
Commentaঞones Mathemaঞcae
vol. 55, no. 1 (2015), 1–8

On the asymptoঞc behavior of soluঞons
to nonlinear differenঞal equaঞons of the second order

Cemil Tunç and Timur Ayhan

Summary We study the asymptoঞc behavior of soluঞons to a non-
linear differenঞal equaঞon of the second order whose coefficient of
nonlinearity is a bounded funcঞon for arbitrarily large values of x in R.
We obtain certain sufficient condiঞons which guarantee boundedness
of soluঞons, their convergence to zero as x → ∞ and their unbound-
edness.
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1. Introducঞon

Nonlinear differenঞal equaঞons of the second order can be derived frommany fields, such
as physics, mechanics, and engineering. An important quesঞon is whether these equaঞons
have bounded soluঞons, soluঞons convergent to zero as x → ∞ or unbounded soluঞons.
In recent years, especially boundedness of soluঞons to certain nonlinear differenঞal equa-
ঞons of the second order has been widely discussed, notably by Ademola and Arawomo
[1], Bucur [2], Constanঞn [3], Kiguradze [5], Kusano et al. [6], Lipovan [7], Mingareilli and
Sadarangani [8], Mustafa [9], Saker [10], Tong [11], Trench [12], Tunç [13–17], Tunç and
Tunç [18], Waltman [19], and Wong [20]. However, there exist only a few papers con-
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cernedwith the convergence or unboundedness of soluঞons of the same type of equaঞons
(Ezeilo [4], Qarawani [21]).

Recently, Qarawani [21] considered the following non-linear differenঞal equaঞon of
the second order

z′′ + p(x)z′ + q(x)z = h(x) ∣z∣α e( α−12 ) ∫ p(x) dx sgn z (1)

where α ∈ (−1,1) \ {0}, q ∈ C0 [x0,∞), x0 > 0, h, p ∈ C1 [x0,∞), p > 0, and h(x) is bounded
for all sufficiently large x in R. He discussed boundedness of soluঞons of Eq. (1), their
convergence to zero as x → ∞ as well as their unboundedness.

We may assume that z > 0, because if z < 0, simply set z = −u, u > 0. Therefore,
instead of Eq. (1), we can consider the differenঞal equaঞon

z′′ + p(x)z′ + q(x)z = h(x) ∣z∣α e( α−12 ) ∫ p(x) dx
, α ∈ (−1,1) \ {0} . (2)

It is clear that if z(x) = y(x) exp(− 12 ∫ p(x) dx) then Eq. (2) reduces to the equaঞon
y′′(x) + y(x) = h(x)yα(x), α ∈ (−1,1) \ {0} (3)

provided that

q(x) − 1
4
p2(x) − 1

2
p′(x) = 1. (4)

Qarawani [21] proved that if h(x) is a conঞnuously differenঞable funcঞon that is
bounded for all sufficiently large x ∈ R and the integral ∫∞x0 ∣h′′(x)∣ dx is convergent, then
any soluঞon of Eq. (3) is bounded as x → ∞. He also showed that if h(x) saঞsfies the
above condiঞons and ∫∞x0 ∣h(x)∣ dx < ∞, then for any soluঞon y(x) of Eq. (3), the asymptoঞc
formula y(x) = A sin (x + w0) + O (∫∞x0 ∣h(x)∣ dx) holds. Finally, Qarawani proved that if h(x)
is a conঞnuously differenঞable funcঞon that is bounded for all sufficiently large x ∈ R and
∫∞x0 ∣h′(x)∣ dx = ∞, then any soluঞon of Eq. (3) is unbounded as x → ∞.

In this paper, instead of the condiঞon (4) we discuss the results ofQarawani [21] under
the following condiঞon

q(x) − 1
4
p2(x) − 1

2
p′(x) = 1

x2
. (5)

Condiঞon (4) is a special case of our condiঞon (5). Our aim is to improve the results
established in [21], with condiঞon (5) instead of condiঞon (4). This paper is inspired by the
results of Qarawani [21] and other results menঞoned above. It develops and complements
the work of Qarawani. The obtained results are useful for the study of the qualitaঞve
behavior of soluঞons to differenঞal equaঞons of higher order. It should be noted that the
assumpঞons and results of this paper are different from those found in the literature.
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2. Boundedness of soluঞons

2.1. Lemma. Subsࢼtuࢼon z(x) = y(x) exp(− 12 ∫ p(x) dx) reduces Eq. (2) to
x2y′′(x) + y(x) = x2h(x)yα(x) (6)

where α ∈ (−1,1) \ {0} and q(x) − 1
4p
2(x) − 1

2p
′(x) = 1

x2 .

Proof. Let z(x) = y(x) exp(− 12 ∫ p(x) dx). Then we have
z′ = y′(x) exp (−1

2
∫ p(x) dx) − 1

2
p(x) exp(−1

2
∫ p(x) dx)y(x)

and

z′′ = y′′(x) exp(−1
2
∫ p(x) dx) − y′(x)p(x) exp(−1

2
∫ p(x) dx)

+
1
4
p2(x) exp(−1

2
∫ p(x) dx)y(x) − 1

2
p′(x) exp(−1

2
∫ p(x) dx)y(x).

Hence, subsঞtuঞng the expressions for z(x), z′(x), z′′(x) into Eq. (2) and dividing by
exp ( − 1

2
∫ p(x) dx),

we get Eq. (6).

2.2. Example. Consider the second-order differenঞal equaঞon

z′′(x) + 4xz′(x) + (4x2 + 1
x2

+ 2)z (x) = e−( x2

2 +x)z 12 (x). (7)

From a comparison of Eq. (7) and Eq. (2) it follows that

p (x) = 4x, q(x) = 4x2 + 1
x2

+ 2, α = 1
2
.

Leমng

z(x) = y(x)e(− 12 ∫ p(x) dx) = y(x)e(− 12 ∫ 4x dx) = y(x)e−x2 ,
we get

z′ = y′(x)e−x2 − 2xy(x)e−x2
and

z′′ = y′′(x)e−x2 − 4xy′(x)e−x2 − 2y(x)e−x2 + 4x2y(x)e−x2 .
Subsঞtuঞng z(x), z′(x), z′′(x) into Eq. (7), we obtain

y′′(x)e−x2 − 4xe−x2y′′(x) − 2e−x2y(x) + 4x2e−x2y(x) + 4xe−x2y′′(x)
− 8x2e−x

2

y(x) + 4x2e−x2y(x) + y(x)e−x2
x2

+ 2e−x
2

y(x) = e−(x2+x)y 12 (x),
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so
x2y′′(x) + y(x) = x2e−xy

1
2 (x).

Note that condiঞon q(x) = 1
x2 +

1
4p
2(x) + 1

2p
′(x) holds for the last equaঞon.

2.3. Theorem. Assume that x2h(x) is a conࢼnuously differenࢼable funcࢼon that is bounded for
all sufficiently large x ∈ R and that ∫ ∞

x0
»»»»»x2h′(x)»»»»» dx and ∫ ∞

x0 y′2(x) dx are convergent. Then any
soluࢼon of Eq. (6) is bounded as x → ∞.

Proof. By leমng x = et, Eq. (6) reduces to

y′′(t) − y′ (t) + y(t) = e2th(et)yα(t). (8)

Mulঞplying both sides of Eq. (8) by y′ and integraঞng the result with respect to t from some
posiঞve t0 to t, we get

∫ t

t0
y′ (s) y′′ (s) ds − ∫ t

t0
y′2(s)ds + ∫ t

t0
y (s) y′ (s) ds = ∫ t

t0
e2sh(es)yα(s)y′ (s) ds

y′2(s) ∣tt0 +y2(s) ∣tt0 = 2∫ t

t0
y′2(s)ds + 2∫ t

t0
e2sh(es)yα(s)y′ (s) ds

y′2(t) − y′2(t0) + y2 (t) − y2 (t0) = 2∫ t

t0
y′2(s)ds + 2∫ t

t0
e2sh(es)yα(s)y′ (s) ds.

Integraঞng the integral on the right-hand side by parts yields

y′2(t) + y2 (t) = y′2(t0) + y2 (t0) + 2∫ t

t0
y′2(s)ds − 2e2t0h(et0 )yα+1 (t0)

α + 1

+
2e2th(et)yα+1 (t)

α + 1
−

4
α + 1

∫ t

t0
e2sh(es)yα+1(s)ds − 2

α + 1
∫ t

t0
e3sh′(es)yα+1(s)ds.

Hence

y2 (t) ⩽ y′2(t) + y2 (t)
⩽ At0 +

2 »»»»»e2th(et)»»»»» »»»»»yα+1 (t)»»»»»
α + 1

+ 2∫ t

t0

»»»»»y′2(s)»»»»» ds + 2
α + 1

∫ t

t0

»»»»»e3sh′(es)»»»»» »»»»»yα+1(s)»»»»» ds
where At0 ⩾ 0 is an expression dependent only on t0.

Let M = maxt0⩽s⩽t ∣y (s)∣. Without loss of generality we may assume that M ⩾ a0 > 0,
otherwise the theorem is proved. Since e2th(et) is bounded, we have

M2 ⩽ At0 +
2BMα+1

α + 1
+ 2∫ t

t0

»»»»»y′2(s)»»»»» ds + 2Mα+1

α + 1
∫ t

t0

»»»»»e3sh′(es)»»»»» ds, α ∈ (−1,1) \ {0}
M1−α ⩽

At0

Mα+1 +
2B
α + 1

+
2

Mα+1 ∫
t

t0

»»»»»y′2(s)»»»»» ds + 2
α + 1

∫ t

t0

»»»»»e3sh′(es)»»»»» ds
M1−α ⩽

At0(a0)α+1 +
2B
α + 1

+
2(a0)α+1 ∫ ∞

t0

»»»»»y′2(s)»»»»» ds + 2
α + 1

∫ ∞

t0

»»»»»e3sh′(es)»»»»» ds.
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Since the integrals ∫∞t0
»»»»»e3sh′(es)»»»»» ds and ∫∞t0 »»»»»y′2(s)»»»»» ds are convergent,

∣y (t)∣ ⩽ M ⩽ (C + 2D + 2E + 2F) 1
1−α , α ∈ (−1,1) \ {0} .

Therefore, y (t) is bounded for t → ∞. Hence y (x) is also bounded as x → ∞.

We give an example illustraঞng the theorem.

2.4. Example. Consider the second-order differenঞal equaঞon

x2y′′(x) + y(x) = √y
x .

We will show that all its soluঞons are bounded for x → ∞. It is clear that

α = 1
2
, h (x) = 1

x3
,

»»»»»x2h(x)»»»»» = »»»»»»»1x »»»»»»» ⩽ 1 for ∣x∣ ⩾ 1,
∫ ∞

1

»»»»»x2h′(x)»»»»» dx = ∫ ∞

1

»»»»»»»−3x2 »»»»»»» dx = ∫ ∞

1

3
x2

dx converges to 3.

Applying to the above differenঞal equaঞon the same approach as in the proof of the the-
orem, we get

M
1
2 ⩽

At0

M
3
2

+
4B
3

+
2

M
3
2

∫ t

t0

»»»»»y′2(s)»»»»» ds + 43 ∫ t

t0

»»»»»e3sh′(es)»»»»» ds.
⩽

At0(a0) 32 +
4B
3

+
2C(a0) 32 +

4
3
∫ ∞

t0

»»»»»e3sh′(es)»»»»» ds
Since the integral ∫ ∞

t0
»»»»»e3sh′(es)»»»»» ds converges,

∣y (t)∣ ⩽ M ⩽ (D + 4)2 as t → ∞.

Therefore, y (t) is bounded for t → ∞, hence y (x) is also bounded as x → ∞.
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3. Unboundedness of soluঞons

3.1. Theorem. Suppose that x2h(x) is a conࢼnuously differenࢼable funcࢼon that is bounded
for x ∈ [x0,∞) and assume that ∫ ∞

x0
»»»»»x2h′(x)»»»»» dx = ∞, ∫ ∞

x0 y′2(x) dx is convergent and ∣y (x)∣ ⩾ a
for some a > 0 and all x ∈ [x0,∞). Then any soluࢼon of Eq. (2) is unbounded as x → ∞.

Proof. Since the funcঞon x2h(x) is bounded, there exists a posiঞve constant L such that»»»»»x2h(x)»»»»» ⩽ L for all sufficiently large x. Suppose that the soluঞon y (t) of Eq. (8) is bounded for
sufficiently large t. Hence there exists a posiঞve constantM such thatM = maxt0⩽s⩽t ∣y (s)∣
for all sufficiently large t.

Mulঞplying both sides of Eq. (8) by y′ and integraঞng the result with respect to t from
some posiঞve t0 to t, we get

0 ⩽ y′2(t) + y2 (t) = y′2(t0) + y2 (t0) + 2∫ t

t0
y′2(s)ds − 2e2t0h(et0 )yα+1 (t0)

α + 1

+
2e2th(et)yα+1 (t)

α + 1
−

4
α + 1

∫ t

t0
e2sh(es)yα+1(s)ds − 2

α + 1
∫ t

t0
e3sh′(es)yα+1(s)ds.

It follows that

y′2(t0) + y2 (t0) + 2∫ t

t0
y′2(s)ds − 2e2t0h(et0 )yα+1 (t0)

α + 1
+
2e2th(et)yα+1 (t)

α + 1

−
4

α + 1
∫ t

t0
e2sh(es)yα+1(s)ds ⩾ 2

α + 1
∫ t

t0
e3sh′(es)yα+1(s)ds ⩾ ∫ t

t0
e3sh′(es)yα+1(s)ds,

so

»»»»»y′2(t0) + y2 (t0)»»»»» + »»»»»»»»»»2e
2t0h(et0 )yα+1 (t0)

α + 1

»»»»»»»»»» +
»»»»»»»»»»2e

2th(et)yα+1 (t)
α + 1

»»»»»»»»»» + 2∫
t

t0

»»»»»y′2(s)»»»»» ds
⩾
»»»»»»»»∫ t

t0
e3sh′(es)yα+1(s)ds»»»»»»»» .

Applying the mean value theorem to the integral on the right-hand side, we obtain

At0 +
2LMα+1

α + 1
+ 2F ⩾

»»»»»»»»∫ t

t0
e3sh′(es)yα+1(s)ds»»»»»»»» = »»»»»yα+1 (s∗)»»»»» »»»»»»»»∫ t

t0
e3sh′(es)ds»»»»»»»»

where s∗ ∈ [t0, t]. Since »»»»»∫ ∞
t0 e3sh′(es)ds»»»»» = ∞, sending t to ∞ in the last inequality shows

thatM = ∞. The contradicঞon proves that y (t) is unbounded as t → ∞. We conclude that
the soluঞon y (x) is unbounded as x → ∞.

3.2. Example. Consider the differenঞal equaঞon of the second order

x2y′′(x) + y(x) = √
y.
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We will show that all the soluঞons are unbounded for x → ∞. Here

α = 1
2
, h (x) = 1

x2
,

»»»»»x2h(x)»»»»» = 1 for ∣x∣ ⩾ 1
and

∫ ∞

1

»»»»»x2h′(x)»»»»» dx = 2∫ ∞

1

dx
x = ∞.

Applying the same approach as in the proof of Theorem 3.1, we get

At0 +
2LMα+1

α + 1
+ 2F ⩾

»»»»»»»»∫ t0
te3sh′(es)yα+1(s) ds»»»»»»»» = »»»»»yα+1 (s∗)»»»»» »»»»»»»»∫ t

t0
e3sh′(es) ds»»»»»»»».

Since ∫ ∞
t0

»»»»»e3sh′(es)»»»»» ds = ∞, we have M = ∞. The contradicঞon proves that the soluঞon
y (x) is unbounded as x → ∞.
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