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Countable codimensional subspaces of semiconvex spaces

Abstract. We obtain for semiconvex spaces analogues of three known results on the
inheritance of certain barrelledness and bornological properties of locally convex spaces by
subspaces of countable codimension.

1. Introduction. Following the papers of Saxon and Levin [13] and
Valdivia [16] showing that a countable codimensional subspace of a bar-
relled space is again barrelled, there has been considerable interest in de-
termining other properties of locally convex spaces which are similarly
inherited. We refer the reader to [6], [117, [12], [16] and [17] for examples,
noting in particular that Webb [17] has shown that countable barrelledness
[5] is one such property (see also [6]).

Adasch und Ernst [2] and deWilde et Gerard-Houet [3] have also
considered similar properties for certain topological vector spaces. The results
of Iyahen [9] and Kadelburg [10] may also be relevant to the reader in
this connection. Here we are concerned with this problem in semiconvex
spaces [7]. In [7], Iyahen introduced corresponding notions of hyperbar-
relledness and ¥X,-hyperbarrelledness in such spaces. We show that hyper-
barrelledness is inherited by subspaces of countable codimension; for the
analogue of Webb’s result we are led to a definition which is apparently
rather stronger than Iyahen’s ¥ -hyperbarrelledness. Valdivia showed in [16]
that a countable codimensional subspace of an ultrabornological space (in
the locally convex sense) is bornological. Our final result is a semiconvex
version of this.

Our methods are extensions of the techniques developed by Valdivia
in [15] and [16] and by Saxon and Levin in [13].

2. Countable hyperbarrelledness. In [7], Iyahen gives the following defi-
nitions. '
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(i) A semiconvex space (E, &) is hyperbarrelled if each ¢-closed balanced
semiconvex absorbent subset of E is an &-neighbourhood of 0.

(i) A semiconvex space (E, &) is No-hyperbarrelled if V= () U, is an

n=1
E-neighbourhood of 0 whenever it is absorbent and there is A > 0 such
that each U, is a closed balanced A-convex neighbourhood of 0.

Since a semiconvex space need not have a base of neighbourhoods of
0 consisting of sets which are A-convex for some fixed 4 ([14], p. 179), it
seems natural to modify (ii) by allowing A to vary with n. We do this
by adapting Iyahen’s idea of an ultrabarrel of type (x) [8] to the semicon-
vex setting.

(i) A semiconvex ultrabarrel of type (x) in a (semiconvex) space (E, &)
is a system {U{": n, ke N} of closed balanced semiconvex &-neighbourhoods

e o]

of 0 such that U¥*V 4+ U%*) < U® (n,keN) and () UP is a semicon-
1

n=

vex absorbent set (ke N).
(iv) A semiconvex space (E, &) is countably hyperbarrelled if, whenever

{U®: n, ke N} is a semiconvex ultrabarrel of type (x), then () U® is an

n=1
¢-neighbourhood of 0 (ke N).

It is clear that a hyperbarrelled space is countably hyperbarrelied and
that a countably hyperbarrelled space is N,-hyperbarrelled. Iyahen has
shown in [8] that the strong dual of a metrizable locally convex space is
countably ultrabarrelled and consequently it is countably hyperbarrelled. He
also notes in [7] that such a space need not be (quasi-) hyperbarrelled.
However,

THEOREM 1. A separable countably hyperbarrelled space is hyperbarrelled.

Proof. In a separable countably hyperbarrelled space (E,¢&) let
{x,: me N} be a dense subset, % be a base of balanced semiconvex
neighbourhoods of 0, and B be a closed balanced semiconvex absorbent set.

We can find a sequence (U, in # such that U,,,+U,,, € U,
(ne N) and

(%) {x,: me N\B = {x,,: meN}\a (B+U,).
n=1

Choose f > 1 such that B is B-convex and let
V9 =l {B* " *B+U,1\r_,} (n,keN).
Since V¥ < B**B+ U, 41+ Uyssoy S B *B+U,pyoy (n=2,3,..., ke

€N), it follows that (\ V® = N (B*"*B+U,,,_,) for each ke N. Since
n=1 =1
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N V® 2 B'~%B, it is absorbent (ke N); it is also p-convex (ke N) for

(Bl—kB+Un+k“1+ﬂl_kB+Un+k—1)

8
+
I8
S
n

38

1 n=1 n=2

8

= O (BB~ kB+Un+k 2) € ﬂ (BB'“B+pBU,1i-2) *

n=2

= p 0 W

It is now clear that {V,®: n, keN} is a semlconvex ultrabarrel of type (a)

in (E, ) and consequently ﬂ V) = ﬂ (B+U,) is an ¢&-neighbourhood

n=1 n=1

of 0. Finally

int ) (B+U,) ccli(int N\ B+U,){x,: meN}}
n=1 n=1
S c{Bn{x,: meN} (by()
< B,

which shows that B is an &-neighbourhood of 0.

We have attempted above to justify considering countable hyperbar-
relledness rather than N, -hyperbarrelledness in general. However, the two
definitions coincide in the important special case below.

THEOREM 2. Let (E, &) be a semiconvex space in which there is a base of
balanced neighbourhoods of O consisting of sets which are A-convex for some
fixed A > 0. Then (E,&) is countably hyperbarrelled if and only if it is
No-hyperbarrelled.

Proof. We have already noted that countable hyperbarrelledness implies
No-hyperbarrelledness. Suppose that (E, £) is N,-hyperbarrelled and let # be
a base of balanced i-convex ¢-neighbourhoods of 0. If {U¥: n,ke N} is
a semiconvex ultrabarrel of type () in (E, &), we can find f, > 0 such that
() UP is B,-convex (ke N) and V¥ e % such that V® < U® (n, ke N). Then

n=1

WO = cl {(y*+2 4 N U*+DY is a max (4, By, ;)-convex ¢-neighbourhood of

m=1

0 (n, ke N) and ﬂ W® is absorbent (ke N). By hypothesis ﬂ w® is an

n=1
¢-neighbourhood of 0 (ke N). But
F\ Wk < a (U Ly L ) < F] U»  (keN).
n=1 n=1 n=1

5 — Prace Matematyczne 22.1
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This completes the proof.

A simple extension of the proof of [7], Theorem 4.2, establishes

THEOREM 3. Any sc-inductive limit of countably hyperbarrelled spaces is
countably hyperbarrelled.

Combining the methods of [1] and [7], we have a second permanence
property.

THEOREM 4. Any product of countably hyperbarrelled spaces is countably
hyperbarrelled.

Proof. Let (E,),r be a non-empty family of countably hyperbarrelled
spaces over the same scalar field. Let {U®: ke N} be a semiconvex ultrabarrel
of type («) in IT {E,: yeI'} and fix he N. By [7], Lemma 4.1, there is a finite

subset I'y of I' such that IT{E,: ye '\I[',} < () U¥*?D. We suppose that I’y

n=1
and I'\I', are non-empty, the proof being easily modified in the remaining
cases. Let V® = U%*M ~ [T {E,: ye Iy} (n,keN). Clearly {V®: n, ke N} is
a semiconvex ultrabarrel of type () in H{Eyz,yef o}. By Theorem 3,

I1{E,: ye,} is countably hyperbarrelled so that () ¥,* is a neighbourhood

n=1
of 0in IT{E,: ye 'y} (ke N). Then () V¥ +IT{E,: yeI'\I's} is a neighbour-
n=1

hood of 0 in IT{E,: yeI'} (ke N). Since
N VO+I{E,: ye'\[,} = N U D+ N U s N\ UP,
n=1 n=1 n=1 =1

it follows that [} U® is a neighbourhood of 0 in IT {E,: yeI'}. The result

n=1

now follows since he N is arbitrary.

3. Subspaces of countable codimension. The following two lemmas are
fundamental for the proofs of the results referred to in §1 (cf. [13], §2
Proposition, § 3 Lemma; [15], Lemma 1).

Lemma 1. Let (E, &) be a countably hyperbarrelled space and let C be
a closed balanced semiconvex subset of (E, &) whose span F has at most
countable codimension in E. Then F is closed in (E, &).

Proof. We give the proof for the infinite codimensional case; the finite
case involves only a notational change. Let e,,e,,... be a basis for
a supplement of F in E. For each ne N choose §, > 0 and let J, be the
set of scalars of modulus at most J,. Let xoecl F and let & be any filter
in F converging to x,. Choose a base % of balanced semiconvex neighbout-
hoods of 0 in E and let % be the filter in E with base {X+U: Xe#, Ue¥}.
% also converges to x,. Suppose ¥ does not induce a filter on D, = nC+
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+ Y J,e, for any ne N. Then there are sequences (X,) in #,(U,) in %
r=1

such that for each ne N,

(l) (xn+Un)mDn= Q)’ (ll) Un+l+Un+l+Un+1 S Un'
Choose B >0 such that C is p-convex and for n,keN let W®

=c {np*C+(Y U,syn27%J,e)+U,..}. Then:
r=1

(a) each W® is a closed balanced semiconvex neighbourhood of 0

in (E, &);

(b) W& D4 W+ W0 (n, ke N);

@

© N WP2B*C+ U (Y U, 27%J,e,) which is absorbent (ke N).
1

n= m=1 r=1

We show:

(d) N WY is semiconvex (ke N).
n=1

Let x,ye [\ W%, Then, for each neN,
1

x,yecl {np7*C+( Zl Ui 02740, )+ Ui}

and so for n > 2,

In

n

n

n

I

x+yec (nB*C+( Y U,un27%J,e)+
=1

YU 4B CH( Y Uppun 2780, )+ Upii}
r=1

n—1

Cl {ﬁnﬁ—kc+2( Z Ur+km2_kJrer)+2(Un+kmz—k']nen)'{'Un+k+Un+k}
r=1

(note that U,,, n27%J,e, is actually convex since U,,, is balanced)

n-1
cl {(‘nﬁ—niﬁ>(n_l)ﬁ_kc+2( Z Ur+k N 2“kJrer)"‘"z(l]n+k'+' Un+k+Un+k)}
- r=1

n—1

A 2B~ 1) *C+2( Y Uynn20,e)+2Upssey)  (by (i)
r=1

n-1
max 28,2) cl {(n=1)B*C+( Y U,sun27%J,6)+ Upsioy}
r=1

max (28,2) W®, .

Consequently
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oo

N W@+ N WP < max(26,2) N WP = max (28,2 N W,
=1 =1 n=2 n=1

n=

8

Since (E, &) is countably hyperbarrelled we now deduce that () W,*®
n=1

is an ¢&-neighbourhood of 0 (keN). Choose Xe.# such that X—-X
< N W2 and for each neN, choose Y,e# such that ¥,—Y, = W?.

n=1

Note that

M=

WL WP < cl {nf~ 1C+( 27, e)+ Ups )

H

1

27'J,e)+U, (neN).

D =

< nfp P C+(

r

1

Let ze Y, + WP xeX,nY, Then for some yeY,,ue W» we have

z=y+u=x+y—x)+tueX,+W>+W>

S X,+nf~1C+( Z 271J,e)+U,.
Consequently by (i), z¢ nB~'C+ Y. 27'J,e, so that
r=1

(%) (Y, + WA n(np~ ' C+ nz 27'J,e)=@ (neN).

Suppose we X. Then we can find n, such that wen,f™!C. For any

€ Y,, we must have w—y¢ W2 by-(x), which implies that w—y¢ ﬂ W@,

n=

Since X—X < (| W® we now deduce that y¢ X. This shows that.

. n=1
XY, = @ which is impossible since X, Y,,€#. Consequently ¥ must
induce a filter on D, say. Now D, is closed, being the sum of a closed
set and a compact set, and so Xo € D,,. This shows that the closure of F

[eo] n

is contained in F+ (J ) J,e, for any choice of the J,. Since the inter-
n=1r=1

section of all these sets is F, we deduce that F is closed.

Our other main tool is

LeEmMA 2. Let F be a closed subspace of at most countable codimension
in a countably hyperbarrelled space (E, &) and let G be any algebraic sup-
plement of F in E. Then ¢ induces the finest linear topology on G and
(E, &) is the topological direct sum of (F,¢|y) and (G, ¢|g).

Proof. This is standard if the codimension of F is finite ([4], Chapter 1,
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§ 12, Corollary 3). Otherwise let e, e,,... be a basis of a supplement G of
F in E. A base of neighbourhoods of 0 for the finest linear topology #

0 n

on G is given by all sets of the form () ) J,e,, where J, is the set of

n=1r=1
scalars of modulus at most §, for some arbitrary positive 6, (neN). Let
% be a base of closed balanced semiconvex neighbourhoods of 0 for ¢&.
A base of neighbourhoods of 0 for the direct sum topology defined by

& and n is given by all sets of the form UnF+ () Y J,e, where
n=1r=1

Ue# and the J, are as above. Choose any such set and choose >0

such that U is f-convex.

Since F is closed in (E,¢&), it is closed in E, = F+L(e;,e;,...,€,)
(ne N) with the topology induced by &. (L(ey, e, ..., e,) denotes the linear
span of ey, e;,...,e, (neN).) Consequently |, is the direct sum topology
of ¢ and the usual topology on L(ey,e,,..., e,). We can therefore find

Y2 ’

U,e such that E,nU, < B"'UnF+ ) 27'J,e, (neN). We may fur-
r=1
ther assume that U,,,+U,,,+U,+; S U, (neN). Put W® =cl {B7*Un

NF+(Y U,y n27%J,6)+ U, i} (n,keN). It follows as in the proof of
r=1

o0

Lemma 1 that () W® is an &-neighbourhood of 0 (ke N). Now
1

n=

VVn(l) c
1 n

[ X:]
[ X:]

(BUUNF+(Y Ui n21J,e)+U,}.
=1

n 1 r

e8]
Let xe () W'Y and choose m such that x € E,,. Then since xe ' UnF+
n=1

+(Y U,,;n27'J,e)+U,, we have by linear independence
=1

r

xeB'UNF+(Y U,yyyn27tJ,e)+U,NE,
r=1

SR TUNFH(Y Uy n271,e)+B ' UnF+ ) 27,0,
r=1 r=1

S UNnF+ )Y J,e,.
r=1
Thus

28] n

NWPLsUnF+ U ) Jie,
n=1

n=1r=1
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which is therefore an &-neighbourhood of 0. Since £ is necessarily coarser
than the direct sum topology, the proof is complete.

We now apply Lemmas 1 and 2 to obtain an analogue of Webb’s
result concerning countably barrelled spaces ([17], Theorem 6).

TueoReM 5. Let (E, &) be a countably hyperbarrelled space and let F
be a subspace of at most countable codimension. Then (F,¢&|p) is countably
hyperbarrelled.

Proof. Let (U®: n, ke N} be a semiconvex ultrabarrel of type (a) in
(F, &|p). Taking closures in (E, ¢), we deduce from Lemma 1 that all the

sets ¢l () U® (keN) have the same linear span H, which is a closed
n=1

subspace of (E, &). If % is a base of closed balanced semiconvex neighbour-
hoods of 0 in (E,¢) we can choose V¥ e such that for all n,keN,
HAV® cd UM, V0, +¥® <y yeiDpphth o Let W® = cl

(N UD)+HAVEDY (n,keN). We see as before that {W*: n,keN}
T

m=

is a semiconvex ultrabarrel of type () in (H,¢&|y) and further that
N WED < N cd U (keN).
n=1 n=1

Let G be a supplement of H in E. It follows from Lemma 2 that
if BY = W®+G (n,keN), then {B®: n, ke N} is a semiconvex ultrabarrel

of type (®) in (E, &). For each ke N we have F N ﬂ B**Y = Fn ﬂ Wk

n=1

cFn ﬂ d UW = ﬂ U% and consequently ﬂ U® is a neighbourhood

n=1 n=1
of 0 in (F, ¢|p) for each ke N. This completes the proof.
From Theorems 2 and 5 and our remarks in Section 2 we deduce
immediately

CoroLLARY. Let (E, &) be an N,-hyperbarrelled space for which there is
A > 0 such that ¢ has a base of balanced A-convex neighbourhoods of 0.
If F is a subspace of E of at most countable codimension, then (F,¢&|f) is
Wo-hyperbarrelled.

In particular, a subspace of at most countable codimension in the strong
dual of a metrizable locally convex space is Wo-hyperbarrelled in the induced
topology.

If in the setting of Theorem 5, B is a closed balanced semiconvex
absorbent subset of (F, ¢|r) and H is now the linear span of the closure
A of B in (E, ), then A+ G is a closed balanced semiconvex absorbent
subset of (E, £). We can therefore establish similarly

THEOREM 6. Let (E, &) be a hyperbarrelled space and let F be a subspace
of at most countable codimension. Then (F, &|) is hyperbarrelled.
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Finally we give an analogue of Corollary 1.3 of [16]. If B is a balanced
semiconvex bounded subset of a topological vector space E, then Eg
denotes the linear span of B endowed with the locally bounded topology
having {n~!B: ne N} as a base of neighbourhoods of 0.

LEmMA 3. Let (E, &) be a semiconvex space and suppose there is a family
# of balanced semiconvex bounded subsets of (E, &) such that the spaces
Eg (B e %) are hyperbarrelled and (E, £) is the sc-inductive limit of {Eg: Be 4}
under the natural embedding mappings. Let F be a subspace of E of at most
countable codimension. Then (F, {|p) is the sc-inductive limit of {Fy.,: Be %}
under the natural embedding mappings.

Proof. Let V be a balanced semiconvex absorbent subset of F such that
VA Fy.r is a neighbourhood of 0 in Fy.p for each BeZ. Choose A > 0
such that V is A-convex. Let ./ be the set of all finite sums of elements
of #. 1t is clear that for each Ae.«Z/, E, is also hyperbarrelled and VA F 4.
is a neighbourhood of 0 in F,,. ;. Let W[A] be the closure of A" VAF .,
in E, (Ae.«/). Since the closure of A"'VNF, . in F,.p is contained
in AT'VAF, p+A ' VAF, < VAF,.r it follows that W[A]NF
= W[A]nF, .y & V(A€ ). Note also that W[A] is A-convex. We show
that W= ) {W[A4]: Ae o/} is A-convex. If x, ye W, we can choose 4, A, €./
such that xe W[A,], ye W[A,]. But then x,ye W[A,+4,] and so
x+yeAWI{[A,+A4,]. We have therefore shown that W+ W < AW.

Let G be the span of V+ W and let H be any supplement of G in E.
Then V+ W+ H is a A-convex balanced absorbent subset of E. For each Be .4,
the span of W[B] is a closed, at most countable codimensional subspace
L (B) of Ep; we know further that Ey is the topological direct sum of L(B)
and any of its supplements, each of which must have its finest vector topology
(Lemmas 1 and 2). Now (V + W +H) n Eg is a balanced semiconvex absorbent
subset of Ez and (V+ W +H) n L(B) 2 W[B] which is a neighbourhood
of 0 in L(B). It now follows that (V+W +H) n E; is a neighbourhood
of 0 in Eg (Be#). Consequently V+W+H is a neighbourhood of 0 in
(E, &). Since -

V+W+H)NF=V+W)nF=V+(WnF)SsV+V < iV,
it follows that V is a neighbourhood of 0 in F. The result now follows.

THEOREM 7. Let (E, &) be a separated sequentially complete almost convex
hyperbornological space [15] and let F be a subspace of at most countable
codimension. Then (F, £|p) is hyperbornological.

Proof There is a family # of balanced semiconvex bounded subsets
of (E, &) such that each Eg (B e 4) is a complete metrizable locally bounded
space, and therefore hyperbarrelled, and (E, ¢) is the sc-inductive limit of
{Eg: Be#} under the natural embedding mappings [7]. The spaces
Fg.r (Be %) are hyperbornological since they are metrizable. The result now
follows from Lemma 3 and [7], Theorem 3.2.
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