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On the finest of all linear topologies on Orlicz spaces 
for which (^-modular convergence implies convergence 

in these topologies. II

Abstract. Let q> be a «^-function and let (£ , I ,  fi) be a measure space with a positive 
measure. In [3] we have considered the finest of all linear topologies .T  on Orlicz spaces Ц? 
which satisfy the condition: x„ 0 implies x„ 0 for every sequence (x„) in . We denote this 
topology by .7^  . In the present paper we prove that a set К cz L*v> is bounded in the topology 
■7V if and only if К is bounded in the topology generated by the usual F-norm ||-||v .

P R E L IM IN A R IE S

0.1. Throughout this paper we assume that (F, F, //) is a measure space 
with a positive measure and q> is a ^-function. By L*v we will denote the 
Orlicz spaces. For a real valued, //-measurable function x defined on E we 
write

M x) = J> (\x(t)\)dfi.
E

In L*<p and F-norm can be defined as follows:

IWU = inf \k > 0: g^x/k) < k} ([1]).

We shall denote by the topology on L*v generated by the F-norm (| • Ĥ,.
0.2. Let ф and q> be «^-functions. We shall write ф < <p if for an arbitrary 

c > 1 there exists a constant d > 1 such that ф(си) ^  d(p(u) ([2], p. 72). For a 
given (p-function <p by •F*3’’ we will denote the set of all ^-functions ф such 
that ф < (p.

03. By we will denote the finest of all linear topologies T  on 
L*v which satisfy the condition: x„ 0 implies xn 0 for every sequence (x„) 
in L*v (see [3], Theorem 1.2). It has a base of neighbourhoods of 0 consisting 
of all sets of the form:
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where (e„) is a sequence of positive numbers and Uv {e^ = { x e { ^ ( x )  
< en} ([3], Definition 1.1). From Theorem 1.2 of [2] and Theorem 2.1 of [3] 
it follows that all sets of the form: K^(r)n  L* ,̂ where r >  0 and if/e{F<<p, 
constitute a base of neighbourhoods of 0 for the topology .

R E S U L T S

1.1. L em m a . Let (p be a cp-function and let (kn) be a strictly increasing 
sequence of natural numbers with k1 > 1. Then there exists a (p-function if/ such
that if/ <1 (p and there hold the inequalities :

(a) if/(2~‘m+ 2̂ (p(2~m~1’) /or nk„ ^  m ^  (n T 1) /cn+1 b

(b) Ф( 2m+2) ^ q>{ 2m~n) /or nk„ < m ^  (n + 1) fc„+1 -1 .
Proof. Let us set

for t = 0,
) 2~n for -о ,* » » .,,-»  < 2- k* .-d n = 1, 2,

p (0 < , for 2- ‘i + 1 < t ^ 2 k>
(2" for Ю д ?? 3

1

1,2,

Next, define a function x by the equality:

X(«) =
f ( u )

for ме [0, 1], 
for м е[1, oo),

where [0, 1] -► [0, mJ ,  x'(m) = $p(t)dt, i< M 1 = / (  1) < 1, and
0

и

X": [1, oo)-> [ul5 oo), x"(m) = а -1 (м), а(м) = jp (t)d t + l.
«1

Finally, define ^ (m) = <р(х(м)). It can be seen that if/ is a ç>-function. 
Now, we shall show that if/ < (p, i.e., for an arbitrary c > 0 there exists a 

constant d > 1 such that if/(cu) ^  d(p{u) for n ^  0. Indeed, let c > 0 be given. 
Choose a natural number n such that c ^ 2 " _1. First, let u'c
— 2 n(k” l)-2~n+1. Then for и ^  m' we have

(1) x '(cu) < p{cu)cu ^  p{2 "(k" 1))cm ^  2~ncu < u.

Next, let u” = 2(n+1)(k"+1 1>+1. Since Ui < 1 for и ^  м", we have
U « 1 и

oc(u) = J p(t)dt + \ ^  J p(t)dt-h J p(t)dt = J p(t)dt ^  p(u/2){u/2)
ut 1 0  0

= 2"~1 m ^  cm.
Hence

(2) /"  (cm) ^  m for m ^  n".
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From (1) and (2) for и ^  м' and и ^  u'J we have

ф{си) = (p(x{cu)) ^  (p(u).

Suppose К < <■ Then finally, we obtain

ф(си) ^  dc(p(u) for и ^  0, where dc = (p(u'c')/(p(u'c).

Now, we shall show that ф(2~m + 2) ^  (p(2~m~n) for nk„^m  
<(n+l)fc„+1- l .  In fact, since 2"m+1 ^  2_("+1)k"+1 + 2 > 2~(п+Шп+1~X) and
2~m + 2 ^  we have

/(2 ~ №,+2) ^  p(2_m+1)-2"m+1 = 2~"~1 • 2~m+1 = 2~m~n,

and hence

ф(2~m+1) = <p(x'(2~m+2)) > <p(2~m~n).

Finally, we shall show that ф(2т+2) ^  (p(2m~n) for n k „ ^ m ^  
(n+l)/c„+1- l .  In fact, since I < f r l 4  2m' 4  2("+1)(‘"+ r l ) , we have

2m~~ n
oc( 2 m ~ n) =  S P ( t )d t  + 1 ^  p(2m_”) - 2 m-"4-l ^ 2 " - 2 m~ " + l  < 2 m + 2.

“i
Then x " ( 2 m + 2) > 2m“", and hence

ф(2т+2) = q)(x"(2m+2)) > q>{2m~n).

1.2. T h e o r e m . A set K a  L*v is bounded in the topology if and only if 
К is bounded in the topology :T^ generated by the usual F-norm Ц-Ц̂ .

Proof. Since c= ([3], Theorem 1.3), it suffices to show that if a 
set К is not bounded in the topology ^~(p, then К is not bounded in the 
topology

Indeed, let us assume that a set К is not bounded in This means 
that there exists a number r0 > 0 such that for every Я > 0 there exists xe К 
such that ||Ax||v > r0, i.e., ^(Ax/r0) > r0. From this it follows that there exists 
a sequence (x„) in К such that

(1) IK " 1 0̂ -̂ nll<p > *̂0> n = 1,2

i.e.,

(2) M 4" ”' 1*") > r0> « = 1,2,

In order to prove that К is not bounded in by 0.3 it suffices to show 
that there exists a (^-function ф such that

ф < (p and Яф{2~п+4 x„)> r0/9,

where « ^  N  for some natural number N.
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For this purpose, for a measurable function x: E 
< b < 4- oo, let us denote

and let Fba{x): E

Eb(x) = {teE: 2a ^  \x(t)\ < 2b]

R be the function defined as

ix(f) for te E b(x),
0 for te E \E b(x).Fbam ) =

R and —oo ^  a

Now, we shall show that from (1) it follows that there exists a strictly 
increasing sequence of natural numbers (k„), k x > 1, such that for any n 
holds:

||4— 1 > r0/3, or

О) H4:"-1r0F’*(" j ; ; ; . 11w i iv > r 0/3, or

114-*-1 r0 1 *"~2 (* J „  > r j 3.

We shall construct this sequence (k„) as follows. Let kx be an arbitrary 
natural number such that к j > 1. Then by (1) we have

\\4~2r0FZkJ ( x l)\\(p> r0/3 or ||4~ 2r0 FkJkl (xr1)||̂ , > r0/3

or \\4~2r0F?l {xl)\\9 > r0/3.

Now, assume that there holds ||4~ 2 r0F_aS(x i)IU > ro/3 or
l|4~2r0F^1(x1)||</) > r0/3. Since ||4"2 r0 F l* 1 (x jl,, and \\4~2r0Fbkl(x1)\\<p are 
non-decreasing functions of variable a > k x and b > kx and

lim ||4 -2r0F:J, (x1)||, = ||4 -2r0F : ‘„‘ (x1)||, > r0/3
a —* X)or

lim ||4 -2r0Ft1(x,)||, = ||4 -2r0F,»(XlH|, > r0/3,
<>-00

there exists a natural number k'2 > kx such that

l |4 '2r0F:J£2V2_1)(x1)||4, > i r 0 or \\4~2r0F * 2~l (xl)\\v > i r 0.

Now, suppose there are already chosen natural numbers kx < k2 < .. • 
< k„-1 . Let k„ = k'n> kn_x in the case where k'n was already chosen in the 
previous step or, otherwise, let kn be an arbitrary natural number such that 
kn > /c„_,. Then by (1) we have

IK n — 1r0FZ <nk„ + n -  1 )

or

( x J lv > jr 0 or ||4~" > i r 0

l|4-n- 1r0FSn+n- 1( x J <, > i r 0.

r0F ln k"+n~1>(x„)ll<p > j r 0 orNow, assume that there holds ||4 " 1
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Ц4- "-1 r0F$n+„_1(x,l)||<p > j r 0. Then as above (for n = 1) from these in­
equalities it follows that there exists a natural number k'n+i > k„ such that

II-»"-1 r0 a W II, > i<o
or

IK - '-1 1 + "‘ 2 W II, > î ro-
Thus, we constructed a strictly increasing sequence (k„) which satisfies (3). 

From (3) we have

(I) i r 0 < @4>(4 " F - { ( n l l ) k n + i + n - 2 ) ( X n))
(n + l)k„ + 1 +И-3

«  X v ( 4 - " - 2 - | f ( £ : : . 1W )
m= nkn + n — 1 

<n+l)kn+1-2

m = nkn

or

(ID
к i nkn + n — 1
X <p(4~”-2+”)/i(£” _1 (x„))+ X <Р(4-"-2”)/2 (£ Г 1(хЛ +

m= — к j + 1 m = kj + l
nkn ~ t- n — 2

+ X v (4"”-2 -”) ^ ( £ :”_ ,(x„))
m= fc J

or

(III) i r a < ev(4‘ " ^ ++'lf-"î1+"_2(xj)
(n + 1 )kn+ l + n - 2

^  X ç> (4 ~ • 2”) // (£”_ t (x„))
m= nkn + я 

(л+ l)kn+ ! -  2
X 4>(2” -")/2(£:î : - , ( x j).

m= nkn
Now, we define the «^-function ф as in the proof of Lemma 1.1. First, let 

us assume that (I) holds. Then from (a) of Lemma 1.1 we obtain

e ,(2 -"+4x„) > e^(2— (x.))
(n + l)kn + j +и-4

> X *(2— m+*)ii(Ezz+l (xj)
m = nkn + n — 2 

(n+ 1 )kn+ j -  2= x (̂2-"+2)л(£:;:::1(х.))
m= nkn

( n + l ) k n + l - 2

> X <p(2-”-")A<(£=™î;=i<x„))> ir0-
m=nkn
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Now, let us assume that (III) holds. Then from (b) of Lemma 1.1 we get 

e » (2 -+4x „ )> e*(2--+3F<̂ +,î.*î1+"‘ 2(xJ)
(n+ l)k„+ i + n- 3

> £  <И2-”+”,+3М £ Г 1(*л))
m = nkn + n — 1 

(» + l )kn+ j  -  2
£  ^ (2 -+2)л ( £ : : ; . , ( х^

m=nkn

(n+ l)k„ + J -  2
> £  <?>(2” “")/j (£”I ; - 1(x„))> ir„ .

m = яки

Finally, let us assume that (II) holds. Then there holds:

(II,) I  < p(4 --2 -)tt(K -,(xJ i)> ^r0
m= — к j + 1

or
nkn + n — 1

(H2) £  <p(4-"-2 ")u(EZ-t ( x J ) > i r B
m — k i  + 1

or
nk„ + n -  2

(Из) I  <?(*-•-2- ”) / i ( £ : : - , w ) > i r 0.
w =  к j

First, let us assume that (IIJ holds and let n '^ 2 k l -\-2. Then

*i
i r 0 < £  V {4---2"')-f,(E Z-t M )< (p (2 t , ' U)li(Ek\ l (x„)).

m = — к j + 1

We have

<v<2~ '+4*.> »  e*(2-”+4£*-1*1 (*„))

»  £  ф(2~п+т+*)ц(Е%+1(хп)) ^  ik(2_"+4_tl)//(£^.1fcl (x„))
m = -  к j

= ^ ( 2 '("+‘,,+4) /г(£*Л, (*„))•

But lkt ^  n + Zci - 2  ^  (/ + l)k t+i — 1 for some natural number l such that 
1 ^  < n — 2ki +1 (n ^  2A:X +1). Hence by (a) of Lemma 1.1 we get
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and therefore we obtain

M  2-"+4x „ ) ^ i r 0.

Now, let us assume that (II2) holds and let n ^ 2 k l + l. Then
nkn + n — 1

i r 0 <  £  <P( 4 - -  - 2") A*(ES- 1 ( x j )
m = k± + 1
n — 1 (i+l)k,+ l+ i

= I (  I  <i»(2-2"+"),i(£;_1(xJ))
i= l  m= ikj + i 
n -  1 (* + l) * i+ l

=  I (  I  <г>(2-2"+" +> ( £ ™ : ; - , ( х „ ) ) ) .
i = 1 m = ikj

On the other hand, we have

e * ( 2 ~ " + 4 x „ )  »  e * ( 2 - " + 3 < " + " ' 1 W )
nkn + и — 2

»  X  ф ( 2 - ”+m+3) ^ ( £ : + i w )
m= kj

„-1 <i+l)t(+ 1 + i - l

=  I (  I  ^ ( 2 - " " " +3) ^ ( £ Г ‘ М ) )
1=1 m~ ik( + i — 1

= ”l  ( l ' +I'/'(2,”+i- ”,+2)M (£ : î i - iM ) .
i= l  m ~ ik(

We shall show that ф{2(т+1- п)' 2) > (p(2~2n+m+i) for ikt ^  m ^ { i+ l ) k i+l, 
where 1 ^  i ^  n— 1. For this purpose, we shall consider three cases:

(a) Let m + i — n ^  — кг. Then /cx ^  n — i — m ^  (n — l)/c„_1 — 1. Hence 
lk[ ^  n — i — m ^  (/ + l)/c/+1 — 1 for some natural number / such that 1 ^  /'^  
n — 2. Therefore by (a) of Lemma 1.1 we obtain

ф(2{т + 1-") + 2) = ф(2~(п~'~т) + 2) ^ ^ (p{2~2n+m+i).

(ft) Let m-W —n ^ /q .  Hence lkt ^  m + i — n ^  (/+ l)kl+1 — 1 for some 
natural number 1 < / <  и —1. Then by (b) of Lemma 1.1 we get

^(2(m+i-n) + 2) ^ (p(2m+i~n~l) ^ (p(2~2n+m+i).

(у) At last, let — /q < m + i — n<  lq. Then /сх < — (m + i —n —2/q) < 3/q 
< 2k2 — 1. Then by (a) of Lemma 1.1 for 2/q + l we obtain

ф(2{т+п~‘) + 2) ~  ф(2~(~{m+i~n~2kl))+2kl + 2) ^ ^ 2 ~ (~(m+i~n~2fcl))"2)
S <p(2- <- <’" + ' ----= ^  <p(2- 2„ + „ + i)
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Finally, let us assume that (U3) holds and let n ^ 2 k x. We have
nkn + n — 2

i r 0 < X <P(4—• 2-") /<(£::_ ,(*„))
m = k x

и- l  (i+ l )ki + 1 + i -  1

= X( I
i  =  1 m  =  i k j + i — 1
n — 1 (*+ 1 )*i + 1

= X( I  v(2-2"-"+i-')̂ (£;::!:i(x„))).
i — 1 m = ikj

On the other hand, we get

е*(2~”+4х„) »  e* (2 '"+4f  IJi.V.’-s .W )
n k n +  n -  3

»  x  ^ (2 -”- ” +4) / i ( £ :s +1w )
m =  k x — 1
it — 1 (i + 1 )kj + j + i -  2

= X (  I  iM2-”-" +4)|1(e : : +1W ))
i = 1 w = ik,* + 1 — 2 
и — 1 6 + 1 )k,- + J

= I  ( I  ^(2<— "+i'+î)/< (£ :::!:i(x n))).
i= l  m = ikj

We shall show that ^(2(-и-т+0+2) ^  <̂ )(2~2"_m+i“ ‘) for ikn ^ m  
^ ( i  + l)fcj+1, where 1 < / < и  — 1. We have Me, ^  m + n — i ^ (/+ l)/c ,+ 1 for 
some natural number / such that 1 ^  < n —1. Therefore by (a) of Lemma 
1.1 we get

i/i(2<_"~'"+i>+2) = ф(2_(w+m_f)+2) 3* </>(2~"~w+̂ ~,) ^  (p{2~2n~m+i~l). 

Thus we showed that

вф(2~п+*х„) ^  i r 0 for n ^ 2 k x + l

and this proves that a set К is not bounded in the topology .
Rem ark. In the case where (L*<p, ГТ Ф) is a locally bounded space, then 

we have immediately that subsets of L*v bounded in are bounded 
in ' f v .

Indeed, from [2] (Theorem 2.1 and Theorem 2.2) we have the inclusions 
of topologies

( + ) .T**

where F**  and , Т Л* denote the linear topologies on L*v defined in [2]. 
Moreover, there holds the equality J ~ ([3], Theorem 2.1). In [4] 
(Theorem 2.7) it is proved that in the case when (L**, .Tv) is a locally
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bounded space, then a subset of L*v is bounded in .T** if and only if it is 
bounded in Then, in virtue of ( + ) a subset of L** is bounded in .T* if 
and only if it is bounded in
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