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Semi-closure and related topics 
in Hashimoto topologies

Let (X, 2Г) be a topological space and let P be an ideal of subsets of X. 
For a set A c= X  by cl^A and int^A we denote «̂ “-closure and ^-interior of A, 
respectively. Furthermore,

DP(A) = ( x e l :  U пАфР for each neighbourhood U of x }.

Assume that P satisfies the following:

A e P o A  nDp(A) = 0 o D P{A) = 0.

Then the operation A->A uDP(A) is the closure operation, [5]; the topology 
defined by this way is denoted by &~{P). A subset A <= X  is ^'(P)-closed 
{3~{РУopen) if and only if A is the union (the difference) of a ^"-closed 
(^~-open) set and a set belonging to P, [5].

Moreover, if DP(X) = X, then:
(a) a set A c= X  is ^(P)-no where dense if and only if A is the union of 

a ^-nowhere dense set and a set belonging to P;
(b) c\$-(P)W= c\y-W for every 3~{P)~open set W, [5]. .

1. Remark. The condition DP(X) = X  is equivalent to 2Г n P  = (0 ).

A subset A of a topological space (X, ZT) is said to be 2Г-semi-open if there 
exists a ^"-open set U satisfying U cz A cz clr U, [6], ZT-semi-closed if the set 
X\A is ^-semi-open, [1].

The union (intersection) of all ^-semi-open (^-semi-closed) sets con­
tained in A (containing A) is called the ZT-semi-interior {ЗГ-semi-closure) of 
A and it is denoted as s-int^zl (s-cl^A), [1].

In the sequel we shall use the following properties:
(1) The union of any family of ^-semi-open sets is ^-semi-ope^, [6].
(2) If A is ^"-semi-open and U is a ^"-open set, then A n U  is ^'-semi- 

open, [6].
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(3) A point x belongs to s-clr A if and only if for each ^"-semi-open set 
W containing x we have W n A  #  0.

(4) int^cl^A cz s-clj-A for each set A a X, [1].

(5) If A is ^"-semi-open (^"-semi-closed), then the sets cl^A, s-cl^T, int^A, 
5-int̂ ->l are ^"-semi-open (^"-semi-closed), [2].

2. Theorem. Assume that J n P  = {0 }. A set A cz X is (P)-semi-open 
(^  (P)-semi-closed) if and only if A = B\H (resp. A = B u H), where the set В is 
2Г-semi-open (^-semi-closed) and HeP.

Proof. Assume that A is a ^"(P)-semi-open set; there exists a tF(P)~open 
set V such that V cz A cz cl^^V. Then V = U\H1, where U is ^"-open and 
HxeP. The set H2 = U n Ht belongs to P, so H2 is 5"(P)-closed: Thus 
we obtain U cz A и H2 cz cl r  {P)(U\H f) и H2 = cl {P)((U\H J u H2) = cl $-{P)U 
cz cl^U. Hence A u H 2 is a ^"-semi-open set. Let us put B = A u  H2 and 
H = Hf\A. Then we have A = B\H, the set В is ^"-semi-open and HeP.

Conversely, let A — B\H, where В is a ^"-semi-open set and HeP.  Then 
there exists a ^"-open set U cz X  satisfying U cz В cz cl^U. Since cl#-U 
= cl<f(P)U = cly-{P)(U\H), from the last inclusions it follows U\H cz B\H 
cz clpU = cl̂ -(P)(U\H). So we have shown that the set A = B\H is 
&~(P)~ semi-open.

The conclusion concerning semi-closed sets is a consequence of the above 
and the suitable definitions.

Now we define

D*P(A) = { x e X  : ArsW^P  for each ^"-semi-open set W containing x }.

3. Theorem. For any sets А, В <=z X there holds:

Proof. Properties (a)-(c) are an immediate consequence of the definition 
of DP(A); (d) follows from (c).

Now, let xeDsP(DsP(A)) and let IT be a ^"-semi-open set containing x. 
Then I¥ п О Р(А)фР, so WnDsP(A) Ф0.  Thus IT is a ^-semi-open set

(a)

(b)

(c)

(d)

(e) 

(0 

(g)

DSP(A) cz s-cl -̂T.

Dsp(A) cz Dp(A).

If A cz B, then DSP(A) cz DSP(B).

DSP(A) u Dsp(B) c z  Dp(A u B).

DriDrlAj) c= D‘r(A).

DSP(A) is a ZT-semi-closed set.

If H eP , then DSP(A\H) = DSP(A) = DSP(A u H).
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containing some point yeDsP(A), which implies Wr\A£P. Hence we have 
xeDsp(A) and (e) is proved.

If x$Dsp(A), then for some ^-semi-open set W we have x e W  and 
WnAeP.  This implies W cz X\DSP(A), which means that X\DSP(A) is a f -  
semi-open set. Thus DSP(A) is ^"-semi-closed.

Finally, we will prove (g). From (c) we have DSP{A) c  DSP(A u Я). Let 
хфОр(А); then there exists a ^-semi-open set W such that x e W  and 
W n A eP .  Thus W n (A v H )e P  and хфВ5Р(Аи H). So we have shown 
D°P(A u H) = Dsp(A). Using this equality and the fact that A n H e P  we obtain 
Dp(A) = Dp((A\H) и (A n H)) = DSP(A\H), which finishes the proof.

4. Theorem. / /  J n P  = {0 }, then A и DSP(A) = s-c\ {̂P)A for each set 
A cz X.

Proof. For a point хфэ-сХ^-^А there exists a $~{P)~semi-open set 
W containing x such that W n A = 0 , so Wn AeP.  According to Theorem 2, 
W = U\H, where U is ^-semi-open and HeP.  Moreover, we have xeU.  
Since U n A =  ((U\H) n  A) u (U n A n H) e P, so хф DSP(A). Thus we have 
shown Dp{A) cz s-c[ -̂(P)A and in the consequence A и DSP(A) cz s-c\̂ -æ)A.

Now, let хф A kj Dsp(A). Then хфА and there exists a ^"-semi-open set 
W containing x such that A n W e P .  Applying Theorem 2, we have that 
W\A = JF\(A n W) is a &~{P)-semi-open set, xe W\A and (JF\A)n A = 0.  
This implies that x^s-cl^-(P)̂ 4, so s-cl^(P)T c  A u DSP(A) and the proof is 
completed.

5. Corollary. Let 2Г n P  — {0 }. A set A cz X is 2Г (P)-semi-closed if and 
only if Dsp(A) cz A.

6. Corollary. Let P be the ideal of nowhere dense subsets of a topological 
space (X , 2Г). Then A u DSP(A) = s-cl^A for every set А с  X.

Proof. Under our assumptions, classes of ^"-semi-open sets and 
^(P)-semi-open sets coincide, [7], Propositions 3 and 4. Therefore the 
conclusion simply follows from Theorem 4.

7. Theorem. If 3TnP = {0],  then for each 3~(P)-open set W we have 
s-cl̂ r W = s-cl̂ -(P) W.

Proof. It follows from Theorem 2 that every ^'-semi-closed set is 
« "̂(P)-semi-closed, so s-c\^P)W c  s-c\r W. Now, let xes-cl^IT and let U be 
a ^"-semi-open set containing x. Then U n W Ф 0  and, in consequence, 
intj-(P)(l/ n W) ф 0 . Thus UnWфP  and this implies xeDsP(W). Applying 
Theorem 4, we obtain x e s-cl̂ -(P) W and in the next s-cl^ W cz s-cl̂ -(P) W.

8. Corollary. / / J n P  = {0 }, then for every $~(P)-closed set A cz X 
there holds s-int^A = s-int -̂(P)A.
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A topological space (X , is said to be extremally disconnected if for
every ^-open set U the closure cl#-U is ^~-open, [4], p. 452. The space (X, ЗГ) 
is extrerpally dosconnected if and only if for every pair U, V of disjoint ^"-open 
sets we have c l ncl^-V — 0 , [4], p. 452.

9. T h e o r e m . Let ЗГ r\P = {0 }. The topological space, (X , ЗГ) is extrem­
ally disconnected if and only if (X, ^~(P)) is extremally disconnected.

Proof. Let (X, 2Г) be extremally disconnected and let IT be a $~{P)~open 
set. Then W = U\H, U is ^"-open and HeP;  moreover, cl̂ -(P) W = cl^ W 
= clr U. Thus clr(P)W is a &~(P)~open set and (X, «̂ "(P)) is extremally 
disconnected.

Conversely, let (X, ^  (P)) be extremally disconnected and let U, V be 
^“-open sets such that cl^-L/n cl^-F #  0 . Since cl^ U = cl -̂(P)U and 
cl^ V = clr(P) V, we obtain с\Г(Р) U n cl^(P) V ф 0  and from the assumption, 
U n V  ф 0 . Hence (X, ~̂) is extremally disconnected.

10. L e m m a . A topological space ( X ,  ЗГ) is extremally disconnected if and 
only if for each 2Г-semi-open set A a X there holds clg-A = s-cl^T.

Proof. Assume that (X, 2Г) is extremally disconnected. Let xecl^-A and 
let U be a «^-semi-open set containing x. Since cl#-U = cl^int^f/, the set 
cl̂ - U is a neighbourhood of x. Hence we have elf U n А ф 0. The set cl^ U\U 
is nowhere dense, clfU n A is ^-semi-open, so U n А Ф 0.  Thus xes-c\^A 
and in the consequence cl#-A c= s-cl^-A. This implies cl̂ -Л = s-cl̂ -Л.

Now, let elf A = s-clfA  for every «^-semi-open set А с  X. For each 
^”-open set V <= X we have V <= int^-cl^F. Since int^cl^K is ^-semi-closed, 
we obtain the inclusion s-clf V <= int̂ -cl̂ - V. Hence elf V = s-clf V c= int̂ -cl̂ - V 
and from this it follows that cl^-F is a .̂ ~-open set, which completes the 
proof.

11. T h e o r e m . Let ZTп Р ф { 0 }. The topological space (X,^~) is ex­
tremally disconnected if and only if DP(A) = DSP(A) for every 2Г-semi-open 
set A cz X.

Proof. Let (X, be an extremally disconnected space and let A be 
a 5~-semi-open subset of X. Evidently, it sufficies to show that DP(A) cz DP(A). 
Let us take a point xeD p(A) and a « "̂-semi-open set W containing x. Then 
clffV is a «^-neighbourhood of x and cl пАфР.  Hence 0  ф c If W n A  
= {Wn A) u (cl̂ - W\W) n A. Since cl̂ - W n A is «^-semi-open and cl̂ - W\W is 
a « "̂-nowhere dense set, we obtain W n A  Ф 0 . Moreover, W nA  is a ZT- 
semi-open set, so W пАфР.  Thus xeD sP(A) and the inclusion DP(A) c= DSP(A) 
is shown. Conversely, the equality DP(A) = DSP(A) implies c\f(P)A = s-c\f(P)A 
for each «^-semi-open set A cz X. Let В be a «^~(P)-semi-open set. Then
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В = A\H, where A is ^-semi-open and HeP.  From [5] and Theorem 3 it 
follows that DP(B) = DP(A) and DSP(B) = DSP(A). Using these equalities and the 
assumption we have cl$-{P)B — s-c\ {̂P)B. Now, applying Lemma 10 and 
Theorem 9 we obtain that (X , &~) is extremally disconnected.

A one-to-one map /  of a topological space (X, F  f) onto a topological 
space (Y, fF f) is said to be a semihomeomorphism if for every 2Гx-semi-open set 
A cz X and 5~2-semi-open set B cz Y the sets f  {A) and f ~ i (B) are F  2- and 
^-semi-open, respectively, [3]. A one-to-one map/  of (X, F  onto (7, F  f) is 
a semihomeomorphism if and only if f  (s-c\^vA) = s-c\3-2f{A) for each set 
A œ X, [3]. Moreover, if / :  X -*■ Y is a semihomeomorphism, then a set 
А с  X is nowhere dense if and only if f(A) is nowhere dense, [3].

12. T h e o r e m . Let f  be a one-to-one map of a topological space ( X ,  F  f )  
onto (7, F 2) and let Pt, P2 be ideals of nowhere dense sets in X and 7, 
respectively. Then the following conditions are equivalent:

(a) /  is a semihomeomorphism,
(b) flDp (A)) — DP If  (A)) for each set A cz X,
(c) DsPl( f~ 1{B)) = f ~ 1(DsPl(B)) for each set В cz 7.
Proof. Assume that/  is a semihomeomorphism. Let A cz X, x e  DspM ) 

and let F be a J^-semi-open set containing f(x). Then/ X(V) is a x- 
semi-open set containing x and f ~ l (V) n АфР1. The last implies Vnf(A)  
фР2, so f{x)eDp2(f(A)). Thus we have shown f(DPl(A)) cz DP2(f(A)). The 
proof of the inverse inclusion is analogous; hence (a)=>(b).

Now let (b) be satisfied. Applying Corollary 6 for every subset A cz X  we 
obtain
s-dr J(A) =f(A)  и DsP2{f(A)) =f(A) u /(D spl(A)) =f(A  u DsPl(A)) =f(s-c\s-lA),

which finishes the proof of the equivalence (a)<=>(b).
The equivalence (a)<=>(c) follows from (a)<=>(b) used for the semihomeo­

morphism / _1.
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