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Inverse theorems for Favard operators 
in polynomial weight spaces

1. Introduction. The aim of this note is to establish a complete equivalence 
theorem concerning the rate of convergence for operators introduced by 
Favard (cf. [6]) in 1944, namely

where y > 0, neN  (=  the set of positive integers). The functions to be 
approximated are defined on the whole real axis R and are allowed to 
have polynomial growth at infinity. To this end we consider the spaces 
C2n given via (N e P  := N u { 0})

w0(x) := 1, vv2,v(x) := (1+ х 2л/) -1 (x e R , N e A),

C2n •= {/eC (R ); w2N/ uniformly continuous and bounded on R), 

UWzn ■ = \\w2Nf\\ ■= sup |w2N(x)/(x)|,

C(R) being the set of all continuous functions on R. Correspondingly, 
Lipschitz classes are given for 0 < a ^ 2 by

С02.2Л (/; <5) := sup |Mh/||2N, Aî f (x )  := f  (x + h ) -2 f  ( x )+ f  (x -h ) .
O <hi Л

Then we have the following result.
Theorem 1. Let N eP, f e C 2N, ae(0,2]. The following assertions are 

equivalent:

(1)

F U ( x ) - =  ’ qin(x),
к =

Lip2,2x a : — {/eC 2JV; <̂ 2,2v(/î <5) — 0(ô*), à ~* 0 + },

where

(2)

(3)

W n f - f \ \ 2 N  =  0 ( П ~ %12)  ( п - Х ) ,

/eLip2,2v a.
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Whereas [ 6] is mainly concerned with (pure) convergence assertions, the 
equivalence for the saturation case a = 2 was established in [4]. Moreover, 
the direct part (3)=>(2) for 0 < a < 2 follows from [1] (compare the remarks 
in Section 3 for some additional details). Thus there remains to prove the 
inverse part (2)=>(3) for the case of nonoptimal approximation. The proof 
in Section 3 rests mainly on a suitable representation and estimation of 
the second derivative of Fynf ,  which will be derived in Section 2. Analogous 
results for Szâsz-Mirakjan and Baskakov operators have been established 
in [3]. The approximation of functions exhibiting exponential growth will be 
the subject of a further note (cf. [4], Section 5).

The material of this paper forms part of the author’s doctoral dissertation. 
The author wishes to express his sincere gratitude to Professor R. J. Nessel, 
his dissertation adviser, for his constant encouragement and helpful remarks, 
and for his critical reading of the manuscript.

2. Basic estimates. In this section the results of Section 2 in [4] will 
be extended and improved in order to derive an estimation for (F\f  )". First 
recall (xeR, n<=N, reP )

00 00

(4) F ï l ( x )=  X  = ! + 2 X  exp{-nyn2j 2)cos(2nnjx),
к = - oo j = 1

00 / к  Y
(5) TJr(x) := FJ((r—x)'; x) = £ -----*  C , (*)•

k=-oo\n J

Lemma 2. For a ^ 0, ne IS let

00 2sa := x  ja exP i~nyK2j 2), Ay := {ê* -  1) К
i =  i

There hold the following estimates:

(6) Sa <  ( ф к 2е)*12(епуп2- 1 )  l n al2 ^ Ay (tx/yn2 ef12 n

(7)

(  eotx̂2 Yea A — a/2 — A
Sot <  (yn2e f 2 + 2

(A > 1),

(Ayioi/y^eY^n-*12- 2 (0 ^ Â ^  1).

Proof. Defining /„,«(*) •' =  xa exp ( — пук2x(x  —1)) we have

00

Sa =  X  /  exP (~nyn2j 2 + nyn2j) exp { — nyn2j) 
j = i

^ max f na (j)(em2 — 1)~1,
2

( 8 )
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so that (6) would follow from

(9) max (x) ^ (а/у л 2 éf12 n~*12.
X> 2

To prove (9), note that the function f na attains its maximal value for 
x„ := (1 + (1 + 8а/иул2)1/2)/4. For n ^ n0 := ct/бук2 we have x„ ^ 2, and 
therefore

max f  a(x) =  /„,«(2) =  2“ exp ( -2nyn2).
xï 2

Observing that xa/2 exp ( — 2хук2) is maximal for x = а/4ул2, this delivers 
(9) for n ^ n0. For n < n0 we have x„ > 2, thus x2 — xn > x2/2, so that

max /„>a (x) =  /„>a (x„/< x“ exp ( -  пук2 x2/2).
2

This implies (9) for n < nQ since xa exp ( —пул2х2/2) attains its maximal 
value for x = (а/пул2)1/2.

For the proof of (7) define ^ (x ) := Xя (exp (ул2х) — l ) ” 1. We first show

( 10) max gÀ(x) ^ 
1

e (À/ук2 e)À
A.,

(X > 1),
(0 ^ X ^ 1).

For gÀ to have a maximum at a point x0 we must have that

(11) X =  х0уя2 exp (х0ул2)(ехр (х0уя2) — l ) -1.

As yey (ey — 1) 1 > 1 is an increasing function, this only can happen for 
X ^ 1. In this case by (11)

X
9x(xo) = Xo (exp (х0ул2) - 1)-1 = — y-x£_1 exp ( - x 0 утг2).

уя

As Xя-1 exp ( — хул2) attains its maximal value for x = (X — 1)/ул2, there 
follows

max 0A(x) ^  0A(xo) ^  Я(уя2)~я(Я -1)я_1е1_я
X? 1

= е(Я/ул2е)я(1-1/Я)я_1 ^ e (Я/ул2 е)я.

This proves (10) for Я > 1, while for Я ^ 1 we note that gÀ is decreasing, 
thus gx(x) ^ gA(l) = Ay. Now (7) is an easy consequence of (6), (10) in 
view of

Sa ^  max gÀ (x) (а/ул2 e f12 n а/2 я. □
X? 1



168 M. Becker

Let us mention that Lemma 2 extends Lemma 2.2 in [4] by providing 
precise constants. From (7) we see that S* can be majorized by an arbitrary 
power of 1/n.

Theorem 3. For every n , reN ,  xeR  there holds

(12) TJJx) =  l)(r) W +  T  T:.r-zj(x)

with constants

(13) crJ = ( -  1 y+1 2 - 1 j l(rrl 2j)) (1 < J < [r/2]).

Proof. This is essentially Theorem 2.4 of [4] except that the sum­
mation in (12) is reversed and the constants are evaluated via (13). Indeed, 
using

d 2 n
—  Tn>r (x) = —  T„tr + ! (x) + r T„,r _ ! (x)
dx y

gives (in the following proofs we omit the index y)

(14) 7".>г + 1(х) =  ^ - [Т „ ',г(х) + гГ„,г _ ,(* )]
2 n *

= ( j ^ Y 1 1>‘r+11 w + (r+c'. ( ^ r )  7‘ ■ w +

w ]  (  y  у
+ I  + Tnr +1- 2J (x) —

— ( г  — 2  [ r / 2 ] )  Cr>[r/2] (  )  THlr -  2[r/2] - l W -

From this representation the theorem follows by induction. □

Theorem 4. For every reP ,  neN, xeR  there holds

(15) IT^x)) ^ 75 max {Ay, 1} (y/ef12 r ln~rl2.

Proof. By (4) and Lemma 2 one has

|Гя>0(х)| = \Fnl(x)\ ^  1+ 2S0 < 1+2Ar ^  2 max {Ay, 1),

|T,.,WI =  — |(F.1) 'M  «  ixySt «  2Д , ( ^ У  n -1'2.
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This gives (15) for r = 0, 1. Now let us proceed via induction, i.e suppose 
(15) to be valid for 0 < r < s. Then one has

is/21 / y  \ j

(16) I  l ^ - 2jWI

ls/2|
^ 75 max {A.., 1} £  —

si
j = i  7 ! (s — 2 j) ! V 4n

у у  !  У \sl2 j
(s — 2j)l n~s/2+J

Si 2 ls/2| j

= 75 max {A., 1} J sin s/2 £  —  ̂ ^

^ 75 max {A.., 1} s\n~sl2 (exp(e/4)—1)

< 73 max H , 1} (
/  y  \ s/2

! „-»/2S! П

Furthermore, (4) and Lemma 2 deliver

(17) ("2и ) l,F" 1)'” <x)l rS 2№YS. •: 2A,
ys \s/2 _

и sl 2

In view of ss/2 s! estimates (16), (17) together with Theorem 3 imply (15) 
for r = s.

The next theorem provides the desired estimations for (Fnf  )" (constants 
M v may have different values at each occurrence).

Theorem 5. For у >  0, N e P  there exist constants M v aiul n0(y)el\ 
such that for all f e C 2\

(18)

(19)

WiFn/Ylis * иМ.,л||/||2л- (И6Л-),

(F „/ )" (x )-n 2 X * l . f
k= -  oo V й

< M...v||/i:2.v (и ^ Щ),
2 N

Proof. By straightforward computations we obtain

/ I  \ 2 ,, /fc/ 2n \2 ® / к у / k \
(20, ( f . / r w  -  ( — j  4 Z .  [ ( - - y

4k +1 (*) “  2^k,„ (*) + qk-i,n (x)

= 9M( x H e x p ( y ( L - x) _ - L ) _ 2 + exp( _ L ( L _ x)__i.

= 4к,Л*)
f/2 k 42

---- X
n

У
2 n

+ (yn) 2 +

j- j .-^oV2i'
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These identities deliver

"2 Z  ^ !nf ( ^ ) q k-n(x ) - (Fnf n x )
k=-<x> V n J

00 f - I / v V  ljl2] ■
= У 2F„ f ( x )  +  2n2 £  ----- r.----  Z  ( ii)4' ”21 JFn (( t -x )21 f  (t); x),

7=3 J ! i=0

so that

(21) j|n2 £  4?/и/ ( — ) q k>n( x ) - ( F nf)"{x)\\2N
k= -00 Vй /

<  Г 2 ||^/||2^ + 2 | | Л 2^ у>Л » ) ,

[j/2]

5,,w(w):= Z  2  ( i ) 4' " 2' J||F«((?- ^ )2‘ (l + f2Af); x)\\2N.
7=3 J - i = 0

By Theorem 4 one has

W2]V ( * )

2Л/

< Z  O i r . , 21 + .(x)|

i + m/2

2N

«  My (2/ + 2N) ! (y/ne)‘ £  {™)(у/пеГ12.
m = 0

Hence

(22) ||F„((t-x)2‘ (l + rw); x)||2JV «  Myjv(2i + 2N )! (y/nef. 

In particular, there follows

(23) ||F„/||2„ «  l|F„(l + t“ ; x)||2l, ||/H2* «  Mv,„ |(/||2N. 

Now (18) is an easy consequence of (20), (22); indeed, one has

ll(F./)"ll2»  «  ll/ll2« | ( - y - j  ||F„((r-x)2(l + f2''); x)||2N4

2 n
+ ------ | | F „ (l +  t 2iV; X)\\2 N }  ^ nMy N ||/||2jv.

У

Therefore in view of (21), (23) there remains to show that
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To this end, using (22) one has
OO y-j lj/2]

Si* № < I  - V  Z  g)M,, 'N(2i + 2N)\(4y/eyn2 + i-J
j =3 Ji i=0

00 (i +  2NV [j/2] • -
«  М.,.« I  u  ̂ 2  (i)(4y/e)‘

7 = 3 J ! 1 = 0

«  м , , я £  ( '  +  2 A f)! [ ( l + 2 V ^ ) ' /2/y ]Jn2 + № | - j .
7=3 ]•

Noting n2+[jl2]~s =  min { l ,n 2_J’/2} ^ n~2jl5 for j  ^ 20, one obtains

œ U + 2NV j—
S..»(n) «  + X  U .' '  [(1 +2y/yfe)ll2jyn2,5y  $ М.,„

j=20 J!

for n ^ n0 (y) (where n0 is chosen such that the term in square brackets 
is smaller than 1). This completes the proof of (19). □

3. Proof of the inverse theorem. To establish the equivalence theorem 
we have to prove the inverse part for the case of non-optimal approximation. 

T heorem 6. Let N e P ,  f e C 2N, ae(0,2). Then the rate of approximation

(24) \\F U - f \\2N =  0 ( « - " 2) (n -o o )

implies f e  Lip22Not.
Proof. Let f e C 2N satisfy (24). Following the elementary argument of 

[5], p. 694-696, it is sufficient to show that

(25) 072,2.V(/; h) ^ M l ô '  + h2 + (h/ô)2co2'2N( f ; <5)].

From (24) there follows for all sufficiently large n and /ig (0, 1]

(26) \\A2hf\\2N ^  ||Л\ [/— Fn / ] ||2N + 1ИI [F„ / ] II2.v
й/2

«  MN\ \ f -F„f \ \2K+\\ J f  (F. f )"tx + s + t)dsdt||2V
— h/2

^ M Nn~y/2 + M Nh2 \\(Fn f)"\\2N.

Introducing the Steklov means
Ы2

f 0(x) S~2 {  J f  {x + s + t)dsdt,
-Ô/2

in view of the inequality

W2iv(x)/W2iv(7C±5) ^  (1+<5)2л/ ^  4N (0 <  Ô ^  1) 

one has that (cf. [2], p. 13)

U - М г м  «  4* < »,.„(/ ; S), ||/Ли- «  4 4 ~ 2a 5).
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Together with Theorem 5 this delivers for n ^ n0 

(27) ||(F„/)"||2,v ^ \\(FHl f - f * ] ) " h s  +
ao 1 /2и

+ n«2 I  И  х/'(^/«+5+о^^к,п(х)ц2Л +
/с = — oo — l/2/i

00

+ II (F„/■>)"(*) — ” 2 Z  4Î,./d(fc/n)«M(x)ll2.v
fc = — 00

«  »M,.v 11/-ЛП2Л+ m .,v (ц/;'||2д.+ n/4||2,v)

«  M лЛ [(n + <5“2)<t)2,2,\ (/; Л + 1/ l î .v ] .

By choosing n such that (n + l) _1/2 ^ ô < n~1/2 we obtain (25) from (26), 
(27) for 0 < h. ^ 1, 0 < Ô ^ <50. This proves the assertion.

Let us add two remarks about the remaining parts of Theorem 1. 
Remark 3.1. The saturation result, i.e. the equivalence of (2), (3) for 

a = 2, follows from [4], where the spaces

Xs := {/eC(U ); w2v(x)/ (x ) = o (l),M ->oo }

were considered. All arguments, however, carry over immediately. The same 
holds true for the direct parts for 0 < a < 2 in [ 1], which treats the 
particular case у = 1. To consider у ф 1, however, means just modified 
constants.

Remark 3.2. Remark 3.1 also holds true for the case N — 0, i.e. for 
functions uniformly continuous and bounded on R. Let us only mention 
Lemma 4.4 in [4], which states that (setting q>(y) := (ayy/A)+l)

1 00
f j (*) : = -y J (<P 00) ~1/2 {x/<P 00}J exP { —У — ax2/<p (y))dy

A о

satisfies the equation

¥j  (*) -  (y/4) fj" W  = xJ exp ( -  ax2) (j e {0, 1}).

For N =  0 it remains to show that /0,/i belong to D0(B) := { f e X 0; 
/', / "e  A 0}. To this end, note that h(y) := — y/2 — ccx2/(p(y) attains its maximal

value at y0 := — A/ay + |x| yJlXfy , so that

g(x) := exp (A/2ay — |x| ^/ixjy) ^ ехр(Л(у)) 

for у ^ 0. This implies that the integrals (meIS, /1 > 0)
J 00 00

— j x 'X y ) ^  exp (~y/2 + h(y))dy < xw^(x)A-1 J exp(-y/2)dy 
А о о

vanish for |x|->oo, and therefore f 0, f l e D0{B), since /0,/! and their deriva­
tives are (sums of) such integrals.
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