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On the finest of all linear topologies on Orlicz spaces
for which @-modular convergence implies convergence
in these topologies. 11

Abstract. Let ¢ be a ¢-function and let (E, X, u) be a measure space with a positive
Pmeasure. In [3] we have considered the finest of all linear topologies .7 on Orlicz spaces L}
ch satisfy the condition: x, % 0 implies x, 2.0 for every sequence (x,) in Lt?. We denote this
topology by .7, . In the present paper we prove that a set K < L}? is bounded in the topology
F, if and only if K is bounded in the topology generated by the usual F-norm ||-|i,.

PRELIMINARIES

0.1. Throughout this paper we assume that (E, X, u) is a measure space
with a positive measure and ¢ is a ¢-function. By L** we will denote the
Orlicz spaces. For a real valued, u-measurable function x defined on E we
write

2,(%) = [o(lx(1)])dp.

In L** and F-norm can be defined as follows:
IIxll, =inf{A > 0: g,(x/A) <4} ([1].

We shall denote by .7, the topology on L*® generated by the F-norm ||-||,.

0.2. Let ¢ and ¢ be ¢-functions. We shall write ¥ < ¢ if for an arbitrary
¢> ] there exists a constant d > 1 such that  (cu) < do(u) ([2], p. 72). For a
given @-function @ by ¥<? we will denote the set of all g-functions ¢ such
that y < ¢.

03. By 7, we will denote the finest of all linear topologies .7 on
L*"’ which satisfy the condition: x, % 0 implies x, = 0 for every sequence (x,)
In [*¢ (see [3], Theorem 1.2). It has a base of neighbourhoods of 0 consisting

of all sets of the form:

s

( Z U, (en),

N=1 p=

[
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where (g,) is a sequence of positive numbers and U, (e,) = {xe L**: g,(x)
< &, ([3], Definition 1.1). From Theorem 1.2 of [2] and Theorem 2.1 of [3]
it follows that all sets of the form: K, (r)n L*®, where r > 0 and y e ¥<°,
constitute a base of neighbourhoods of 0 for the topology 7, .

RESULTS

1.1. LemMa. Let @ be a @-function and let (k,) be a strictly increasing
sequence of natural numbers with k, > 1. Then there exists a @-function ¥ such
that Y <t @ and there hold the inequalities:

(a) Y2z @27 for nk,<m
(b) Y2z e for nk,<m
Proof. Let us set
0 for t=0,

S(m+Dkyy =1,
S(n+Dkyey—1.

- ~(n+ 1)k -1 —n(k,,— 1
)2 for 27TVt D 1,2,
t - _
p(t) 1 for 271ttt ll’k .
k,— 1 + -
7 for 2" TD o0 VERnTh g

Next, define a function y by the equality:

_{x @  for ue[o, 1],
x(w) = ¥'(w) for ue[l, o),

where  y': [0,1]1-[0,u,], x) =[p(dt, Z<uy=yx(1)<l1, and
0

X' [1, 00)— [uy, o), X" =o' (), a(m) = | p(t)dt+1.

- U
Finally, define ¥ (u) = ¢(x(w)). It can be seen that y is a @-function.
Now, we shall show that ¥ < ¢, i, for an arbitrary ¢ > O there exists a
constant d > 1 such that ¥ (cu) < do(u) for u > 0. Indeed, let ¢ > 0 be given.
Choose a natural number n such that ¢<2"" ! First, let u
=27 "7V 2=n+1 Then for u <u, we have

n(k,—

(1 ¥ (cu) < p(cu)eu < p(2~ ”)cu €2 "cu<u.

2+ Dk 1=~ D+ 1

Next, let u! = . Since u; < 1 for u > u), we have

u u 1 u
a(w) = [ pdt+1= [p(t)dt+ [p(t)dt = [ p(t)dt > p(u/2)(u/2)
uy 1 o 0

=2""1y>cu.
Hence

(2) X'(cu)<u for uz=u.
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From (1) and (2) for u < u, and u > u, we have
Y(cu) = @(x(cw) < o).
Suppose u. < u,. Then finally, we obtain
Y(cw) <d.o(u) for u >0, where d. = ¢ (u)/¢(u).

Now, we shall show that Yy(2 ™" =2 ™™™ for nk,<m

. — —(n+ 1)k +2 —(n+ 2)k -1
<(n+1)k,,,—1. In fact, since 2-m+1 3 27" Dhnt1¥2 o =¥ 2kn+ 271 509

2"m+*2 < 1, we have ‘
PA PR P TP BV AL AP LA A S
and hence
YR =0 27" H) = 277N,

Finally, we shall show that Y (2" = 2" for nk,<m<

. k,—1 - + )k -1
(n+1)k,,,—1. In fact, since 1 < 2"k gm=n ¢ QI Dnt s ' we have

am=n

a@m M= [ p)d+1<p@rTYmTIHI 22" < 272,
_ )

Then x”’(2™*2) > 2™"" and hence

Y2 ) =o' (2" > (2777,

1.2. THEOREM. A set K < L*? is bounded in the topology J , if and only if
K is bounded in the topology 7, generated by the usual F-norm ||-||,.

Proof. Since I, = 7, ([3], Theorem 1.3), it suffices to show that if a
set K is not bounded in the topology 7 ,, then K is not bounded in the
topology 7.

Indeed, let us assume that a set K is not bounded in J,. This means
that there exists a number ry, > 0 such that for every A > 0 there exists xe K
such that [|Ax]|, > ro, i.€., 0,(Ax/r¢) > ro. From this it follows that there exists
a sequence (x,) in K such that

(1) “4—'"—1r0xn“(p>r0, n=la 2,-“’
ie.,
(2 0,47 " 'x)>r, n=12,...

In order to prove that K is not bounded in 77, by 0.3 it suffices to show
that there exists a ¢-function y such that

Yyt and g,(27""*x,) > re/9,

where n > N for some natural number N.
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For this purpose, for a measurable function x: E—~ R and —o <a
< b < +o0, let us denote
El(x) = {teE: 2° < |x(1)] < 2%}
and let Fb(x): E— R be the function defined as

x(1) for te Eb(x),
Fi(x) (1) ‘“{ for te E\ E}(x).

Now, we shall show that from (1) it follows that there exists a strictly
increasing sequence of natural numbers (k,), k; > 1, such that for any n
holds:

- (nky+ 1= 1)
l14-"" 1rOF—((n+l)k"+l+n—2)(xn)“<p>r0/3’ or
—n— nkp+n—1
Q) 147" ro F G+ =1y (Xalll, > ro/3,  or
—- (n+ 1)k +n—2
fla=n-t ank nt1! Celly > ro/3.

We shall construct this sequence (k,) as follows. Let k; be an arbitrary
natural number such that k, > 1. Then by (1) we have
4™ 2ro FZ (Xl > ro/3 o 14721 F (x))ll, > ro/3
or |47 2ro FE (x)ll, > ro/3.

Now, assume that there holds |4~ 2roF_"! {x M, >re/3 or

1472 ro Fi; (xy)lly > ro/3. Since ||4‘2r0F::‘(x1)|l¢ and |47 %ro F7 (xy)ll, are
non-decreasing functions of variable a > k; and b > k, and

lim [|4™2rg FZ0 (x)ll, = 14721 FZ5 (x)ll, > rof3

a—-x

lim [[472r F (x)ll, = 1147270 F (x)ll, > 7o/3,

b—w

or

there exists a natural number k, > k; such that

Zk 1
2 (xl)“qo > §r0

14~ 2ro F —-(2k2 n(xlly>%ro or  |l472rF
Now, suppose there are already chosen natural numbers k, <k, <...
< k,_y. Let k, =k, > k,., in the case where k, was already chosen in the
previous step or, otherwise, let k, be an arbitrary natural number such that
k, > k,—,. Then by (1) we have

— iy — 1
47" Lrg FZgin™ "™

-y nk,+n-1
( n)”(p>%r0 or “4 " erF—(”nk"+n—l)(xn)”4p>%r0

or 47" rg FR hney (Xally > $70.

+n—-1)

Now, assume that there holds |[4™""1r,F_"¥n (xlly > %ro or
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147" ro Fg su—1(Xall, > Fro. Then as above (for n=1) from these in-
equalities it follows that there exists a natural number k,., >k, such that

- —(nky+n—1) ‘

f14=" lrOF—((n:l)kh+l+n—2)(xn)“<p > 37

or
e (n+ Dkjyy+n—2

”4 " lr'OI:‘nk,,+n-i'-;1 (xn)”<p >%r0'

Thus, we constructed a strictly increasing sequence (k,) which satisfies (3).

From (3) we have
e = (nkptn—1)
(l) ’.15"0 < le (4 F—((nil)k”+l+n—2)(xn))
(n+ Dkpyyy+n—3
< > @@ " 27" u(EZm- 1 (x,)
m=nky+n~ 1
(n+l)kn+l“2

= Y e Hu(EIRinti(x)

m= nk,
or
(D) dro< gp(d4 " Flmr - 1)(x)
ky nk”+n~l
< Y o@ 2" u(Emoi(x))+ Y 0@ 2" u(Ems i (x)+
m=~kq+1 m=ky+1
nk, +n—2
FY e (BT (x,)
m=k1
or

(LI ro < @, (47" Fup in™t 7" 2 (x,))
(n+ Dkyy g +n—2
< Y @@ 2" u(En_(x)
m=nk,+n
(n+kpyq—2
= Y @y u(Enta-i(x,).

m=nh”
Now, we define the g-function ¢ as in the proof of Lemma 1.1. First, let

us assume that (I) holds. Then from (a) of Lemma 1.1 we obtain

—n ' - —(nk,+n—3)
027" x,) 2 04 (2 "+4F—((nfr1)';¢"ﬂ+n—4)(xn))

(n+ 1)k, 1 +n-4
> Z l/1(2“"""+4)u(EZ"‘“(x,,))
m=nk, +n—2
(n+ 1k, 1-2
= X Y@ Yu(EIniiix)
m=nk,
(n+ 1)k 1—2

> Y @@ T u(EIRInTi(xa) > 3.

m=nk,
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Now, let us assume that (III) holds. Then from (b) of Lemma 1.1 we get

-n+4 +3 (n+ 1)k +l+n 2
027" 4 x) 2 0 (27" Fr a1 ()
(n+ k4 g +n=3

> Y @t u(ERT(x)

m=nk,+n~1
(n+Dkyy -2

= X @) u(Enin-1(x)

m= nk,,
(n+ Dk q—2

2 Y e ul(Enii-1(x)) > $ro.

m=nk,

Finally, let us assume that (II) holds. Then there holds:

ky
(I1,) Z <P(4*"'2"')u(EZ'-1 (xn)) >$r
m=—ky+1
or
nk,+n—1
(I1y) 2 @ 2" u(ER_ (x)) > $ro
m=k1+1
or
nky,+n—2
(I13) Y @@ 2™ p(EZR- 1 (xy) > 57o.
m=k‘
First, let us assume that (II;) holds and let n > 2k, +2. Then
ky
Sro< Y @@ "2 p(Eny (x)) < 02T u(EL (x).
m=—-ky+1
We have

0, (2774 x,) = 0, (274 FY (x,)
> Y Y@ u(ERt (k) 2 v T Y u(EY ()

m=—ky

=y 27" u(EY, ().

But lk, <n+k;—2<(l+1)k;,,—1 for some natural number ! such that
1<1<n-2ky+1 (n>2k,+1). Hence by (a) of Lemma 1.1 we get

l//(z—(n+kl—2)+2) > (p(2~n—kl+2~l) 2 ¢(2—n—kl—n+2k1+l) > @(2—2n+k1)
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and therefore we obtain
0y (27" % x,) = §ro.

Now, let us assume that (I1,) holds and let n > 2k, +1. Then
nk,+n-1

§ro< ). @@ 2" pu(En- (x,)
m=ky+1
n—1 (l'+l)ki+l+l'

=0 ¥ e@ 7 Mu(En (x)
:,_1 (i'f"nl—)l:ill

=3 (T @@ u(ERL (x)).

i=1 m=ik;

On the other hand, we have

nky+n—1

027" x) 2 027" R ()
nky+n—2
= Y YT u(ERT (xl)
m=kq

n—1 (i+1)ki+l+i—1

=X ( 3 e(ER )

m=ikl'+i—l
n—1 (Gt kit

=L Ty u(ER ()
i=1 m=ik;
We shall show that Y (2™ " m%2) > (272" ™+ for ik, < m<(i+1)k;yq,
where 1 <i << n—1. For this purpose, we shall consider three cases:
(0) Let m+i—n< —k,;. Then k; < n—i—m<(n—1)k,_;—1. Hence
Ik <n—i—m<(I+ 1)k, —1 for some natural number ! such that 1 < I'
n—2. Therefore by (a) of Lemma 1.1 we obtain

lp(2(m+i—n)+2) — l/,(2—(n—i—m)+2) ? (p(z—(n—i—m)—l) ? ¢(2—2n+m+i)'

(B) Let m+i—n=k,. Hence Ik, < m+i—n<(I+1)k;.;—1 for some
natural number 1 < l< n—1. Then by (b) of Lemma 1.1 we get

l//(2(m+i—n)+2,) 2 (p(2m+i—n-—l) 2 (0(2—2"+m+i).
(y) At last, let —k; <m+i—n<k,. Then k; < —(m+i—n—2k,) < 3k,
< 2k,~1. Then by (a) of Lemma 1.1 for n > 2k, +1 we obtain
Y (2mEn=D+2) o w(z-(—(m+i-n-2k1))+2k1+2) > t//(2‘(‘("'“‘"-2"1)”2)

=02 ) =2

—(—(m+i—n—2kN—1 mti—n—-2ky—1

) > (P(2-2n+m+i).
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Finally, let us assume that (II;) holds and let n > 2k,. We have
nk,+n—2

dro< Y @@ " 2TMu(EIn_ (x)
m=ky
n—1 (i+l)ki+1+i 1

=T( T e mu(ER-(x))

m=ik;+i—1
n~1 G+ 1kiqy

=Z( X e@ T uEEx).

m=ik;

On the other hand, we get

00 (27" 4x) 2 0y (27O -5 (%)

nky+n—3

z Y @Y p(EZRT(x)

m=ky—1
n-1 i+ l)ki+1+l'—2

=Y ( X v@mmHuEIR(x)

i=1  m=ikti-2

n—1 G+ Dkiyy

=Y ( X v@ ) p(EIntici(x)-
i=1

m=ik;
We shall show that yYyQU" ™+ > 272" m*i=Y  for ik, < m
<(i+1)k;y,, where 1 <i<n-1. We have Ik, < m+n—i<(I+1)k;4, for
some natural number ! such that 1 <! < n—1. Therefore by (a) of Lemma
1.1 we get

W(2(-n—m+i)+2) — ‘l/(z—(n+m—i)+2) > (p(z*n-m-é-i—l) ? (P(z— 2n—m+i— l)‘
Thus we showed that
0,(27"4x) =51y for n> 2k +1

and this proves that a set K is not bounded in the topology .7,.

Remark. In the case where (L**, 7,) is a locally bounded space, then
we have immediately that subsets of L** bounded in .7, are bounded
in .7,.

Indeed, from [2] (Theorem 2.1 and Theorem 2.2) we have the inclusions
of topologies

(+) TecT YT,

where 7 “° and .7 '* denote the linear topologles on L** defined in [2].
Moreover, there holds the equality 7' = .7, ([3], Theorem 2.1). In [4]
(Theorem 2.7) it is proved that in the case when (L*¢, .7 ) is a locally
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bounded space, then a subset of L*® is bounded in .7 “¢ if and only if it is
bounded in 7 ,. Then, in virtue of (+) a subset of L** is bounded in .77, if
and only if it is bounded in 7.
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