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Abstract. Let E be a Banach function space and X be a real Banach space.
We study Bochner representable operators from a Kothe-Bochner space E(X) to a
Banach space Y. We consider the problem of compactness and weak compactness
of Bochner representable operators from E(X) (provided with the natural mixed
topology) to Y.

2000 Mathematics Subject Classification: 47B38, 47B05, 46E40, 46A70.

Key words and phrases: Kothe-Bochner spaces, Generalized DF-spaces, Bochner rep-
resentable operators, Weakly compact operators, Compact operators, Mixed topolo-
gies, Mackey topologies.

1. Introduction and preliminaries. The integral representation of linear
operators on function spaces (in particular, Lebesgue spaces and Orlicz spaces) has
been the object of much study (see [Ph], [DP], [G1], [G2], [DS], [D], [Ui], [Uz],
[A1], [A2], [Naz], [Nag]). In particular, K. Andrews [A;, Theorems 2 and 5], [Ag,
Theorem 3] and V.G. Navodnov [Nay, Corollary] obtained a Dunford-Pettis-Phillips
type theorem for compact operators (resp. weakly compact operators) from the
space L'(X) of Bochner integrable functions to a Banach space Y. Moreover, V.G.
Navodnov ([Nag], [Naj]) has considered Bochner representable operators from a
Ké&the-Bochner space F(X) to a Banach space Y.

In Section 2 we study the problem of compactness and weak compactness of
Bochner representable operators from a Kothe-Bochner space E(X) (provided with
the natural mixed topology vg(x) ) to a Banach space Y. The space (E(X), Vg (x))
is a generalized DF-space, so we can apply the Grothendieck’s DF techniques (see
[G1], [Ga], [Ru]).

Throughout the paper (X, |- ||x) and (Y,| -|ly) are real Banach spaces
with the Banach duals X* and Y™*. Let Bx and By denote the closed unit balls
in X and Y. Let £(X,Y) stand for the space of all bounded linear operators
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from X to Y provided with the uniform convergence norm || - ||x—y. The strong
operator topology (briefly SOT) is the topology on L£(X,Y) defined by the family
of seminorms {p, : * € X}, where p,(U) := ||U(z)|ly for U € L(X,Y) (see [DS,
p. 475-477]). Let N stand for the set of natural numbers.

Let (2,3, 1) be a complete finite measure space. Assume that (E, || - ||g)
is a Banach function space and let E’ stand for the Kothe dual of E. Then the
associated norm || - ||gr on E’ can be defined for v € E' by

”””E/S“p{\/uw)v(w)du Lue kB, ||u||Eg1}.
Q

A Banach function space (F,| - ||g) is said to be perfect, if E = E” and
lullgw = ||ul|lg for w € E. It is well known that (E,| - | g) is perfect if and only
if || -||g satisfies both the o-Fatou property and the o-Levy property (see [KA,
Theorem 6.1.7]).

From now we will assume that L>° C E C L', where the inclusion maps
are continuous. Moreover, we will assume that |||z on E’ is order continuous.
Since (L')" = L, the space L' is excluded.

By L°(X) we denote the set of u-equivalence classes of all strongly -
measurable functions f : Q@ — X. Let 7o(X) stand for the topology on LY(X)
of the F-norm | - [/ o(x) that generates convergence in measure on sets of finite
measure. _

For f e LY(X) let f(w)=|f(w)||x for w € Q. Then the space
E(X)={fel’X): feE}

equipped with the norm || f|gx) = ||f||E is a Banach space and is usually
called a Kdithe-Bochner space (see [CM], [L] for more details). We will denote by
Tg(X) the topology of the norm ||| g(x). Recall that the algebraic tensor product
E ® X is the subspace of E(X) spanned by the functions of the form u ® =z,
(u® z)(w) = u(w)z, where u € E, x € X and w € Q. For r > 0 denote

Bpx)(r) ={f € E(X): |flex) <r}.

Let 7 be a linear topology on E(X). A linear operator T : F(X) — Y
is said to be (7, || - |ly)-compact (vesp. (7, | - |ly)-weakly compact) if there exists a
neighbourhood U of 0 for 7 such that T(U) is relatively norm compact (resp.
relatively weakly compact) in Y. By Bd(E(X),7) we will denote the collection of
all 7-bounded subsets of E(X).

2. Bochner representable operators on Koéthe-Bochner spaces. We
start by recalling terminology concerning Bochner representable operators
T:E(X)—Y (see[A1], [Az], [Naq], [Nay] for more details).

A function K : Q@ — L(X,Y) is said to be SOT-measurable if for every
x € X the function K, : Q@ 3 w — K(w)(z) € Y is strongly E-measurable. We
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say that two SOT-measurable functions Ky and Ky are SOT-equivalent (briefly,
K1~ Kq) if Ki(w)(z) = Ka(w)(x) for all x € X and p-almost all w € Q (see
[Nay], [Nas]).

Recall that a bounded linear operator T': F(X) — Y is said to be Bochner
representable if there exists a SOT-measurable function K : Q2 — L£(X,Y) (called
the representing kernel for T') such that for each f € E(X) the function (f,K) :
Q5w (f(w),L(w)) €Y is Bochner integrable and

T() = [ (fw), K@) du forall f € E(X)
Q
The following theorem will be of importance (see [Naj, Theorem 1]).

THEOREM 2.1 For a SOT-measurable function K : Q@ — L(X,Y) the following
statements are eqiuvalent:

(i) K is the representing kernel for a Bochner representable operator T: E(X) —
Y.

(ii) There exists a SOT-measurable function Ko : Q@ — L(X,Y) such that Ko =~ K
and the p-equivalence class of the function ||[Ko(-)||x—y belongs to E'.

Recall that the mized topology V[Tr(X),7o(X) [gx)] (briefly vg(x)) on
E(X) is the finest Hausdorff locally convex topology on E(X) which agrees with
To(X) on |- || g(x)-bounded subsets of E(X) (see [C, Chap. III], [Ny], [F, §3] for
more details). Then
To(X) Ie(x) € YE(X) C TB(X).

Since Bp(x)(1) is closed in (E(X),7o(X) [g(x)) (see [KA, Lemma 4.3.4]), by
[W, Theorem 2.4.1] we get

(1) Bd (E(X),vp(x)) = Bd(E(X), [ [[p(x))-

This means that (E(X),yg(x)) is a generalized DF-space (see [Ru]). Hence
using the Grothendieck classical results (see [Ru, p. 429], [G1, Corollary 1 of The-
orem 11], [Go, Chap. IV, 4.3, Corollary 1 of Theorem 2]) we get:

THEOREM 2.2 Let T : E(X) — Y be a (vg(x), | - |ly)-continuous linear operator
which transforms vg(x)-bounded sets into relatively norm compact (resp. relatively
weakly compact) sets in Y. Then T is (Yp(x),| - ||y)-compact (resp. ((ve(x)
Il - ly)-weakly compact).

A linear operator T : E(X) — Y is called (v, ]| - |lv)-linear if |T(fn)|ly — O
whenever || fu|[zo(x) — 0 and sup,, ||fnllpx) < oo (see [W]). It is known that a
linear operator T': E(X) — Y is (v, ||-|ly)-linear if and only if T" is (vg(x), [y )-
continuous (see [W, Theoem 2.6.1(iii)]).
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PROPOSITION 2.3 Assume that (E,||-||g) is a perfect Banach function space such
that the associated norm || - ||gr on E' is order continuous. Then every Bochner
representable operator T : E(X) — Y is (vg(x), | - |lv)-continuous.

PROOF Assume that T : E(X) — Y is a Bochner representable operator. Then,
by Theorem 2.1, there exists a SOT-measurable function Ky : Q@ — L(X,Y) such
that the p-equivalence class vo = [ || Ko(+)||x—vy ] belongs to E’ and

(/) = /Q (@), Ko@) d for all f € E(X),

Hence for f € E(X) we get

Ty = || /Q (f@). Ko(w))dn
< / | (F (@), Ko@)y dp

< /Q | F@) lx - 1K) llx—y di-

Putting
Do (1) = / u(w)vo(w)dp for ueFE,
Q

we see that ¢,, is a 7-linear functional on E (see [Ny, Theorem 3.1]). It follows
that T is a (v, || - [|y)-linear operator, i.e., T' is (vg(x), | - ||y )-continuous. [

Before stating our main result we require a preliminary definition (see [Aq,
p. 258]). A SOT-measurable function K : Q — L£(X,Y) is said to have its essential
range in the uniformly norm compact operators (resp. uniformly weakly compact op-
erators) if there exists a relatively norm compact (resp. relatively weakly compact)
set C in Y such that (z,K(w)) € C for p-almost all w € 2 and all = € Bx.

First we recall the well known Dunford-Pettis-Phillips type theorem for
compact operators (resp. weakly compact operators) from the space L!'(X) to a
Banach space Y (see [Nag, Corollary]).

THEOREM 2.4 For a bounded linear operator T : L*(X) — Y the following state-
ments are equivalent:

(1) T ds (|l - lzrxys || - ly)-compact (resp. (|| - |1 (x), || - ||y )-weakly compact).

(ii) T is Bochner representable operator with the representing kernel K having
its essential range in the uniformly norm compact operators (resp. uniformly
weakly compact operators).

Now we are in position to extend and strengthen the implication (ii)==(i)
of Theorem 2.4 for the case of linear operators from a Kothe-Bochner space E(X)
to a Banach space Y.
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THEOREM 2.5 Assume that (E,|| - |g) is a perfect Banach function space such
that the associated norm || - ||gr on E' is order continuous. Let T : E(X) —
Y be a Bochner representable operator with the representing kernel K having its
essential range in the uniformly norm compact operators (resp. uniformly weakly

compact operators). Then T is (Yg(x), || |ly)-compact (resp. (Ve(x), ||-|ly)-weakly
compact).
PRrOOF In view of Proposition 2.3 T is (vg(x),| - [ly)-continuous.  Since

Bd(E(X),vex)) = Bd(E(X), |- |gx)) (see (1)), by Theorem 2.2 it is enough
to show that for every r > 0, the set T(Bgx)(r)) is relatively norm compact
(resp. relatively weakly compact) in Y. Indeed, let r > 0. Since the inclusion map
(E,|| - |lg) = (L] - ||z1) is supposed to be continuous, there exists ro > 0 such
that BE(X)(TO) C BLl(X)(%)-

Moreover, by our assumption there exists a relatively norm compact (resp.
relatively weakly compact) set C' in Y such that (z,K(w)) € C for p-almost all
w € Q and all z € Bx. Now we shall show that T(f) € convC for all f €
Bg(x)(ro), where conv C' stands for the norm closed (=weakly closed) convex hull
of C'in Y. Indeed, let f € Bg(x)(ro). Then by [DS, p. 117] there exists a sequence
(sn) of X-valued Y-simple functions such that |[s,(w)|x < 2| f(w)|x p-a.e. on
Q and s, — f in p-measure. Then |5, — f[/zo(x) — 0 and sup,, [|snl|px) <

2|l flle(x)y < 270. Hence || T(sy,) —T(f)|ly — 0, because T is (v, || - ||y)-linear.

Since s, = Zf;l la,, ®xn,; and s, € Bgx)(2ro) for n € N, we get
sn € Brixy(1), ie., ngl lwnillxp(Ani) < 1 for n € N. Hence, using [DU,
Corollary 2.2.8, p. 48] we get

kn
T(Sn) = ZT (]lAn,i ® J7n,i)
i=1
kn
-y / (i K(w)) dp
i=1 " An,i

kn ,
=3l [ () da
=1

i Mlznallx
kn
€ (Z lzn.ill x ,u(Am)) conv C' C conv C.
i=1

Hence T'(f) € conv C, that is, T(Bg(x)(ro)) is relatively norm compact (resp.
relatively weakly compact) in Y, because conv C' is norm compact in Y by Mazur’s
theorem (resp. conv C' is weakly compact in Y by Krein-Smulian’s theorem). Since
T(Bg(x)(r)) C ;-conv (', we obtain that T(Bp(x)(r)) is relatively norm compact
(resp. relatively weakly compact) in Y, as desired. [ |

Now we will consider Bochner representable operators on the space L (X).
By a Young function we mean here a continuous convex mapping ® : [0,00) —
[0,00) that vanishes only at 0 and ®(t)/t — 0as t — 0and ®(¢)/t — coas t — oo.
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The Orlicz-Bochner space L*(X) = {f € LX) : [, ®\|f(w)llx)dp < oo
for some A > 0} is a Banach space under the norm ||f|| ex) := inf{\ > 0 :
Jo ®UIf(W)llx/A)dp <1} (see [RR] for more details).

We will need the following characterization of the mixed topology vre(x)
on L>(X) (see [Ng, Theorem 4.5]).

THEOREM 2.6 Then mized topology vr-(x) on L>(X) is generated by the family
of norms || - ||pe(x), where ® runs over the family of all Young functions.

As a consequence of Theorems 2.5 and 2.6 we get:

COROLLARY 2.7 Let T : L>®(X) — Y be a Bochner representable operator and
assume that the representing kernel IC for T has its range in the uniformly norm
compact operators (resp. uniformly weakly compact operators). Then there exists a
Young function ® such that the set

{ [ K@) £ € 1200, s < 1}

is relatively norm compact (resp. relatively weakly compact) in Y.
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