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A comparison of two notions of porosity

Abstract. In the paper we compare two notions of porosity: the R-ball porosity
(R > 0) defined by Preiss and Zajicek, and the porosity which was introduced by
Olevskii (here it will be called the O-porosity). We find this comparison interesting
since in the literature there are two similar results concerning these two notions. We
restrict our discussion to normed linear spaces since the R-ball porosity was originally
defined in such spaces.
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1. Introduction. Olevskii [2] proved that every convex nowhere dense subset
of a Banach space is O-porous. On the other hand, Zajicek [6] in his survey paper
on porosity recalled the definition of R-ball porosity (R > 0) and observed (without
giving a proof) that a convex nowhere dense subset of a Banach space is R-ball
porous for every R > 0 (cf. [6, p. 518]). Zajicek also considered the definition of
the ball smallness (a set M is ball small if M = M, and each M, is R,-ball
porous for some R, > 0).

In the paper we prove that every R-ball porous subset of any normed linear
space is O-porous; moreover, with the help of the Baire Category Theorem, we
show that in every nontrivial Banach space there exists an O-porous set which is
not ball small (hence not R-ball porous for any R > 0).

We also show that, in general, the notion of O-porosity is more restrictive than
the most "natural” notions of porosity ((c-)lower or (c-)upper porosity; see [6]).

Also, we would like to point out that Olevskii, as an application of his result, gave
a few natural examples of sets which are countable unions of convex nowhere dense
subsets of Banach spaces (one of them deals with the Banach-Steinhaus Theorem),
so Zajitek’s observation implies that these sets are ball small. This seems to be
interesting since Zajicek [6, p. 516] stated that there was no result in the literature
which asserted that an ”interesting” set of singular points is ball small.
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210 Two notions of porosity

This paper is organized as follows. First, in the next section, we give exact
definitions of some types of porosity and discuss basic relationships between them.
Then, in Section 3, we prove the main result of this note.

2. Some notions of porosity. We start with presenting definitions of (o-)O-
porosity, R-ball porosity, the ball smallness, lower and c¢-lower porosity (¢ > 0).

Let (X, | -||) be a normed linear space and M C X. Given z € X and r > 0,
we denote by B(z,r) the open ball with center x and radius r.

DEFINITION 2.1 ([2]) M is called O-porous if

Vae(0,1) 3Ro>0 YeeM YRe(0,ry) Jyex (|7 —yll = R and B(y,aR)NM = 2).

REMARK 2.2 In fact, Definition 2.1 was suggested to Olevskii by K. Saxe
(see [2, Remark 1]).

DEFINITION 2.3 ([6]) Let R > 0. We say that M is R-ball porous if

VeeMm Yac(o,1) Fyex ([ —yll =R and B(y,aR)NM = 2).

REMARK 2.4 The definition of R-ball porosity presented in [6] ([6, p. 516]) is
slightly different from the above one. Namely, M is R-ball porous if

Voem Vee(o,r) Fyex (lz—yll=R and By, R—e)NM = 2).

However, it is easy to see that they are equivalent.

DEFINITION 2.5 ([6]) Let ¢ > 0. M is called c-lower porous if for any x € M, we

have that R M
2lim inf M > ¢,
R—0+ R

where y(z, R, M) := sup{r > 0: 3,cx B(y,r) C B(z, R)\M}.

DEFINITION 2.6 ([6]) We say that M is lower porous if for any x € M, we have

that R M
lim inf M

> 0.
R—0+ R

If we substitute the upper limit for the lower limit in the above definitions, we
get definitions of c-upper porosity and upper porosity.

REMARK 2.7 Clearly, the following implications hold:
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1 c-lower porosity = lower porosity = upper porosity;

2 c-lower porosity = c-upper porosity = upper porosity.

DEFINITION 2.8 ([6]) M is called ball small if there exist a sequence (M, )nen of
sets and a sequence (R, )nen of positive reals such that M = J,.yM, and each
M, is R,-ball porous.

DEFINITION 2.9 ([2]) M is called o-O-porous if M is a countable union of O-porous
sets.

It is obvious that the above definitions can be formulated in any metric space.
However, this paper deals only with normed linear spaces and from now on we
assume that the letter X denotes a normed linear space (some results presented
below may be false for metric spaces).

We omit an obvious proof of the following

PROPOSITION 2.10 Ifz € X and M C X is c-lower porous [O-porous, o-O-porous,
R-ball porous, ball small], so is its translation M + x.

PropPOSITION 2.11 Let M C X and ¢ > 0. The following conditions are equivalent:
(i) M is c-lower porous;
(“) VeeM vﬁe(o,%c) dRy>0 VRe(mRo) EIyEX B(y,ﬂR) - B(%R)\M-

PRrOOF (i) = (i)
Take any x € M, 8 € (0,5) and § € (B,5). By (i), there exists Ry > 0 such
that

(1) inf

Now let R € (0, Ry). By (1), v(x, R, M) > 6R. Hence and by the fact that R > SR,
we have that there exists y € X such that B(y, BR) C B(z, R)\M.

(i1) = (i)

Fix any € M and 8 € (0, 5). Take Rq as in (4i). It suffices to show that

v(z, R, M)
REI(E,RO) R =
Take any R € (0, Ro). By (ii), there exists z € X such that B(z, SR) C B(xz, R)\M.
Hence SR € {r > 0 : 3yex B(y,r) C B(z,R)\M}, so v(z,R,M) > R and, in

particular, w > 0. n
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ProrosITION 2.12 If @ # M C X is c-lower porous, then ¢ < 1.
PROOF Since X is a normed space, the following clearly holds:
Vd>% VR>0 VIL‘EX vZeX (1' ¢ B(Z,dR) — B(Z,dR) g B(x,R)) .

Hence we infer 2y(z, R, M) < R for any x € M and R > 0. n

PROPOSITION 2.13 FEwvery O-porous set M C X 1is 1-lower porous.
PRrROOF Let M be O-porous. By Proposition 2.11, it suffices to prove
Veem Vge(oé) JRo>0 YRe(0,Ry) Tyex B(y, BR) C B(z, R)\M.

Fix x € M and 8 € (0, %) Take Ry > 0 as in the definition of O-porosity, chosen
for o := 2. Take any R < 2Ry. Since %R < Ry, there exists y € X such that
| y—2 ||= 3R and B(y,a3R)NM = @. Since B(y,a3R) = B(y, BR), it is enough
to show that

(2) B(y,BR) C B(z, R).

For any z € B(y, SR), we have

R+ BR <R,

N —

fz—z] < lez—yll+ly-z] <

so (2) holds. n

Now we give an example of 1-lower porous subset of R which is not O-porous.
This example and Proposition 2.13 show that, in general, the notion of O-porosity
is more restrictive than the notion of 1-lower porosity.

EXAMPLE 2.14 Consider the set M := J, oy {n + % k=0,...,n— 1} . It is easy
to see that M is 1-lower porous and is not O-porous.

By Proposition 2.13, every o-O-porous set is o-1-lower porous (a countable union
of 1-lower porous sets). However, we do not know if there exists a set which is o-1-
lower porous and is not o-O-porous. We leave it as an open question.

3. Main results. We first show that any R-ball porous subset of a normed
linear space is O-porous. We need the following result which is also given (without
a proof) in [1].

PROPOSITION 3.1 Let X be a normed linear space. If M C X is R-ball porous,
then M is r-ball porous for all r € (0, R].
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Proor Fix r € (0,R], x € M and o € (0,1). Define 3 := 1 — £(1 — a). By
hypothesis, there exists y € X such that ||z —y|| = R and B(y,BR) N M = &. Let
y1 € [z, y] be such that || y; — z ||=r. It suffices to prove that
(3) B(yi,ar) C B(y, BR).
For any z € B(y1, ar), we have

ly—zl<ly—will+ 1y —zl[<R—r+ar=0R
which yields (3). [ ]

COROLLARY 3.2 Any R-ball porous subset of a normed linear space is O-porous.

Now we will show that in any nontrivial Banach space there exists an O-porous
set which is not ball small. In particular, the class of o-O-porous sets in Banach
spaces is essentially wider (with respect to the inclusion) than the class of ball
small sets. Hence we infer Olevskii’s result does not imply that a countable union
of nowhere dense convex subsets of any Banach space is ball small.

We start with some auxiliary results.

PRroOPOSITION 3.3 Let R > 0 and M C R.

1 If M is R-ball porous, then for any x € R, the set [t — R,x+ RN M contains
at most 2 elements.

2 If for any x € R, the set [t — R,z + R|NM contains at most 2 elements, then
M is %R—ball POTOUS.

PrOOF Ad 1. Assume that for some = € R, the set [x — R,z + R] N M contains
more than two elements. Let a, b, ¢ € R be such that a < b < ¢ and

{a,b,c} C [x— R,z + R]N M. Therefore c—b < 2R and b—a < 2R. Take a € (0,1)
such that

{|c—b—R| |b—a—R|}
« > max .

R ' R
Tt is easy to see that @ € B(b — R,aR) and ¢ € B(b+ R,aR). Hence M is not
R-ball porous.

Ad 2. Fix any x € M and « € (0,1). Since [x — R,z + R| N M contains at most
two elements, we see that (z,z + R|NM = @ or [x — R,z) N M = &. Therefore
B(z — R,0iR)NM = @ or B(x + 1R, a3R)N M = @. Hence M is iR-ball
porous. n

COROLLARY 3.4 Any R-ball porous subset of R is countable.

Hence, as an immediate consequence, we get the following characterization of
ball small subsets of R. Note that the folowing result was also given (without a
proof) in [3].



214 Two notions of porosity

COROLLARY 3.5 Let M C R. M is ball small iff M is countable.

Now we will give an example of an O-porous subset of R which is not ball small.
In the following {0,1}<N is the set of all finite sequences of ones and zeros, | s |
means the length of s, i.e., | s |=| (s(0),...,s(n — 1)) |= n, and diamA denotes the
diameter of A.

EXAMPLE 3.6 Fix a sequence 7 = (Vn)nenuqo} such that v, > % and v, / 1.
Consider the symmetric perfect set C(7y) (cf. [5, p. 318]). The set C(v) is defined
similarly to the Cantor ternary set: by induction, we define the sequence of sets
{Cs}seqo,1y<x satisfying the following conditions :

(cl) Cy :=10,1];

(c2) if s € {0,1}<N and H, is the concentric open subinterval of C; of length Yslls)»
where | =diamC, then Cy~¢ is the left and Cs-; is the right subinterval of
Cs\H;.

Finally, set C(v) = (,,en U|s)=n Cs- Since C(7) is uncountable, it is not ball
small in view of Corollary 3.5. We will show that C(y) is O-porous. It is easy to
see that for any n € N, [,, = 172"’1 ln—1. Fix @ € (0,1) and let ng € N be such that

a+1

Set Ry := %lnoﬂ and let R € (0, Rp). Since I, \, 0, there is n € N such that
1 1
(5) Eln—&-l < R S iln

Since R < Ry, we have that n > ng + 1. Now take any « € C(v). In particular,
x € C; for some s with | s |=n. Consider four cases:

Case 1: © € Cs~9~1. Set y := x + R. We will prove that B(y,aR) N C(y) = &. By
(4) and ( 5), we have

1
dist(Co01, Cs10) = Yl > "ol > (a+ DR,

so it suffices to show that for any z € Cs~9-1, | 2 —y | > aR.
Since diamCs~g~1 = 42 < R, for any z € Cs~0-1, by (4) and (5), we have

| z—y |> R—diamCs~¢~1 = R — l;42

1 — Y1
_ R il
R 2

Case 2: x € C4~1~¢. Set y := x — R. Using a similar argument as in Case 1, we may

nt1 > R — (1 — ’7n+1)R = ’)’n+1R > aR.
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infer B(y,aR)NC(v) = @.

Case 3: x € Cy~0~. Set y := x — R. By (4) and (5), we have

1- Tn—1

2R <1, =
- 2

ln—1 < Yn—1ln—1 = min{dist(C,,C)) : p # g and | p |=| ¢ |= n},
and we can show that B(y,«R) N C(v) = & in a similar way as in Case 1.

Case 4: x € C4~1~1. Set y := x + R. Repeating an argument from Case 3, we infer
B(y,aR)NC(y) = 2.

As a conclusion we see that C(7) is O-porous.

LEMMA 3.7 Any nontrivial real Banach space (Y, || - |lo) is isometrically isomorphic
to some space (Rx X, || -||), where X is a closed linear subspace of Y and the norm
| - || satisfies the following conditions:

(a) || || is equivalent to the norm maz || - ||max, where

1t @) llmae = max{| £ |, zllo} for (t,2) € R x X;
(5) Veew I(t,0)]| =I ¢ | and Yaex 110, 2)] = [i]o-

PRrROOF Take any z¢ € Y with ||zg]lo = 1 and consider one dimensional subspace

Y1 :={txg:t € R} CY. Since dimY; < oo, there exists a closed subspace Y5 C Y
such that Y = Y7 ® Y3 (see, e.g., [4]). Set X = Y5. Note that for every y € YV
there are t € R and « € X such that y = tzg + . For (¢t,z) € R x X define
I(t,z)]| := ||txo + z|lo. Observe that || - || is a norm on R x X, equivalent to the

norm || - ||max- Then the function (¢,x) — txg + x is an isometrical isomorphism
between (R x X, || - ) and (Y, || - |lo)- n

REMARK 3.8 Let (X, || - ||) be a complex space. Then we can consider it as a real
space (it is obvious how to formalize this statement). It is clear that for any M C X,
the following statements are equivalent:

1. M is O-porous [ball small] in (X, || - |);

2. M is O-porous [ball small] in (X, ] - ||) considered as a real space.

From now on the symbol (R x X, ||-||) denotes a real normed linear space R x X,
where X is a real normed linear space and the norm || - || satisfies conditions (a) and
(b) from Lemma 3.7.
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REMARK 3.9 By the above Remark and Lemma 3.7, in order to prove that any
nontrivial Banach space admits an O-porous set which is not ball small, it suffices
to prove it for every space (R x X, | - ||), where X is a real Banach space.

LEMMA 3.10 Let (X,] - |lo) be a real normed linear space. For any R > 0 and
any € > 0, there exists 6 > 0 such that for any p € X and any t1, to, t2 € R, if
t1 <tg < to, | t1 —to ‘< 6 and | to — 1o |< 6, then the set N := {tl,to,tg} X B(p, E)
is not R-ball porous in (R x X, || - ]).

PRrROOF There exists v € (0,1] such that for any (s,z) € R x X,

(6) ymax{[ s [, [|lz[lo} < l(s,2)]-

Fix R > 0 and € > 0. Let

(7) s:_mm{f,i}.

We are ready to define §

. gy
8 0= {—, 1} .
(8) Emin |
In particular,
_ R

Take any p € X and any ¢, tg, t2 € R such that t; < to < 2, | t1 — ¢ |< ¢ and
| t2 — to |< §. By Proposition 2.10, we may assume that (o, p) = (0,0). It suffices
to show that there is a € (0,1) such that for any (s,y) € R x X,

[(s,9) = R= B((s,y),aR) NN # 2.

Let a € (0,1) be such that

(9) oc>max{R€ R—v|t] R’Y|t2|}.

R’ R ’ R
Fix any (s,y) such that ||(s,y)|| = R. Now we will consider three cases.

Case 1: y = 0. Since | s |= R > 4, we see that s > ta > 0 or s < t; < 0. Assume
that s > t3 > 0. Then (t2,0) € N and, by (9), we have

H(S,O) — (tQ,O)H =s—th=R—1 < R—’ytz < aR.
If s < t1 <0, we proceed similarly.
Case 2: | s |[<Z and y # 0. Since

R=(s;9) = [I(s,0) + (0, )| < [[(s,0)[| + 10, )| <&+ (|0, %)



F. Strobin 217

and
10,91 = [I(s,9) = (s,0)[ < [I(s, )]l + [|(5,0)]] < R+E,
we get, by (7), that

(10) 0<3E<R-z<|(0,y)|| <R+E

Now take z € [0,y] such that ||z]|o = 32. By (7), (9) and (10), we have (0,z) € N
and also

(s, 9) = (0, 2)[| = [[(s,0) + (0, ) = (0, 2)|| < [I(s,0)I[ + [1(0, %) — (0, 2)]]

=15, 0 + 110, )l = (0, 2)[| <&+ (R+E) — [z]lo = R+ 22 — 3¢ < aR.

Case 3: | s |> € and y # 0. We may assume, without loss of generality, that s > &.

Set
ta

s
By (8), §/2 = min {,1} and by (6), max{| s |, [ly[lo} < 3 R. Hence

to o . [y ) { € }
— <A< -<min{—,1 <ming ——,1,.
R~ s {R } l[yllo

A=

In particular, |[Ay|lo < € and A € (0,1), so (As, A\y)(= (t2, \y)) is an element of N,
and, using (9) also, we infer

I(5:9) = sl =11 R= (- nR < (1- 2 R<ar

With the case s < —¢ we proceed analogously.
Thus we have shown that in each case B((s,y),«R) N N # @. m

LEMMA 3.11 Let X be a real normed linear space and M C R be O-porous. Then
M x X is O-porous in the space (R x X, | -])).

ProoOF For any r > 0, we put
(11) A i=sup{|t]: (t,z) e Rx X, ||(t,z)]| =7r}.

Clearly, in the above definition it is enough to consider ¢ > 0 or ¢t < 0. Since || - || is
equivalent to the norm max, we infer 0 < A, < oo for any r > 0. It is also easy to
prove that for any r > 0, we have:

(12) rAd; = A,
By (12), we see that for any (¢,z) € R x X,

(13) [ < Au|(E, 2)]-
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Now we are ready to prove the Lemma. Fix any « € (0,1) and 8 € (a, 1). Since M
is O-porous, there exists Ry > 0 such that

(14) Veem VRE(O,RU) Jaer (| a—t ‘: R and B(a,ﬁR) NM= @) .

Define Ry := Ry/A1, and take any R € (0, R;) and (¢,2) € M x X. Since RA; < Ry,
by (14), there exists a € R such that | a — ¢ |= RA; and

(15) B(a,BRA;))NM = .

Assume that a =t + RA; (we proceed analogously with the case a =t — RA;) and
put € := (8 — @)RA;. We will show that there exists (s,y) € R x X such that

(16) I(t,z) — (s,y)]| = Rand |a—s|<e.

By (12) and the statement after (11), there exists (¢, z) € R x X such that ¢ > 0,
(g, 2)]| = R and RA; —e < ¢ < RA;. Now define s := ¢+ g and y := = + z. Since
(s,y) — (t,x) = (¢,2) and | a — s |=| RA; — q |, we get (16). It suffices to observe
that

B((s,y),aR)N(M x X) = @.

For any (p,u) € B((s,y),aR), by (13) and (16), we have
[p—a|<|p—s|+]|s—a|<aRA; +e=ppRA;,

so, by (15), p ¢ M. Hence (p,u) ¢ M x X. n

PROPOSITION 3.12 Let X be a normed linear space and R > 0. If M C X is R-ball
porous, so is its closure M.

PROOF Let M C X be R-ball porous. Fix a € (0,1) and z € M. Take any
B € (o, 1) and choose x1 € M such that || x — 21 ||< (8 — @) R. By hypothesis, we
infer there exists y; € X such that || y; — 21 ||= R and B(y:,8R) " M = @. Put
y: =y + (x —x1). Then we have || y — z ||= R and for any z € B(y, aR), we see
that

[yi—z <y —yll+ly—2z[<(B—a)R+aR=pR,

so z € B(y1, BR). Hence B(y,aR) C X\ M. Finally, we have
B(y,aR) = IntB(y,aR) C Int(X\M) = X\M
which shows that M is R-ball porous. ™

Now we are ready to give a more general construction. A very important tool
in the proof of the following theorem is the Baire Category Theorem (note that the
idea of using the Baire Category Theorem to show that some sets are not g-porous
in some senses, is commonly known — see, e. g. [6, p. 513]).
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THEOREM 3.13 In any nontrivial Banach space there exists an O-porous set which
is not ball small.

PrROOF We will use Remark 3.8. Let X be any real Banach space, and let C'(y) C R
be the set defined in Example 3.6. By Lemma 3.11, C(v) x X is O-porous in

(R x X, -]). We will show that C'(v) x X is not ball small. Assume that

C(v) x X = U,eny Mn. In view of Proposition 3.12, it is enough to show that there
exists ng € N such that M, is not R-ball porous for any R > 0. Since C(7) x X
is a closed subset of a Banach space R x X, it is complete. By the Baire Category
Theorem, there exists ng € N such that M,, is not nowhere dense in C(y) x X.
Hence there exist a set K # @ open in C(v), p € X and & > 0 such that

= C(v)xX

(17) K x B(p,e) C M,, = M,,.

Now we show that for any R > 0, the set M,,, is not R-ball porous. Fix R > 0. It
is well known that the family {C; N C(y) : s € {0,1}<N} forms a topological base
of C(7). Hence there exists s € {0,1}<N such that C;NC(vy) C K and diamC; < 6,
where § > 0 is chosen for R and ¢ as in Lemma 3.10. Since CsNC(7) is infinite, the
set (Cs N C()) x B(p,¢e) contains some set of the form {t1,%0,t2} x B(p,e) which,
according to Lemma 3.10, is not R-ball porous. Hence and by (17), we infer M,
is not R-ball porous. n
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