and M < I'}. It follows readily
that I', induces I' on %, hence by uniqueness of [, we have [, = I.
Thus M, € Iy, hence M, = M,.

To prove the remaining part of the theorem it suffices to observe:
that in view of Proposition 3.3 only additivity of M, must be verified.
But this can be done quite similarly as in the case of quasi-additivity
above. :

Remark. It is not clear whether M, need be strictly additive (and
hence strictly o-additive, 3.4) if M is. This is certainly the case when M
is compact-valued, because then additivity coincides with strict additivity,.
but in general the answer seems to be “no”.



42 L. Drewnowski

Let us note also that for additive M: £ — #°(X) the extension M,:
Ry — A (X) can be easily obtained by applying the Minkowski-Radstrom—
Hormander theorem.

4.6. COROLLARY. If P: # - ¥ (X) is another quasi-additive [additive]
correspondence, P(E) c M(E) for every EeZ, and P, denotes the unique
quasi-additive [additive] order-continuous extension of P on %, then Py(E)
o M (E) for every Ee Z,.

Therefore, it M = M, (Example 3.12), where each ue K is g-additive
and K is uniformly exhaustive, and K, denotes the family of o-additive
-extensions of functions from X on #%,, then AWIKO < M,. Since M K, A= Mg,

it follows that M, = Mg .

5. Boundedness.

5.1. DEFINITION. M is said to be bounded-valued if M: # — #(X),
and bounded if its range U {M(E)| E< %} is bounded.

5.2. THEOREM. Suppose M 1is quasi-additive, bounded-valued and
satisfies the condition:

(bs)  For every disjoint sequence (E,) < # and any choice of elements
B, M(E,) (ne N), the sequence (x,) is bounded (equivalently, the

set | M(E,) is bounded).
n=1

Then M is bounded.

Proof. We can assume that # is an algebra on 8. [Otherwise £,
= ZV{8\E| Ee%}is an algebra o % and by setting M (S\E) = — M(E)
for He %, we extend M to a quasi-additive bounded-valued correspondence
on %,, which also satisfies (bs).]

Suppose M is not bounded. Then there exists U such that

1) M (8) ¢« kU for every ke N.
Since M (8) is bounded, we can find k;e¢ ¥ such that
M(8) <k U.
In view of (1), there exists F; such that
M(BE,) ¢ 2k, U.

Since by quasi-additivity of M, M (H,) c (M(S)— M(S\El))‘, we deduce
that
M(S\E) ¢+ %k U.
Kvidently, either
M (E,) € kU, VEkeN
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or
M (S\E,) ¢ kU, VkeN;

let A, denote any of the sets ¥,, S\F, for which this is true, and let
B, = 8\A4,.
Thus

M (A,) ¢« kU, VkeN; M(A)<kU; M(B)EkU.

Repeating the above reasoning with 4, in place of 8, we find a de-
composition
Ay =A,UuB,, A,NB, =0
with

M7 (4,) ¢ kU, vkeN; M(4y) ¢ kU; M(By) ¢ kU,

where kye N, ky, > ky.
Continuing in this manner, we get an infinite disjoint sequence
{(B,) =« # and a sequence (k,) < N such that

M(B,) ¢k, U
which contradicts (bs).

5.3. COROLLARY. If M s quasi-additive (in pariicular additive or
strictly additive), bounded-valued and exhaustive, then M is bounded.

As we shall gsee in what follows, a large part of the theory of additive
bounded-valued correspondences can be reduced to the theory of usual
additive set functions. This is based on a construction described below,
in which the Minkowski-Radstrom—-Hormander theorem (2.1) ix applied
in an essential way (cf. [12], [256], [43])-

Suppose M is additive and bounded-valued. Then the correspondence
M* = coM is also additive (3.8) and its values are in # (X), the family
of non-empty closed bounded convex subsets of X. Therefore M can
be considered as an additive set function taking values in the space R(X)
from the Minkowski—Radstrém—Hoérmander theorem. If M is c-additive,
or order-continuous, or semiexhaustive, or exhaustive, then so is, re-
spectively, M* (3.8). Since for a point-valued additive set function o-ad-
ditivity is equivalent to order-continuity and implies semiexhaustivity,
it is immediately seen that the following improvement of Proposition 3.3
holds. (Propositions 2.3 and 2.5 ecan be also applied here.)

5.4. THEOREM. Suppose M is bounded-valued. Then: (M is o-additive)
< (M is additive and o-subadditive) < (M is additive and order-continuous)
= M 1is semiexhaustive.

As an immediate consequence of Corollary 5.3 and Theorem 5.4
we get
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5.5. COROLLARY. If Z is a o-ring and M is c-additive (in pavticular
strictly o-additive) and bounded-valued, then M is bounded.

Actually, this result is readily derived from the well-known fact
that a vector measure on a o-ring is bounded (see e.g. [16], 4.12). (Bound-
edness of M* in R(X) is equivalent to boundedness of M.)

By a direct application of Theorem 5.2 we establish our next result.

5.6. COROLLARY. If Z is a o-ring and M is so-additive and bounded-
valued, then M is bounded.

Proof. Let (F,) be a disjoint sequence in %, F its union, and let

2z, M(HE,) (ne N). Take any ze M(U E’n) Then, by sc-additivity of M,

&= Zyn (Ype M(E,)) and 2z, = Yy, M( U B,) for every m. Now,
n=m

Olven U there exist r, se N such that JII(E) < rU and z,¢ U for n > s.

Then } @,e M(E)—z,, , = (r+1)U, hence #,¢2(r+1)U for all n>s.
k=1

It follows that the sequence (#,) is bounded and thus condition (bs) in
5.2 is satisfied.

Countable additivity of a correspondence M is usually understood
as so-additivity in our sense ([2], [13], [39]), but to obtain some of the
deepest results the requirement that M be bounded-valued is frequently
imposed (see e.g. [2], [39], [43]). In this case, as Corollary 5.6 shows,
M is bounded. It follows that if a sequence (X,) c # is disjoint and
&, M(E,) (ne N), then the set

{2 z,| ¢ is a finite subset of N}

nee

1s bounded. Now, there are spaces, called O-spaces, where this property

of a sequence (#,) implies convergence (unconditional) of the series ) =,
n=1
(see [20], [21], [30], and references therein), for example finite dimensional

spaces. ‘
oo
Hence, if X is an O-space, our series ) #, (®w,e¢ M(E,)) will converge

and its sum will belong to M () E,), by definition of so-additivity. Thus
n=1

the following theorem holds.

b.7. THEOREM. If X is an O-space, # is a o-ring and M is so-additive
and bounded-valued, then M is strictly o-additive (and bounded).

So far our results in this Section do not cover the case when M = Mg
{Example 3.12), that is, none of them implies the Nikodym theorem on
uniform boundedness ([10], [18], [22], [41)).
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This gap is filled in by

5.8. PROPOSITION. Suppose Z is a g-ring, M is quasi-additive, bounded-
valued and has property (x) or (xx) from Ezample 3.12. Then M is bounded.

Proof. Let #,¢ M(E,) (ne N), where (E,) is a disjoint sequence
in Z. For each n there is, by 3.12 (xx) (<= 3.12 (%)), an additive exhaustive
function w,: 2(N)— X such that

(+) t(0)e M(U E,), eeP(N)

and u,({n}) = a,.

Condition (--) implies boundedness of the set {pn(€)| me N} for
every ec< 2(N).

By the Nikodym type theorem ([18], Theorem 2) the set {u,(e)|ne N,
ee ?(N)} is bounded, hence so is its subset {z,|ne N}.

Thus condition (bs) is 5.2 is satisfied, so that M is bounded.

5.9. DEFINITIONS. Suppose M is subadditive. Members of 4 (M)
= {Ee¢#| M (E) = 0} are called M-null.

A set AeZis called an atom of M if M (A4) # 0 and for every B < A
either M (B) = 0 or M (ANB) = 0. This means that M (4) # 0 and
there exists X,e &/ (X) such that for every B« A

M (By=0 or M (B)=2X,
or, provided M is quasi-additive,
M(B) =0 or M(B) =X,.

(If M is strictly subadditive or strictly quasi-additive, respectively,
closuie can be omitted.)

A is said to be non-atomic if it has no atoms. We say that M satisfies
countable chain condition, (ccc) if every family of mutually disjoint sets
Le# with M(E) # 0 is at most countable (cf. [19]).

For example if X is metrizable and M: # — &/ (X) is additive and
exhaustive, or if there is afinite measure »: # —[0, oo) such that »(E) = 0
=> M (L) = 0, then M satisfies (cce).

An easy application of the Kuratowski-Zorn Principle shows that
if # is a o-ring and M satisfies (cce), then there exists a set Sye Z such
that M(E) = 0 if EnS, = @. It follows that then we can assume that #
is a o-algebra on S,.

We say that M is bounded [unbounded] on a set Be % it M “(B) is
bounded [unbounded].

5.10. THEOREM. Suppose Z is a o-ring and M is additive and order-
continuous (= o-additive and exhaustive, 3.3), in particular stricily o-ad-
ditive, and satisfies (cce). Then either M is bounded or there exisis a finite
number of pairwise disjoint sets B, A, ..., A, in & such that
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(a) M is bounded on B,
(b) 4,, ..., 4, are atoms of M on which M is unbounded.
{¢) M vanishes outside the set 8 = BuAd,u...uA4,.

Proof. By the Kuratowski-Zorn Principle there exists a maximal
family 4 of mutually disjoint sets ¥ such that M (E) is bounded and = 0.
By (cee), #1is countable, say # = {B,, B, ...}. Let B = (J B,,. Since M

is o-additive (3.8, 3.3), M (B) = (7)) M (B,) is bounded.
n=1

By the maximality of &, if ENnB =, then either M (F) =0 or
M’ (E) is unbounded.

Similarly as above, there exists a maximal family, o/, of mutually
disjoint and disjoint from B, atoms of M, and o ='{4,, 4,,...}. By
exhaustivity of M, the family < is finite; as we noted above, each M~ (4,)
is unbounded.

Finally, condition (¢) is satisfied, for otherwise non-atomicity of M
outside of 8, would imply the existence of an infinite disjoint sequence
(E,) such that M~ (F,)is unbounded (ne N), thus contradicting exhausti-
vity of M.

5.11. COROLLARY. If #Z and M are as in 5.10 and M is non-atomic,
then M 1is bounded.

Now we give an analogue of the Saks decomposition ([22], IV. 9.7).

5.12. THROREM. Under the same assumptions as in 5.10, for each U
there exists a finite family F of mutually disjoint sets in & such that, for
each Fe F, either M (F)c< U or F is an atom of M and M (F) ¢ U,
and M vanishes outside of | ) Z.

Proof. Let & be a maximal family of mutually disjoint sets £ in #Z
such that either M (H) < U or F is an atom of M and M (E) ¢ U;
& is countable by (ccc), Since M~ is additive and exhaustive (3.8, 3.3),
by 3.2 there exists a finite subfamily %, of & such that M (| J &) = (})U
for every finite subfamily & of &\%,. Then, by c-additivity of M,
M (F,) ¢ U, where F, = U(&\F,). It follows easily that F = F,u {F}
is as required.

We close this Section with a generalization of a result of Diestel [14]
(cf. also [18], [21], [29], [30], [33]).

5.12. THEOREM. Suppose X is separable, # is a o-ring and M is ad-
ditive, compact-valued and bounded. Then M is exhausiive.

Proof. Once more it is possible to apply the Minkowski—Radstrém-—
Hérmander theorem. Let D be a countable dense subset of X. Let C
be a compact subset of X. Then for any closed U there exists a finite
subset F of D such that

Cc F4U;
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we can assume that none of the points in # can be removed from F without
affecting this inclusion. This implies

FcCH-U.
It follows that

coFe &(col, U).

Hence the linear subspace %, of the space R(X) from the Minkowski—
Radstréom-Hoérmander theorem, spanned by all these co(’s, is separable,

The function M* = coM: #—%, is additive and bounded, and so
it is exhaustive (apply, e.g., [29], Theorem 8). Hence M is exhaustive,
too.

6. Convexity. The notions of an atom of M and of non-atomicity
of M introduced by Definitions 5.9 are of purely algebraic character.
For the purposes of the present section we assume the following

6.1. DEFINITION. Given a topology = on X, we say that M is v-non-
atomic if for each set E in # and each r-neighborhood V of 0 in X there
exists a finite decomposition Ei, ..., E, of E such that M (E;) = V for
i=1,...,7r

It is trivial that if M is z-non-atomic and a topology 7, is weaker
than z, then M is also t;-non-atomie.

In what follows £ will denote a o-ring and M an additive order-con-
tinuous correspondence & — of (X).

In view of Theorem 5.12, if 7 is the original topology of X and M
satisfies (cce), thus particularly if X is metrizable, then M is z-non-atomiec
iff M is non-atomic in the sense of Definition 5.9. As we noted above
then M will also be ¢(X, X')-non-atomic. Now, it is easily seen that
(X, X')-non-atomicity of M is equivalent to (usual) non-atomieity of
all correspondences #'M (2 <X'); o' M(E) =a'[M(H)]), E<%. But,
even when M is point-valued, usual non-atomicity of M may not imply
o(X, X')-non-atomicity [42]; the converse implication is trivial.

The following theorem is related to the results of Schmeidler ([39],
Theorem 1.2; [40], Theorem 1) and Artstein ([2], Theoren 4.2); cf. also
(81, [91.

6.1. TurOREM. If M is o(X, X')-non-atomic, then the ¢(X, X')-closure
of M(E) is convew for every Ee .

Proof. (cf. [42], p. 67). We can assume that X is over R. Let £
= (@), ..., ®,) be a finite sequence in X'. We can consider £ as a linear
mapping X — R", &(@) = (#,(@), ..., %,(#)). Then the correspondence M,:
X — o/ (R™), defined by equality

H(B) = (EM(B)),
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is additive and order-continuous (3.9), non-atomie, and compact-valued.
Hence it is strictly additive, so also sirictly o-additive, by 3.4. Now we
can apply any of the results of Schmeidler or Artstein mentioned above
to see that values of M, are convex.

Since

the o(X, X')-closure of M(E) = (") &' [ M (B)],
£

where £ varies over all finite sequences in X', the assertion of our theorem
follows.

From the theorem we derive easily a generalization of a result of
Tweddle [42] (cf. also [8], Théoréeme 2, and [39], Theorem 1.6, [40],
Theorem 2).

6.2. COROLLARY. If M is o(X, X')-non-atomic, then the o(X, X')-
closure of the range of M is convex.

Proof. Since M~ is ¢(X, X')-non-atomie, additive and order-con-
tinuous (3.8), for each Ee¢ % the o(X, X')-closure M (E)=° of M (E) is
convex by 6.1.

Since M (E,) UM (E,)"°c M (E,uB,)"° for any E,, E,c%,
the set

A= M (BE)°

EBeR

is convex, and so is A7° But 47° is identical with the ¢(X, X')-closure
of the range of M.

6.3. COROLLARY. If M is o(X, X')-non-atomic and its values are
weakly closed, in particular weakly compact, then they are convex.

An open question is whether the result of Schmeidler [(40], Theorem 1)
may be derived from Theorem 6.1 (see how Tweddle [42] obtains a result
of Uhl).

7. Convergence of correspondences and uniform boundedness principle.
In this Section # denotes a o-ring. The proofs of the two results stated
below are immediate if one applies the Minkowski~Radstrom~Hoérmander
theorem and indicated results from the theory of veetor-valued set func-
tions.

Our first result contains analogues of the Vitali-Hahn-Saks and
Nikodym types theorems [17]. -

7.1. THEOREM. Let (M), be & sequence of o-additive (here = additive
and order-continuous, 5.4) [resp. additive and exhaustive] correspondences
A —~ B(X) such that for each FeZ the sequence (M, (E)), converges in
(#(X), 7); let My(E) denote any of the sets in (7)lim M, (E).

n—>00
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Then My: # —>RB(X), M, is o-additive [resp. additive and exhaustive],
and the family {M,|n > 0} is uniformly o-additive (here = uniformly
order-continuous) [resp. uniformly ewhaustive.

Moreover, if I' is an FN-topology on # and M, < I for every ne N,
then also My < I' and the family {M,|n > 0} is I'-equicontinuous.

The next result is a generalization of the Nikodym type theorem
on uniform boundedness of a family of vector measures ([18], [29], Theorem
6; see also [10], [417).

7.2. THEOREM. Suppose 4 is a family of o-additive (or additive and
exhaustive) correspondences #A—RB(X) such that the set

U{M(B) Me 4}
is bounded for every FEeZ. Then the set

U{M(E)| Me 4, Ec )}
is also bounded.

Remark. On this oceasion I would like to note that R. B. Darst
was apparently the first who extended Nikodym’s uniform boundedness
principle to the case of scalar valued bounded finitely additive (hence
exhaustive) set funetions [10]. I was unaware of this fact while preparing
my note [18]. The result of Darst was kindly pointed out to me by Pro-
fessor J. K. Brooks.

8. Control measures and selections. The topological meaning of
a control measure for a vector measure has been widely discussed in [19],
and could be repeated now in case of correspondences, but we restrict
ourselves to the definition of this notion and two existence theorems,

8.1. DEFINITION. A control measure for an additive correspondence M
is any additive set function v: # - [0, co] such that -

M ~w,
ie. I'(M) = I'(»).

If I is exhaustive [or order-continuous and £ iy a o-ring], then its
control measure, if exists, can be chosen to be bounded (hence exhaustive)
[and c-additive] (cef. [19], p. 209).

8.2, TiroREM. Suppose £ is a o-ring and M is additive and order-
continuous. If M satisfies (cee), in particular if X is metrizable, then there
exists a finite o-additive control measure for M.

(Cf. [43], assertion (2) of Théoreme 23.)

Proof. In view of Theorem 5.10, without loss of generality we can
assume that M is bounded. Then M* = coM: # — R(X) is a o-additive
Vector measuie which satisfies (cce). By theorem 2.3 in [19] (see also [357),

4 — Roczniki PTM — Prace Matematyeczne XIX
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there exists a finite ¢-additive control measure » for M*. It is obvious
that » is a required control measure for M.

8.3. COROLLARY. If X 4s metricable and M: % (a ring) — oA (X) is
additive and exhaustive, then there exists a bounded additive control measure
Jor M.

Proof. We can assume that X is complete and M is closed-valued.
Then Theorem 4.5, used via the Stone representation theorem, similarly
as in [19], Section 4, reduces our assertion to the order-continuous case,
so that the preceding theorem can be applied.

8.4. DEFINITION. A (point-valued) set funection u: # — X is called
a selection for M, if w()e M(E) for every K in #.

Of course, it M is additive [o-additive], we are especially interested
in the existence of additive [s-additive] selections for A1.

If A is a subset of X, ExtA will denote the set of extreme points
of 4.

8.5. LvMMA. Suppose Cy, C,,C, are convex subseis of X and Cy = €, +0C,.
Then if wye ExtC,, there exists exactly one pair of points #,¢Cq, 2,60,
such that x, = 2, + .3 these points arve extreme poinis of U, and C, respectively.
(Cf. [36].)

8.6. THEOREM. Suppose Z is an algebra of subsets of S and M is strictly
additive and convex-valued. Then for each we Ext M (8S) there exists a unique
additive selection u, for M such that

:u:c(S) =a&.
In addition, the selection y, has the property
t(Eye Ext M(E), Ee#Z.

Moreover, if M is order-continuous [exhaustive], then u, is o-additive
[exhaustive].

Proof. For each He# let u,(F) denote the uniquely determined
member @, of M (F) such that for some ®,¢ M(S\E), & = @, + %25 u,(H)
e ixt M (E) (8.5). We claim that the selection u, for M thus defined is
additive.

Let E, Fe#, EnF =@. Then there exist elements y,e¢ M(F),
Yoe M (F)and yye ﬂI(S\(EuF)) such that & = ¥, + ¥, +¥5. Since y, ¢ M (E)
and ¥, -y M(S\E), we have y, = u,(&). Similarly y, = u,(F) and
Y1+ Y, = u,(EUF). Ilence
The last assertion of the theorem is obvious.

8.7. COROLLARY. If % is an algebra of subsets of 8 and M is (strictly)
additive weakly compact valued, then M admits at least one additive selection u.
The selection u is o-additive [emhaustive] if M 1s.
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Proof. With no loss of generality we can assume that X is complete.
Then the values of the correspondence co M are weakly compact convex
subsets of X ([311, 20.6(3)), it is strictly additive (3.8) and Ext coM ()
c M(E) for every Ke Z ([31], 25.1 (7). We apply the preceding theorem.

We shall need the following result due to Husain and Tweddle ([27]).

8.8. Lumma. If Oy, 01, C, arve compact convex subsets of X with
Cy = C+ 0y, then {m, e Ext(,| there emists ye Bxt 0, such that 3 +y e Ext 0y}
18 @ dense subset of Ext(,.

From Lemmas 8.5 and 8.8 we derive immediately the following

8.9. COROLLARY. If Z is an algebra of subsets of S and M is a
(strictly) additive correspondence whose values are compact convex subsets
of X, then the correspondence B — Ext M(E), E<®, is quasi-additive.

The next result is an easy consequence of Theorem 8.6, .emma 8.8
and the Krein—-Milman theorem.

8.10. ComOLLARY. Suppose #, M are as above, with ‘“compact”
replaced by “weakly sompast”. For each xe ExtM(S) let u, be the selection
for M established in Theorem 8.6. Then, for every Ee 4,

M(B) = co{u,(H)| wc Ext M(8)}.

8.11. COROLLARY. If Z is a o-ring, M is weakly compact valued, ¢-ad-
ditive and satisfies (ccc), then

(+) M{E)y = {u(H)| p is an additive selection for M}~

Jfor every He A.

Proof. As noted in Section 5, (ccc) enables us to assume that £
is @ o-algebra on a set S. Let {4, 4,, ...} be a maximal, countable by (cce),
family of mutually disjoint atoms of M. Denote §, = {J 4,, 8, = S\8,.
M is non-atomic on S,, hence its values on subsets of §, are convex (6.1).
If 4, is a selection for M on S, and x,¢ M (A,) (ne N), then the set function
u: Z—~X defined by

w(B) = w(BNSy)+ Y {w,| BnA,¢ 4 (M)}

is a selection for x4 on #. In view of 8.10, the family of all x which can be
obtained in this way is large enough to guarantee (). (Evidently, this
family contains all selections for M.)

Remark. Our results on selections generalize those given in [247,
where X was required to satisfy some extra condition (P). On the other
hand, they are certainly not so deep as the results of Artstein ([2], Sec-
tion 8).

8.12. TurorEM. If %, M are as in Corollary 8.11, then there exists
a o-additive selection A for M such that i ~ M (i.e. I'(2) = I'(M)).
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Proof. We start with the following observation: If Ee 2\ (M),
then there exists F < B, Fe I\ A (M), and a oc-additive selection up
of Mp = M|%p, where Z, = {Ae #|A = F}, such that &/ (Mz) = & (ug).

Indeed, we can assume M (F) £ 0, and then by 8.11 there exists
a o-additive selection p for My such that u(E) £ 0.

Let o be a maximal family of mutually disjoint sets A in #, such
that u(4) = 0 and A¢ A4 (M). By (cee), & is at most countable, hence
its union 4, is in #5 and u(4,) = 0. Then I' = EN\A4, and pur = p|%p
are a8 required in our assertion. (In addition, 4 e A4 (uy) iff pp(4) =0.)

Now, there exists a maximal family & of mutually disjoint sets in
B\N (M) with the property that for each Fe % there is a o-additive
selection pg for My such that & (Mz) = & (up). F is at most countable,
$0 that we can write & = {F,, F,, ...} (F;nF; =@ if i # j). The maxi-
mality of & and the observation made above imply that 1/ vanishes
outside of | ) #. It follows easily that the o-additive set function i: #-—>X
defined by A(E) =ZMFn(EﬁFn) 1s a selection for M which satisfies

n

N (M) = ¥ {A).

Since both M and 2 satisfy (cec), each of them has a finite ¢-additive
control measure (8.2; [19], 2.3). Hence A4 (M) = A4 (A) is equivalent to
M) = I() ([19], 1.1).

By a theorem of Rybakov ([38]; see also [1]}, [16], [19], [44] for
some improvements and generalizations), if 1 is a c¢-additive measure
defined on a o-ring #£ and taking values in a normed space X, then there
is @;¢ X’ such that A ~aa.

This, and Theorem 8.12, imply immediately the following analogue
of the Rybakov’s result for correspondences.

8.13. CoroLLARY. If X is a normed space, Z a o-rving, and M is ¢-ad-
ditive and weakly compact valued, then there exists xye X' such that M ~ xy M.

Postscript. After this paper was submitted for publication, the
author learned that Pallu de la Barriére [3] obtained much stronger re-
sults on selections; he also proved a version of Corollary 6.3. The reader
is also referred to some recent works by A. Costé for related results,
and to the Thesis of Godet-Thobie [23] for an excellent exposition of
the theory of multimeasures.
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