
ANNALES SOCIETATIS MATHEMATICAE POLONAE 
Series I: COMMENTATIONES MATHEMATICAE XXV (1985) 

ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Séria I: PRACE MATEMATYCZNE XXV (1985)

H . H u d zik  and A. K a m in sk a  (Poznan)

On uniformly convexifiable and Б-convex 
Musielak-Orlicz spaces

Abstract. In this paper it is proved that every Musielak-Orlicz space is uniformly 
convexifiable and 6 -convex iff it is reflexive. This is a generalization of results of V. Akimovi6 
[1] and of M. Denker and R. Kombrink [3].

0. Introduction. (T, Z, fi) is a measure space with a non-negative, 
(т-finite and complete measure fi, Z 0 =  {AeZ:  ц{А) =  0}, R + = [0, oo), Re+ 
— [0, oo]. An Orlicz function Ф with parameter (from T) is a function 
defined on T x R + with values in R%, convex on Я+, continuous at zero, 
with Ф(г, 0) =  0 and Ф(г, и) -* oo as и -> oo for /t-almost every (д-а.е.) t e  T  
and /i-measurable on T  for every и ^  0. Henceforth, we write shortly “Orlicz 
function” instead of “Orlicz function with parameter”. In the case of a purely 
atomic measure space (T, Z,  /t), where T = N  = the set of all positive in­
tegers, we write Фп(и) instead of Ф(п, и). We assume without loss of 
generality that ц({п}) = 1 for n — 1 ,2 , . . .

The Musielak-Orlicz space L& (1) generated by an Orlicz function Ф 
and by a measure ц is the set of all real (complex)-valued and ^-measur­
able functions x defined on T  (with usual identification x = y iff x(t) = y (t) 
for fj,-a.e. t e T )  such that j  Ф(г, A\x(t)\)dfi < oo for some A > 0 depending

T

on x. Ц, is a Banach space under the Luxemburg norm ||х||ф = 
inf {t/ > 0: (' Ф(г, \x(t)\/u)dpL ^  1} (see e.g. [16]). 

г
A normed linear space (X , || • ||) is said to be uniformly convex if for every 

г > 0 there exists 6 (e) > 0  such that

ll(x + y)/2|| ^  l-<5(fi) whenever ||x -y || ^  e and ||x|| = ||y|| =  1.

U) In the case of the purely atomic measure such that ц{{п}) =  1 for all ne N we write l0 
instead of I&.
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A normed linear space (X , || -Ц) is called k, E-convex (к ^  2) if for each 
choice of x t , xk from the unit ball of X

ll*i ±  x 2 ±  • • • ± xkll ^  k(l  — E)
for some choice of the + and — signs (see [4]).

A normed linear space X  is said to be В-convex (X satisfies property (B) 
in Beck’s terminology, [2]) if X  is k, £-convex for some к ^  2, e > 0.

For every Orlicz function Ф we define its complementary function Ф* by

Ф*(г, и) =  sup [uv — Ф(£, t>)] for every teT,  и ^  0.
t> > о

Ф* is also an Orlicz function.
Denoting by q>{t, •) the right derivative of an Orlicz function Ф(г, •) and 

defining the generalized inverse function (p* of q> by

(p*(t, s) = sup [u > 0: <p(t, u) ^  s]; t eT,  s ^  0,
U

we have u) = J (p*(t, s)ds for t eT,  и ^  0 (see [14]). 
о

Let n be an atomless measure and l > 1. Recall that an Orlicz function 
Ф satisfies the A ,-condition if there exist a constant К > 0, a non-negative 
function h with J h(t)dfi < oo and a set T0 e X 0 such that

T
Ф(t, lu) ^  /СФ(г, u) + h(t) for every t e T \ T 0, u ^ 0 .

Let n be a purely atomic measure. We say that an Orlicz function 
Ф = (Ф„) satisfies the <5,-condition if there exist positive numbers K, a and a 
sequence (cn) with c„ ^  0 and £  c„ <  oo such that for every n e N  and u ^  0

«М
the condition Ф„(м) ^  a implies

Фп(1и) ^  КФ„(и) + сп.

It is not difficult to show that Ф = (Ф„) satisfies the 5,-condition iff 
there are constants K, ô > 0, and non-negative sequences (c„), (dn) such that
ФпШ  =  5, X Ф„(сп) < oo and

nï 1

f j l u )  <  КФп(и) if mg[c„, dn] for every ne N.

We say that an Orlicz function Ф satisfies the uniform At-condition if 
there exist a set T0 e X 0 and a constant К > 0 such that

Ф(г, lu) <  КФ(1, и) for every t e T \ T 0, и ^  0.

In the case of a purely atomic measure /x, we write “uniform 5,- 
condition” instead of “uniform Ar-condition”.

Let Ц be an atomless measure and Ф be an Orlicz function with right 
derivative q> on R + for /x-a.e. teT.  We say that (p satisfies the At-condition if
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there are a constant К > 0, a set T0 e I 0, and a non-negative function /  
defined and ^-measurable on T  such that j  f  (t)(p(t, f  (t))dfi <  oo and

T

q>(t, lu) ^  Kq>(t, и) for every t e T \ T 0, u ^ f  (t).
Let fi be a purely atomic measure. Let Ф = (Ф„) be an Orlicz function 

and let <pn denote the right derivative of Фп, n = 1 , 2 , . . .  We say that 
(p =  {(pn) fulfils the «5,-condition if there are constants K, 3 > 0, non-negative
sequences (c„), (d„) such that Фп{йп) =  <5, Y  спфп(сп) <  oo and

1
(pn{lu) ^  Kq>n(u) if m e[c„, dn] for all i î eN.

It is said that an Orlicz function Ф = (Фп) satisfies the ^,°-condition (see
[10], [17]) if there are constants K,  Ô > 0, meJV, a sequence (c„)e/i such that
Y  cn< oo and

m

Фп{1и) ^  КФп(и) + с„ if Фп(и) ^  3 for all m

(here /? denotes the space of all sequences (sn) with s„e[0, oo] such that
Y  sn < 00 f°r some keN) .
n^k

Let Ц be a mixed measure, i.e. T  = 7] u  T2; 7], T2e I ,  7] n  T2 = 0 ,  
H = \ix + ц 2> where цх is an atomless measure on Г n  7] and /г2 is a purely 
atomic measure o n I n T 2- Recall that Ф (ф) satisfies the (Ah <5j)-condition if 
the restrictions of Ф (q>) to the sets Tx and T2 satisfy the dj-condition and <5,- 
condition, respectively on 7] and T2.

Recall that an Orlicz function Ф is uniformly convex on R+ (see [15]) if 
there exists a set T 0 e E 0 such that

V 0 < a < 1 3 0 <3(a)  < 1  V t e r \ T 0 V u ^ O  V O ^ K a :

Ф(г, (u + bu)/2) <  (1 -<5(a)) [Ф(f, и) + Ф(1, *ш)}/2.
It is known (see [1]) that an Orlicz function Ф is uniformly convex on R+ iff 
for every s > 0 there exists a constant ke > 1 such that

(0.1) q>(t, (l +  e)u) ^  ke(p{t, u)

for every t e T \ T 0, u ^ O  {(p{t, •) denotes the right derivative of Ф(г, •)).
Now, we introduce a partial order “ -3” in the class of all Orlicz 

functions. Let ц be an atomless measure and let Ф, Ф be Orlicz functions. 
We say that Ф is non-stronger than Ф (written Ф -3 4*) if there exist a 
constant К > 0, a set T0 e I 0, and a non-negative function Ье Ц( Т)  such 
that

Ф(Г, Ku) ^  *P(r, u) + h(t) for every t E T \ T 0, и ^  0.

If Ц is a purely atomic measure and Ф = (Фп) and W = (Ф„) are Orlicz 
functions, then we say that Ф is non-stronger that Ф (written Ф -3 Ф) if there
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exist constants K, ô > 0, and a non-negative sequence (cn) with 

such that

Z <00n> 1

Ф„{Ки) ^  'Pn(u) + cn for all n e N  if ^„(u) ^  S

(see [10]).
Let p be a mixed measure, i.e. T = Tx и  T2 : Tlf T2e l ,  Tx r\T2 =  0 :  

p ~  px + p2, where px is an atomless measure on I  n  Tx and p2 is a purely 
atomic measure on I  n  T2. Let Ф and W be Orlicz functions. Recall that Ф is 
non-stronger than Ф if Ф/Тх -3 ^ /T x and Ф/Т2 -3 (here Ф/Тх denotes the 
restriction of Ф to the set Tx).

Let Ф and 4* be Orlicz functions. Recall that Ф and 4* are equivalent 
(written Ф ~  Ф) if Ф -3 4* and W -3 Ф.

Obviously, two equivalent Orlicz functions Ф and 4* define the same 
Orlicz space and equivalent Luxemburg’s norms ||- ||ф and ||-||^.

Theorem 0.1. I f  ц is an atomless (a purely atomic or mixed) measure and 
Ф is an Orlicz function uniformly convex on R+ and satisfying the A2-condition 
(the uniform A2-conditiori), then (L%, ||- ||ф) is a uniformly convex space.

For the proof of this theorem see [5] and [15].
Criteria for uniform convexity of Orlicz or Musielak-Orlicz spaces are 

contained in [6] and [8].

V. Akimovic [1] proved that if complementary Orlicz functions Ф and 
Ф* without parameter satisfy the A2-condition, then there exists an Orlicz 
function Фх without parameter equivalent to Ф and such that the Orlicz 
space (L0 l , |И |ф1) is uniformly convex.

M. Denker and R. Kombrink [3] proved in the case of a purely atomic 
measure p such that p({n}) =  1 for n = 1, 2, ... and an Orlicz function Ф 
without parameter that /ф is a В-convex space iff Ф and Ф* satisfy the 
<52-condition (in this case the d 2-condition for small м ^  0).

In this paper, modifying and complementing methods of V. Akimovic
[1] and of M. Denker and R. Kombrink [3], we extend these results to 
Musielak-Orlicz spaces, generated by arbitrary non-negative, er-finite and 
complete measure p.

1. Results.

Lemma 1.1. I f  Ф is an Orlicz function and <p is its right derivative with the 
generalized inverse function (p*, then the inequality

(p(t, 2u) ^  k(p(t, u) for some k > 0, all и ^  0 and te  T

implies

(p*(t, kv) ^  2(p*(t, v) for each v ^  0 and t eT.
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P roof. By assumptions sup (m >  0: q>{t, u/2) ^  v) ^  sup {u > 0: (p{t, и) 
^  kv). So 2(p*(t, v) =  sup{2u: q>(t, u) <  v) = sup{« > 0: (p(t, u/2) <  y} 
^  sup {и > 0: (p(t, и) ^  kv) =  (p*(t, kv) for all v ^  0 and teT .

Further, we shall consider the cases of atomless and of purely atomic 
measure g, separately.

1.1. The case of an atomless measure.
L em m a  1.1.1. Let Ф and 4* be Orlicz functions. Then:
(i) Ф satisfies the A2-condition (the uniform A2-conditiori) iff it satisfies 

the A ,-condition (the uniform A r condition) for every l >  1 ;
(ii) if Ф -ЗФ, then Ф *^Ф *;

(iii) if Ф ~  Ф, then Ф* ~  W*;
(iv) if Ф -  W and Ф satisfies the Ar condition (l > 1), then W satisPes it

also.
P roof, (i) This is proved in [5]. (ii) Easy proof is omitted, (iii) This 

follows from (ii).
(iv) By assumptions there are a set T0e l 0, positive constants К  and kx 

and a non-negative function h e L) ( T) such that

0 (t, lu) ^  ХФ(г, u) + h(t) 
and

Ф(Г, k f 1 u) — h(t) <  W(t, и) ^  Ф(Г, kx u) + h(t)

for every t e T \ T 0, и ^  0. Applying the last inequalities and denoting by K 0 
and h0 the constant and function from the dj-condition for l = k2, respecti­
vely, we have for every t e T \ T 0 and u ^  0:

W(t, lu) ^  Ф(£, lk1 u) + h(t) ^  КФ(Г, kx u)-\-2h(t)

< К К 0Ф{1, k f 1u) + Kh0(t) + 2h(t) ^  K K 0 «P(t, u) + K h0{t) + 2h(t).

Since the function hx (t) = Kh0(t) + 2h(t) belongs to L\(T ), so the last in­
equality means that Ф satisfies the d,-condition.

Lemma 1.1.2. For every Orlicz function Ф satisfying the A [-condition 
(/ > 1) there exists an Orlicz function Фх equivalent to Ф and satisfying the 
uniform A ,-condition.

P roof. We may assume without loss of generality that / = 2. First, we 
shall prove that the d 2-condition is equivalent to the following one

(A2) 3 К > 0 3 /:  T ^ R + with )' Ф (t,f{t))dg < oo 3 T0e Z 0 V t e T \ T 0
T

V u ^ f{ t ) :  Ф(г, 2 и) ^  КФ(г, и).
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Assume that Ф satisfies the d 2-condition. Let f ( t ) =  sup \u ^  0: Ф(г, и) 
^  h(t)j . Since / (t) = sup \ueQ+: <P(t, u) ^  h(t)}, where Q+ is the set of all 
non-negative rational numbers, so it is a ^-measurable function. We have 
Ф (г,/(0) = h(t) and so

<P(t, 2и )^К Ф (1 , u) +  h ( t)^ (K  +  l)<P(t, и)

for every t e T \ T 0 and u ^ f ( t ) ,  i.e., Ф satisfies the d 2-condition.
Conversely, let us assume that Ф satisfies the d 2-condition. Then denot­

ing Ф (г,/(0) =  h{t), we have for every t e T \ T 0 and и ^  0:

4>(t, 2и)<КФ (г, u) + Kh(t).

Since J Kh(t)dfi < oo, so Ф satisfies the d 2-condition.
T

Now, we define the Orlicz function Ф1 by

Фi(t, и)
1
2 f 2(t)
ф {1, и ) - { Ф ( и т )

for 0 <  и < / (t), 

for и ^ f  (t).

Since Ф (£ ,/(0 )//(0  <  <p(f,/(0) for f ( t ) > 0, where (p(t, •) denotes the 
right derivative of Ф(£, •), so Ф1 is an Orlicz function. It is obvious that

и) ^  Ф(£, м)Н-^Ф(г,/(0)
and

Ф(г, « К Ф ^ г ,  и) + Ф ( г , т )

for every te  T, и ^  0. Since j  Ф (£ ,/(t))dfi < oo, so Фх ~  Ф. In order to prove
г

that Ф satisfies the uniform d 2-condition we shall consider three cases for 
f ( t )  > 0.

(I) 0 ^  и ^ / (t)/2. Then Ф! (t, 2м) = 4Ф! (f, u).

(II) /  (0/2 ^  и ^ / ( 0 -  Then we have

Ф. (r, 2») =  Ф(г, 2 и )Ч Ф (г ,/(0 )  < ф(г, 2 /(0 )-1 Ф (г ,/(0 )

« (Х -1 )Ф (г ,/(Г ))  =  (/С -1 )

<  «2 =  8 ( *  -1 )Ф , (t, и).
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(III) u > f[ t) .  We have

* i ( t ,  2 и )  =  Ф(1,  2 U) - i # ( f , / ( / ) )  <  K * ( t ,  K ) - i < P ( t , / « )

КФ(и  и )Ч Ф (« ,/(1»+ К Ф (» ,/ ( ! ) ) - у  Ф ((,/(0)

2 _ i_  1
«  2КФ(Г, u)------—  Ф (1 ,/(0) ^  2КФ1 (t, и).

Taking into account that К  ^  2, we have 0 1(t, 2u) ^  8K4>1(t, и) for every 
t e T \ T 0, и ^  0, and so the proof is finished.

Corollary 1.1.3. I f  Ф and Ф* are complementary Orlicz functions without 
parameter satisfying the Ar condition for large и ^  0 (see [14]), then there 
exists an Orlicz function Ф1 equivalent to Ф such that Ф1 and Ф* satisfy the 
Ar condition for all и ^  0 (i.e., the uniform Ar condition)(2).

Lemma 1.1.4. Let Ф be an Orlicz function and let (p be its right derivative. 
Then Ф satisfies the Arcondition (uniform Ar condition) if and only if <p satisfies 
the Arcondition (uniform Ar condition).

P roof. We shall prove only the case of the d 2-condition. Let Ф satisfy 
the d 2-condition. Then there exists a constant К  > 0, a set T0e l 0 and a p- 
measurable function / :  T-*K + such that j  Ф ( с /  (t))dp <  oo and

T

Ф(Г, 2м) ^ K 0 (t, u)

for every t e T \ T 0 and u ^ / ( f ) .  We have for /г-а.е. t e T  and all м ^  0 

juq>{t, \u )  ^  Ф(г, и) ^  u(p(t, u).

Thus, we have for //-a.e. t e T  and all u > f{t)

(p(t, 2m) ^
Ф(1, 4м) 

2m

^  Х 2 Ф(Г, м) ^  K 2(p{t, m) 
"  2u "  2

Moreover, we have for p-а.е. te T ,; f  (t)q>(t,f (t)) ^  Ф(t, 2f(t)) ^  #СФ(г,/(0), 
so ff(t)< p(t,f(t))d /i <  oo. Thus <p satisfies the d 2-condition. Conversely, let

T

(p satisfy the d 2-condition. Then there exist a constant К > 0, a set T0e l 0
and a non-negative and ^-measurable function /  defined on T  such that
if{t)q>(t,f(t))dp <  oo and 
r

<2) The function Ф1 may depend on parameter.

 ̂ -  Roczniki PTM — Prace Matematyczne XXV
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q)(t, 2u) ^  K(p{t, U)

for every t e T \ T 0 and u ^ f { t ) .  We have
u u

^Ф(Г, 2и)-^Ф (г, 2/(0) =  J (p (t,2 v )d v ^ K  j  <p(t, v)dv
m  m

— К {<P(t, u)-<P(t,f(t))}.

Hence, we have for every t e T \ T 0 and u ^ f ( t )

<P(t, 2u) <  2K<P(t, u) + <P(t, 2/(0).

Since Ф(г, 2 /(0) ^  2 /(0 <p(t, 2 /(0) ^  2K f (t)(p(t,f(t)), so J Ф(г, 2 /(f))/u
T

< oo, and this means that Ф satisfies the zl2-condition.
Lemma 1.1.5. Let Ф and Ф* be complementary Or liez functions and let Ф* 

satisfy the A ̂ condition. Then there exists an Or liez function Ф2 uniformly 
convex on R + and equivalent to Ф.

P roof. By Lemma 1.1.2 there exists an Or liez function Ф£ ~ Ф* satisfy­
ing the uniform zl2-condition. Thus the right derivative <pf of Ф* also 
satisfies the uniform zl2-condition. Hence, by Lemma 1.1, we obtain

(1.1.1) (Pi (t , Iv) ^  2q>l (t , v) for each v ^  0 and t e T \ T0,

where p(T0) =  0 and / is an absolute constant ^  2 (3). Now, let us denote

(1.1.2) uk — lk, к = 0, +1, + 2 , + ...

and define the function (p2: (p2{t, • Continuous, q>2(t, 0) = 0, (p2(t, uk) 
= (Px(t, uk) and ç?2(t, -Hinear between points uk and uk + 1, к — 0, +1, ±2, 
+ ... We can prove that it follows from the last conditions that for every 
£ > 0 there exists a constant kB > 1 such that

(1.1.3) <p2(t, (1 + e)u) ^  kB(p2(t, u) for every и ^  0 and te  T \T 0.

We may assume without loss of generality that 1 + £ < /. First, we shall prove 
inequality (1.1.3) for и ^  1. Let t e T \ T 0 and и ^  1. There exists k e N  u  {0} 
such that ик ^ и < и к+1. Since 1 + £ < / ,  so uk ^  (1 +e)u < uk+2. We shall 
consider two cases: (I) ик ^ (1+ в)м  wk+1 and (II) uk+1 ^ ( l  + £)u < uk + 2. 
Denote by (р2л a function identical with (p2 on the interval [uk, uk+ J .W e  have

(1.1.4) (p2>k (t, u) =  ak (0 и +  bk (t),

(3) By <pt we denote the generalized inverse function of q>*.
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more precisely

(1.1.5) <P2,k(t> U) = <Pl(L Uk) +
<Pi(t, uk+i)-<Pi(t,  Щ)

uk+1 ~ uk
(u -u k).

(Ia) M O ^  0. Let us consider the function

fkA*’ M) =  <P2,k{t, (1 +£)w)M.k(L ").
We have [ /M(L ML = ak(t)bk{t)e/(ak{t)u + bk{t))2. Since M O ^  0 for every 
te  T  so L M (L ML ^  0- Thus the function f k<E(t,u ) is non-decreasing with 
respect to the variable и for every fixed teT , and by (1.1.1)

fk.e(t> U) >fk ,e ( t ,  Uk) 

=  1 +

u  w  9>i(L Wfc+i)-<ML MM L  M  + ---------------------------- ем*
Wk +  1 — Wk

<Pl (L Щ)
<Pi(t,uk + i ) - (p i ( t ,u k) suk

(Pi (t , Mk) Uk+l ~ uk
> 1 + / - 1

> 1.

(ib) m o  <  0. Then, we have [ /k>£(t, ML < 0 and so f ktE(t,u ) is a 
decreasing function with respect to the variable и for every fixed teT . Hence, 
we have

. 4 . <Pi(t> “ k + i)~ < M L  M
<Pl(L Mf c + l H  г £Wk + l

fk.eit,  M) ^ / k , e ( L  M k + l)  =
Mk +  1 ~ Mk

Ф 1 (L uk+ l)
^  l+ e / /2 ( / - l )  > 1.

Denoting k£ = m in[1 + £/(/ — 1), 1 +e//2(/— 1)] = 1 + £/(/ — 1), we get the in­
equality (1.1.3) in the case I.

(Ha) Let uk + 1 ^  (1 +  е)м < uk + 2 and uk ^  у / 1 +e -u < uk+l. Then whole 
interval [и, y / l +в w] is contained in the interval [uk, wk + 1). Let £x > 0 be 
such that ^ 1 + e  =  1+Cj. Then, by the case (I), we have

(p2{t, (1 +e)u)/(p2(t, и) ^  <p2(t, (1 +£i)u)/(p2(t, и) ^  kEl > 1.

(lib) Let y j  1 +£ - ме[мк + 1, uk + 2) and v/ T + e = l + e 1. Denoting 
s f i + l - u  = v, we have [u, (1 + M u ] c  [uk + 1, uk+2) and so

(p2(t, (l+£)u) <p2(r,( l+ e )u ) q>2(t, (1+fiOu) , w  .

Thus, inequality (1.1.3) is proved for и ^  1. The proof of this inequality for 
0 ^  и < 1 is analogous to the proof in the case и ^  1 and so it is omitted 
here. The Orlicz functions Фх and Ф2 are equivalent, because for ц-a.e. t e T
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and for every и ^  0

(pi (t , Г 1 и) (p2 (t, u) < <P\ (t , lu).

Since Ф1 is equivalent to Ф, so Ф2 is also equivalent to Ф. This finishes the 
proof.

R em ark  1.1.6. If Ф is an Orlicz function uniformly convex on R+, then 
its complementary function Ф* satisfies the uniform d 2"co nation  (see [15]). 
This is in some sense a converse of the last lemma.

T h eo rem  1.1.7. Let Ф and Ф* be complementary Orlicz functions satisfy­
ing the A 2-condition. Then there exists an Orlicz function Ф2 equivalent to Ф 
and such that the space (Ьф2, ||- ||ф ) is uniformly convex.

P roo f. By the last lemma there exists an Orlicz function Ф2 uniformly 
convex on R+ and equivalent to Ф. By Lemma 1.1.1 (iv), Ф2 satisfies the A2- 
condition. Applying Theorem 0.1 we get the desired result.

1.2. The case of a purely atomic measure.
L em m a  1.2.1. An Orlicz function Ф = (Ф„) satisfies the Ôr condition with 

l > 1 iff q> =  ((pn) satisfies the ôrcondition.
P roof. We may assume that Ф satisfies the (52,-condition (see [11]). 

Then there exist constants K, Ô > 0, non-negative sequences (c„), (dn) such
that 0„{dn) = ô, X Фп{сп) < о о and 

1
(1.2.1) Фп(21и) ^  КФп{и) for all ue[cn, d j ,  n e N .

We have Ф„(и) ^  u(p„{u) and Фп(21и) ^  lu(p„(lu) for all и ^  0, neN . Hence 
and from (1.2.1) we get £  cn(pn(c„) Ф„(с„) < oo and (pn(lu) ^  {K/I) x

1 nè 1
x(p„(u) for we[cn, d„], neN . Thus cp = {(pn) satisfies the (5,-condition.

Conversely, assume the <5,-condition of (p =  ((pn) be satisfied. Then 
(p„(lu) <  K(pn{u) for all ue[_c„, d„], neN , where Фи(^л) = S and £  cn(pn{cn)

n> 1
< oo. Integrating this inequality we obtain

Г 1 Фп(lu)- Г 1 Ф„(1сп) =  J’ <Pn(lt)dt ^  K J’ (pn{t)dt = КФп(и) — КФп(с„)
cn cn

for each ue[c„, d„], n eN . Then

Фп{1и) ^  1КФп{и) + Фп(1сп) for all ue[cn, d„], n eN .

Moreover, £  Ф„(/с„) <  / £  cn(pn(lcn) <  IK £  cn(pn(cn) < oo. Therefore Ф 
1 1 1

= (Ф„) satisfies the (5,-condition.
L em m a  1.2.2. Let Ф =  (Ф„) and Ф = (Ф„) be Orlicz functions. I f  Ф ~  Ф 

and Ф satisfies the Ô2-condition, then W satisfies the ô^-condition.
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Proof. By assumptions, there exist constants K, K i > 1, <5 > 0, and 
sequences c = (cn), d =  (dn), e = (e„) with non-negative elements and belong­
ing to lx such that

(1.2.2) +

(1.2.3) Ф Л К - 'и Х Ч ’М  + Ъ ,

(1.2.4) Фп(2Х2« )^ Л :1Фй(и) +  ̂ ,

if Фп{и) ^  6, *Рй(м) ^  ô, neN .
Let Ô0 = Ô/3K1. If «Ря(иК<$0, then фп(К~1 «) < <V2*i by (1.2.3) and 

Ф„(2Ки) =  Фп(2К2К ' 1 и) ^  Х 1 Фп{К~ 1 и) + е„ by (1.2.4) for sufficiently large 
neN . Then JPn(u) ^  00 implies

Фп(2и) ^  Фп(2Ки) + сп ^  K 1 ФП(К -1 м) + ей + сй <  K x Ф„{и) + К 1 dn + en + cn

for sufficiently large n eN , by (1.2.2), (1.2.4) and (1.2.3). Thus Ф = (ФИ) fulfils 
the ^-condition.

R em ark . The last two lemmas will stay valid if we replace the Sr  
condition and <5 2-condition by the -condition and (^-condition, 
respectively.

L em m a  1.2.3. I f  Ф = (ФЙ) and 4* — (*P„) are equivalent Orlicz functions, 
then Ф* = (Ф*) and Ф* =  (ФЙ) are equivalent too.

P roo f. It is enough to show that if Ф -3 *F, i.e. Фй(/см)< 4fn{u) + c„ if 
Фй(м) ^  3, n e N ,  for some constants k, Ô > 0 and a non-negative sequence 
(cj, where £  cn < oo, then W* -3 Ф*. Let us denote by q>n and фп the right

n> 1
derivative of Фй and of W„, respectively.

Let JVj be a subset of N  such that for all «eiVj there exists un > 0 such 
that WMn) < <5 and Фй(м) =  oo for all u > u n. Then we have Ф„(ки) 
^  '¥„(u) + c„ for all u ^ O  and пеЛ ^. Hence

Ф*(у) = sup [uv— *Рй(м)] <  sup [me — Фй(км)] cn =  Ф*(к-1 v)Jrcn
u - tO  u ^ O

for all v ^  0. Therefore

(1.2.5) W*(kv) ^  Ф*( e ) + c„ for each v ^  0, n e N 1.

For all n e N 2 = N \ N t there exists мй > 0 such that W„(u„) = ô and

(1.2.6) Ф„(км) ^  4'„(u) + c„ for every и ^  un, ne N 2.

Let Фй(м) =  Ф„(ки) and фп be the right derivative of Ф„ and Ф* be the 
complementary function to Фй. We have

(1.2.7) me  = Ф„(м)+ T * ( v )  for each и ^  0, v e [ lim фп(м), lim iA„(w)]
— 4.

W  —►  SI U> —H i '
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(see [14]), and

(1.2.8) uv ^  Ф„ (u) + Ф* (t;) for all u, v ^  0,

by the Young’s inequality (see [14]). Thus, by (1.2.5), (1.2.7) and (1.2.8) it is 
obtained

(1.2.9) *P*(v) ^  0*(v) + cn for each v ^ \ j / n(un), n e N 2-
Since

?иф„{?и) ^  Ф„{и) ^  Ч'„(и) + с„ ^  иф„{и)-\-с„ for all и ^  u„, neN,

so

(1.2.10) ?инФпЦип)^ и „ ф п(ин) + с„ for all пе  N.

But Ф*(и) ^  iu „ v—?и„ф„(?и„) for all i ï eN 2 and v ^  0 by the definition of 
conjugate function. Then, by (1.2.10)

(1.2.11) Ф*(р) ^ \ u nv — ипфп{ип) — cn for all n e N 2, v ^  0.

Let a > 0 be arbitrary. If Ф*(и)^ос and h e N 2, then by (1.2.11)

v 2(c„ +  a)<
Ф пЫ  ипфп(ип)

+ 2 for all v ^  0.

However, putting и = un, v — ф„(ип) in (1.2.7), we have

ипФЛип) = д+ Ф ^Ф нЫ )  ^  à for each n e N 2, 

because 4'„(u„) = 0. Therefore

2 max(c„ +  a)
—^ ^ -----ч-------------(_2 for all n e N 2, v ^  0.
Ф п Ы„) à

Denoting 2 max (c„ +  a)/c> +  2 = kx, we get v/к г <  фп{ип) if Ф*(и) ^  a. Now,
П _

applying inequality (1.2.9) and the fact Ф*(и) =  Ф*(/с- 1 и) it is obtained

(1.2.12) W*(kkï l v) <  Ф *(и) + сп if Ф *{и) ^  a, neJV2.

Combining (1.2.5) and (1.2.12), we obtain Ф* -3 Ф*, which finishes the proof 
of this lemma.

L em m a  1.2.4. I f  an Orlicz function Ф =  (Фп) satisfies the S2-condition, then 
there exists an Orlicz function Ф = (Фи) equivalent to Ф and satisfying the 
uniform S2-condition. I f  we additionally suppose

( *) <pn(lu) ^  t"(p„{u) for some l, r > 1 and all u e R + , nEN,

then the function ф = (</>„) fulfils also condition ( * ) with some /i, t i >  1. 
P roof. If Ф satisfies the «^-condition, then it satisfies also the <5°-
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condition for all / > 1 (see [11]). Then there are k, Ô > 0, meN,  (c„), (dn) 
with non-negative terms and such that (see Lemma 1.2.1)

(1.2.13) <PnOu) ^  &<р„(м) for all ие[с„, n > m,

where £  cn(pn{cn) < oo, Ф„(4„) =  Ô. We can assume lcn ^  dn for n > m. Let
n > m

us define a new sequence ф =  (<p„) as follows:

i k ï <Рп(Ги) for u e \ c j f ,  c j r  *), 1 =  1 ,2 , . . . ,

(1.2.14) < p » 4  n  f rq>„{u) for we[c„, dn),
f  kl <pn(u/P) for мб[/,_14„, /' dn), i =  1, 2, ...

for n > m and фп(и) = и for n ^  m, и ^  0. Then

(1.2.15) <p„(/u) ~ Щп{и) for n ^  m and и ^  0.

It is not difficult to show that (pn{u) is non-decreasing. If и, /ue[c„, d„), then 
фп{и) =  (p„(u) and ф„(1и) =  <pn(lu). Hence

(1.2.16) r(pn(u) ^  (pn(lu) ^  k(pn(u)

if u, lue[cn, dn), by (1.2.13). If « е [сл, d„) and lue[dn, ldn), then

(1.2.17) <pn{lu) =  lk(pn lk(pn(u).

Now, let ме[/*  Ы п) for some i eN.  Then

(1.2.18) ф„(1и) = li+l ki + 1 (pJ-^ry lu j  =  Ikl* kl ( p J j  и j  =  1кф„{и).

Similar equality will be satisfied if ue[cJP,  c j f  *) for some i eN.  Therefore

(1.2.19) гфп(и) ^  фп(1и) ^  1кфп{и) for all u ^ O , ne N,  

by (1.2.16), (1.2.17) and (1.2.18). Let
u

Фп(и) =  j  <P„(£)dt for n e N ,  и ^  0. 
о

We shall prove that Ф is equivalent to Ф. Indeed, for n > m and ue[c„, d„) 
we have

cn и

Ф„(«) =  J <Pn(t)dt+ j  <Pn(t)dt = Ф„(сп) + Ф„(и)-Фп(сп).
0 c„

But Фп(и) ^  ф„(сп) for 0 <  и <  c„, so

(1.2.20) Фп(и) ^  Фп(и) + Фп{сп) for 0 С и <  dn, n > m.
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Similarly, we get the following inequality

(1.2.21) Фп(и) <  Фп(и) + Фп(сп) for 0 ^ u ^ d „ ,  n >  m.

Note that 0 < *„(«) < oo for all и > 0, neN,  and ^  =  inf Ф„№„) > 0 for
n > n l  _

some n1eN,  by (1.2.21). So there exists a sequence (d'n) such that Ф„(^) = 
for all neN.  Let 0 <  d" <  d'n be such that Фп{й”) < oo for п ^ щ .  Put
ô2 = m in |^ l5 inf Ф„(С)} and = Фn{c„) for n > щ and en = Ф„(С) for

Then Ф„(и) ^  Ф„(и) + еп if Ф„(и) <  â2 for all neN.  So Ф -3 Ф, because
Ф„(с„Х £  < oo, by the assumption. Let d„ = sup{u

n>n̂  n>nj _ _
> 0: Ф„(м) ^  <S} for n < m. We have Ф„(м) ^  Ф„(й?„) for 0 ^  u ^  d„. Hence and 
from (1.2.20) it is seen that Ф -3 Ф if Z Ф„(с„) < oo. But, by the definition of Ф„

n> m

and by (1.2.13), wé get
*~i+4

Z  Фи(сй) =  ï  Z  J r i k~i (pn{1H )dt
n>m n>m 1

1 cn

= Z c n < P n ( K ) Z Г 1 к~1(1 — 1)/Г < oo.
n > m 1

By (1.2.19) it is evident that Ф =  (Ф„) and ф =  (ф„) satisfies the thesis of our 
lemma.

R em ark . If Ф =  (Ф„) is an Orlicz function satisfying the (^-condition, 
then the function Ф =  (Ф„) defined by: Ф„(м) =  и for all n < m  and и ^  0; 
Фп(и) =  Н фп(и)/Сп)и2 for 0 ^ u ^ c n, n ^ m ;  Фп(и) =  Фп{и )-\Ф п(сп) for
cn ^ u ^ d n, n ^ m  and Фп(и) =  [(Ф„(2dn) - i 0 n(cn))/dî]u2 ~ № n(2dn) - 0 n(dn)]

00
for u ^  dn, n ^  m, where cn and dn are such that Ф„(^„) = <5, Z ф п ( с п) < °0 »

/ i= m
is an Orlicz function satisfying the uniform ^-condition and equivalent to Ф.

T h eo rem  1.2.5. Let Ф =  (Ф„) and Ф*=(Ф*) be complementary Orlicz 
functions satisfying the ô^-condition. Then there exists an Orlicz function Ф 
equivalent to Ф and such that (1ф, ||-||$) is a uniformly convex space.

P roof. Since Ф* satisfies the (^-condition, so there exists an Orlicz 
function Ф* equivalent to Ф* satisfying the uniform <S2-condition (see the previ­
ous lemma). Thus there exists a constant к > 0 such that ф* (2s) < кф* (s) for 
every s ^  0, where ф* denotes the right derivative of Ф* (see Lemma 1.2.1). 
By Lemma 1.1 we have

(1.2.22) Ф„(ки) ^  2ф„{и) for every и ^  0,

where ф„(и) =  sup \s ^  0: <p*(s) ^  u ). Let
U

$n(u) = f фn(v)dv for every и ^  0, n e N .
b



В-convex Musielak-Orlicz spaces 73

Then Ф = (Ф„) and Ф* — (Ф*) are complementary Orlicz functions. Since 
ф* ~  Ф*, we get Ф ~  Ф (see Lemma 1.2.3).

We shall find an Orlicz function Ф equivalent to Ф and satisfying the 
thesis of our theorem. Since Ф satisfies the «^-condition and Ф ^ Ф, by 
Lemma 1.2.2, Ф satisfies the (^-condition. Applying Lemma 1.2.4 we shall 
find an Orlicz function Ф ^ Ф, Ф satisfying the uniform Ô2-condition, and 
such that there exist /, r > 1 satisfying for every и ^  0 the inequality

(1.2.23) ф„(1и) ^  гф„(и),

where ф„ is the right derivative of Ф„.
Let

uk = lk, k e Z

and a function ф„ be defined in the following way: ф„(и) is continuous on 
R+, фп{0) = 0, ф„(ик) =  фп{ик) and фп is linear on each interval [uk, uk +1]. We 
shall prove that

ф„({1+е)и) ^  кЕфп(и)

for arbitrary e > 0, some constant кЕ> 1 and all n e N ,  ueR+.  The proof 
of this formula will be omitted, because it is analogous to that of inequality 
(1.1.3). Let us note only that the roles of the parameter t, the function (p2(t, ) 
and condition (1.1.1) in the proof of (1.1.3) are played here by n, фп and in­
equality (1.1.23), respectively. Thus

kE = l + l ( r - 1)] еД/ -1 )  min ( 1, l/r),

where /, r are constants from (1.2.23).
u

Hence it follows that Ф = (Ф„), where Фп(и) =  (’ y n(v)dv for all ne N, и ^  0,
b

is an Orlicz function uniformly convex on R +.
Now, we shall prove that the function Ф is equivalent to Ф and that Ф 

satisfies the uniform <52-conchtion.
Let m > 0 be arbitrary. There exists an index k e Z  such that vk 

< и ^  vk + j . Then, we have for any n e N

ф„(Г1и) <  фп{ Г 1ик +1) = фп(ик) =  фп{ик) ^  фп(и) ^  фп(ик+ J

=  Ф п К + l )  =  <  Ф п ( 1 и ) -

Hence, we have for any neN,  и ^  0:

фп{Г' и)  ^  фп{и) ^  фп(1и).

This implies that Ф Ф. Since Ф ^  Ф, so Ф -  Ф. Moreover, the Orlicz
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function Ф satisfies the uniform «^-condition. Hence and from the last 
inequalities follows that Ф also satisfies the uniform 02-condition.

Now, applying Theorem 0.1, we obtain that the space (/ф, 11 * 11 ф) is 
uniformly convex, and the proof is finished.

C o ro lla ry  1.2.6. It follows from Theorems 1.1.7 and 1.2.5 that if (T, I ,  p) 
is a mixed measure space and Ф, Ф* are complementary Orlicz functions 
satisfying the (A2, ô2)-condition, then there exists an Orlicz function Ф2 such 
that Ф2 ~  Ф and (L<j>2, IMU2) is a uniformly convex space.

R em ark  1.2.7. If Ф and Ф* are complementary Orlicz functions and Ф* 
satisfies the <52-condition {{A2, <52)-condition) in the case of a purely atomic (a 
mixed) measure p, then there exists an Orlicz function Ф2 ~  Ф, Ф2 uniformly 
convex on R+.

This follows from the proof of the last theorem and from Lemma 1.1.5.
13. B-convexity.
T h eo rem  1.3.1. Let Ф and Ф* be complementary Orlicz functions. Then 

the spaces {L%, ||*||ф) and (L%*, |Н |Ф*) are В-convex if and only if Ф and Ф* 
satisfy the A2-condition (S2-condition) [_{A2, 32)-condition\, respectively, in the 
case o f an atomless (a purely atomic) \_a mixed] measure p.

P roof. We prove this theorem only in the case of an atomless measure 
p. The proof in other two cases is analogous. Let Ф and Ф* satisfy the 
A2-condition. Then there exist Orlicz functions Ф2 and Ф3 equivalent to 
Ф and Ф*, respectively, and such that the spaces (L%, || -||02) and (L% , || -||Фз) 
are uniformly convex and thus they are Б -convex (see [4] Example 3 (ii), 
p. 118). Since the norms ||- ||ф and ||- ||ф, are equivalent to the norms || * ||ф 
and |И |Фз, respectively, so by Theorem 5, p. 129, [4], the spaces (L%, |Н |Ф) 
and (L£>*, || • ||ф*) are Б -convex.

Conversely, let us suppose Ф or Ф* does not satisfy the d 2-condition. 
We shall prove that the space (L%, ||*||ф) is not Б -convex. For, we shall 
consider two cases.

(I) Ф does not satisfy the A2-condition. Then (see [7])(4) the space 
(L%, || * Пф) contains an isometric copy of /°°. Since the space /x is not 
Б-convex (see [4], Example 3 (iv)), (L%, || ||ф) is not В-convex too.

(II) Ф satisfies and Ф* does not satisfy the d 2-condition. Then the dual 
space (L%)* of L% is isomorphic to the space L%*. Since, by the case (I) the 
space L%* is not Б -convex, so (see [4], Theorem 3, p. 127) the space L% is not 
B-convex too.

C o r o l l a r y . 1.3.2. Let Ф be an Orlicz function. The following conditions 
are equivalent:

(i) Ф and Ф* satisfy the A2-condition (ô2-condition) [(A2, ô2)-condition] 
in the case o f an atomless (a purely atomic) [a mixed] measure p, respectively,

(4) In the case of a purely atomic measure ц, see [9].
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(ii) Цф is reflexive,
(iii) L% is uniformly convexifiable,
(iv) L% is B-convex.
Proof. The space L% is reflexive iff Ф and Ф* satisfy the zl2-condition

(<52-condition) [(d2, <52)-condition] in the case of an atomless (a purely 
atomic) [a mixed] measure space (T, I ,  /л). This follows from the results 
of papers [7], [9] and [12]. Next, applying the results of this paper, we obtain 
our corollary.
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