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Locally nonconical unit balls in Orlicz spaces

Abstract. The aim of this paper! is to investigate the local nonconicality of unit
ball in Orlicz spaces, endowed with the Luxemburg norm. A closed convex set @ in
a locally convex topological Hausdorff space X is called locally nonconical (LNC), if
for every z, y € @ there exists an open neighbourhood U of z such that (U N Q) +
(y — z)/2 C Q. The following theorem is established: An Orlicz space L¥(u) has an
LNC unit ball if and only if either L¥(u) is finite dimensional or the measure p is
atomic with a positive greatest lower bound and ¢ satisfies the condition A%(u) and
is strictly convex on the interval [0, b], or ¢(p) = 400 and ¢ satisfies the condition
Az (p) and is strictly convex on R. A similar result is obtained for the space E¥(u).

2000 Mathematics Subject Classification: 52Axx, 46Axx,46Cxx.

Key words and phrases: stable convex set.

1. Introduction. A convex set @ of a real Hausdorff topological vector space
X is called locally nonconical (LNC), if for every z, y € @) there exists an open
neighbourhood U of z, such that (UN Q)+ (y —z)/2 C Q, cf. [1], [3], [19], [20].
LNC sets are new class of convex sets first considered by N. Weaver, who showed
that the range of finite, nonatomic vector measure taking values in R™ has the LNC
property (cf. Theorem 2.7, [19]). It is proved, that intersection and product LNC
sets are LNC sets in [1]. Convex sets on the plane, stricly convex or open convex
sets, polytypes, cylinders, zonoides (images of vector measures),the unit ball in ¢,
(but not the unit ball in I°°) belong to the class of LNC sets. The classical cone is
an example of a convex closed set which is not LNC'. It is proved in [20], that any
LNC set is stable, (i. e. the midpoint map ®: Q x Q,®(z,y) = (z + y)/2 is open
with respect to the inherited topology in Q).

ISupported by a grant from the KBN.
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The aim of this paper is to investigate the local nonconicality of the unit ball
B(L¥(u)) (and B(E®(p))) of Orlicz spaces L¥(p) (and E¥ (1)) of functions defined
on an arbitrary o—finite measure space, endowed with the Luxemburg norm.

2. Basic definitions and auxiliary results. Let (Q,3, ) be a measure
space with a nonnegative, c—finite and complete measure u (u(Q) > 0) and : R —
[0,+00] be a convex, even function which is non-identically equal to 0 and left-
continuous for ¢ > 0, such that p(0) = 0, ¢(p) := sup{t > 0: ¢(t) < 00} > 0.
Such functions are called Young functions. This definition is somewhat stronger
than the one used in [17]. We use the notation a(p) := sup{t: ¢(t) =0}. By an
Orlicz space L¥(u) ( [14], [15], [17]), we mean the set of all measurable functions
x: Q — R, such that I,(Az) < oo for some A > 0, where the modular I, is defined
by

(@)= [ ¢ @) dn
Q

L#(u) is equipped with the Luxemburg norm [13]
]|y == inf {X>0: I, (x/A) <1}.

(Note that ||z||, < 1iff I,(z) < 1; I (x) = 1 implies ||z||, = 1; I (z) < 1 =
(llz||, = 1 iff I,(Az) = +oo for every A > 1); ||z, — z||, — 0 iff I,(A(z), —2)) — 0
for every A > 0). If atomless part of p is positive, then the subspace

Ef(u)={xeM:VA>0 I,(Az)<+oco}.

is called the space of finite elements, where M is the set of all measurable
functions x:  — R. If p is purely atomic then definition of the finite elements is

E?(p) = { (xn) : YA >03ny €N i p(Azy) < 400 } .

n=ny

Note, that for ¢(¢) = oo both definitions are equivalents, but for L?(u) = I1*° we
have E¥(u) = ¢o (cf.[22], p. 489).

Let r > 1. The function ¢ is said to satisfy the condition A, (u), cf. [21], [23]
(denoted ¢ € A, (1)) if one of the following three conditions is satisfied:

(a) wis atomless and there exist constants ¢ > 1 and ag > 0 such that ¢(ag) < +oo,
(or in the case u(Q2) = +oo then ag = 0), such that for every ¢ > ag, we have

@(rt) < cp(t);

b) when p is purely atomic measure with {e, : n € N}, N C N, being the set of
all atoms of Q and there exist b > 0, ¢ > 1 and a nonnegative sequence (d,,)
such that ) d, < 400, and ¢(rt)u(e,) < cp(t)u(e,) + d, for every t with
w(t)u(en) < b and every n € N;

¢) a combination of a) and b) when  has both an atomless part Q; and purely
atomic part Qg of positive measure, such that ¢ € A, (u|Q1) and ¢ € A, (u|Q2).
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If ¢(p) = oo, then ¢ € A.(n) for some r > 1 < ¢ € A,.(u) for every
r>1<= e Ay(p).

These equivalences remain true if p is atomless (in this case ¢ € A, (u) for some
r > 1 implies that ¢(¢) = 00). If 11 is purely atomic measure with ) pu(e,) = oo and
© € Ap(p) for some r > 1, then p(z) =0 < 2 =0 (indeed, d,, > p(ra(p))p(e,) for
every n € N). Thus these equivalences hold in the case of a purely atomic measure
p with an infinite number of atoms provided 0 < inf,, u(e,) < sup p(e,) < oo —
no matter whether ¢ takes only finite values or not (if ¢ € A, (u), then evidently
© € Ap(p) for every 1 < r < rg; for r > 19, consider b, = ¢(a'ro/r) - inf,, u(e,) > 0,
where o/ = sup{a > 0: p(a) < b,,/sup,, u(e,)} > 0). If dim L¥(p) < oo (i. e.,
consists of a finite number of atoms), then ¢ € A, (u) for some r > 1 if and only if
L#(u) is not isometric to L (u) (take any ag € (a(p), c(v)), 1 < r < ¢(¢)/ag and
set b = p(ag)-inf, p(en) > 0, d, = p(rag)-sup,, u(e,) < oo). However, if 0 < a(p) <
c(p) < 00, then ¢ does not satisfy the condition A, (u) for any r > c(¢)/a(p).

Note that if ¢(¢) = oo and L¥?(p) is finite dimensional, then L?(u) = E¥(u).
If ¢(¢) = oo and dim L¥ (i) = oo, the equality L?(u) = E®(p) holds if and only if
© € Ag(p) (cf. [14, Theorem 8. 13, p. 52]). Thus, applying the Lebesgue dominated
convergence theorem, we obtain

(Ipo(x) =1<=|z||, =1) ifandonlyif ¢ & Asx(u).

In fact, we can replace the condition As(u) by A, (i) for some r > 1 in the last
equivalence. The assumption ¢(¢) = oo is used only in the ”if” part of the proof.
Hence, in any case, it follows that if ¢ ¢ A, (u) for any r > 1, then there exists
x € L¥(u) such that ||z|| = 1, but I, < 1 and this is what we need in the sequel.

Let {e, : n € N}, N CN, be the set of all atoms of 2 and let r > 1. We say
that a function ¢ satisfies the condition A%(u)(on Q) — denoted ¢ € AY(u) — if
one of the following conditions is satisfied

(a) when the atomless part of € is of positive measure there exist ag > 0 and ¢ > 1
such that 0 < ¢(ap) < oo and p(rt) < cp(t) for every |t| < ap:

(b) when p is purely atomic there exist ag > 0, b > 0, ¢ > 1 and a nonnegative
sequence (d,) such that ) d, < +00, 0 < ¢(ag) < co and
p(rt)ulen) < cp(t)u(en) + dy, for every |t| < ag with (t)u(e,) < b and every
n € N.

If ¢ € A%u) for some r > 1 on the atomless part of Q which is of positive
measure, then evidently, ¢ € A%(u) on the whole set 2. Furthermore, if the measure
of the atomless part of 2 is either infinite or equal to zero and ¢ € A,.(u) for some
r > 1, then ¢ € A%u). Thus ¢ € A%u) for some r > 1 when dim L¥ (1) < oo and
L¥ () is not isometric to L™ (u).

If o € A(p) for some r > 1 and ||z||o < c(p), then

I() =1 = [, = L.

(see [23, p. 509]). Note that when ¢ takes only finite values, ¢ € A%(u) for some
r > 1iff ¢ € AY(u). Also, analogously to A,.(u), if u is purely atomic measure with
> o, t(en) =00 and ¢ € A, (p) for some 7 > 1, then a(yp) = 0.
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We will use the following characterization of stability in Orlicz spaces with the
Luxemburg norm.

THEOREM 2.1 [283, Theorem 5, p. 511] B(L¥(u)) is stable if and only if at least
one of the following conditions is satisfied:

(i) dim L (p) < +00;
(i) L¥(u) is isometric to L™ (u);

J

(iii) ¢ satisfies the condition A,.(u) for some r > 1;

(iv) o satisfies the condition A%(u) for some r > 1 provided c(¢) < +oo and
p(c(p)) < +00;

(v) ¢ satisfies A(u) for some r > 1 on the purely atomic part of £ whenever
c(p) < 400, p(c(p)) < +00 and the measure of the atomless part of Q is finite;

)
(vi) c(p) < o0, p(c(p)) < o0 and p(Q) < +oo.

We need the following six technical Lemmas.

LEMMA 2.2 Let ¢: R — [0,400] be any Young function. Set N := N or N :=
{1,2,...,N}. Let (z;)ien, (Wi)ien, (€i)ien, (¢i)ien be sequences of real numbers
satisfying the following conditions:

1. ¢; >0 forieN,
2. > p(Ax; + (1= Nyi)ei =1 for every 0 < A <1,
€N
3. the set J :={i € N:a; #y; A (Jzi| > alp)/2V |yi| > a(e)/2)} is finite and
for each i € J the following conditions are satisfied:
(a) if xi # 0, then [ei| < |x;] and if y; # 0, then |&;] < |y
(b) leil < lyi —=:l/2
(c) lei| < min{ |(z; + v:)/2,alp) — |(x; + v:)/2| }, as long as the right-hand
side s positive
(d) |eil < al(p)/2, as long as a(p) > 0.

Let
F(t):=> ¢ (@i+tlyi —m:)/2+ &) e
iEN
Then the function F is nonincreasing on the interval [0, 1].
PROOF Note that for A = 0 and A = 1 from Condition 2 we obtain: Y ¢(z;)¢; =
€N
> ¢(yi)e; = 1. Furthermore, for 0 < A < 1,
ieEN

1= oQzi+ (1 =Ng)ei <A pl@)e+(1=2) Y ey =1,

iEN ieN iEN
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which means that for x; # y; the function ¢ is affine on [z;,y;]. The numbers z;,
y; may be of opposite signs only if p(z;) = ¢(y;) = 0, i.e. when |z, |yi| < a(y).
Hence, we can assume the following
either x;,y; > a(p) >0 or z;,y; € [—alp),alp)],or ;v < —alp) <0
for all i € N. Let k; be the gradient of ¢ on the segment [z;,y;] for ¢ € J. Then
(@i +yi)/2+ &) = ((wi+yi)/2) + kiei for 1€ J.

Let k;(t) =01if g; = 0, ki(t) = +oo if ¢ (z; + t(y; — x;)/2 + ;) = +00 and

¢ (@i + Uy — 2i)/2 + &) — (@i + Uy —21)/2)

&

ki(t) =

in all other cases for i € J, 0 <t < 1. So k;(t) satisfy
@ (zi +t(ys — i) /2 + &) = @ (xi + t(ys — i) /2) + ki(t)es.

Note that if |z;|, |v:| < a(@)/2, then k;(t) = 0 and both sides of the above equality
are equal to zero. Consider two cases A) z; <y;, B) y; <ay:

A) If &; > 0, then z; < x; +t(yi — xi)/2 +¢e; < (.’I}i + yl)/Q +¢e; < (.’1?1 —‘,—yi)/Q +
(yi — i) /2 = yi, so k;(t) = k.

If e; <0, then

k() = £ (@i +t(ys — 2:)/2) — ¢ (i + 1y — 23)/2 — (=<i))

—£&;

It is easy to see, that for any convex function ¢ and positive constant ¢ the function
Y(t + ¢) —1(t) is nondecreasing. Hence, the function k;(t) is nondecreasing

B) If e; <0, then y; = (i +:)/2 — (vi —9:)/2 < (@5 + 9:) /2 + & S @i + t(ys —
)24 <xp+t(y —x)/2 < xy, sok:() k:,
If ¢; > 0, then

() = o (xg —t(w; — i) /2 + &) — o (v — t(w; — yi)/z).

&

As above, the function k;(t) is nonincreasing.
In all cases the function:

gi(t) = ki(t)sici
is nonincreasing. Let:
Ii={irai=yi}, K:={i:2#yiNwl |yl <alp)/2}

Obviously, N = IUJUK. Let A := A(t) =1 — /2. Note that

Z@(%‘Ft(yi )/2+e)c Z@ (zi +t(yi —2:)/2) ¢ = 0,

€K €K
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since the arguments of the function ¢ are contained in [—a(y), a(¢)]. Hence,

F(t) = Y pleite)ea+y ol@m+tyi—m)/2+e)c =

iel =
= Z p(z; +ei)e; + Z (@i +t(y —2:)/2) ¢ + Z ki(t)eici =
il = ieJ
= Z<P($i +&i)ei + Z o (Azi+ (1= Nyi) e +
il iEN
- ZSD(A%' + (1= Nyi)ei + z o (@i +tyi —xi)/2) ci +
iel €K
+ Zgi(t)
ieJ
= Z (@i +ei) — p(xi)) i +1+ Z%(ﬂ
il ieJ
Thus F(t) is nonincreasing on [0, 1]. n

LEMMA 2.3 Let a(p) = 0. If the Young function ¢ is not strictly convex in any
neighbourhood of 0, and (cn)nen i a sequence of real numbers satisfying inf{ ¢, :
n € N} > 0, then there exist two sequences of real numbers (), (yn) such that
Yk < xk for infinitely many k € N, liTILnxn = lirrlnyn =0, ¢ | [Tn Ayn,Tn V Y] is
affine for everyn € N and > o(xn)en = Y o(yn)en = 1.
neN neN

Additionally, if we assume c(p) = +oo or p(c(p)) - >

inf{¢, :n €N} >0 we obtain

)
n=1

cn > 1 instead of

(VA > 0)(3ny € N) (i e(Axp)en < 400 and i e(Ayn)en < —|—oo> )

n=nyx n=mnyx

ProOOF First we prove the Lemma with an additional assumption. Fix N € N such
that ¢(c(p)) - 322N e, > 1if ¢(p) < +oo and N = 1 if ¢(p) = +oo. Let U = JU;

n=1
be the sum of disjoint open intervals U; of (0, c(¢)) such that the restricted function
o | U; is affine. U # () and inf U = 0 by assumption. Now we define two sequences
(Zn),(yn), such that for n > 2N, x,, yn € U, @ | [Xn,yn] (respectively ¢ | [yn,Zn] )

is affine, p(nz,) < 1/(cp2™), 2, < 1/n, @(ny,) < 1/(cx2™), yn < 1/n and

oo o0
Z e(@n)en = Z ©(Yn)cn-
n=2N n=2N

The construction will be inductive. Suppose that we have constructed sequences
(xi)zNSiSQk_l, (yi)QNSiSQk_l for some k € N satisfying the assumptions, ys; < xa;

for 1 < k and:
2k—1 2k—1

Z P(Tn)en = Z ©(yn)cn-

n=2N n=2N
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For i € {2k, 2k+1} we choose z; € U satisfying ¢(iz;) < 1/(¢;2%), x; < 1/i and take
yor, < o sufficiently close to zo that the appropriate assumptions hold. Moreover,
2o and xog41 may be such small, that

C2k

((p(22w) = P(y2x)) +p(rmr) < p(1/2k +1)

Cok+1
and

C2k
C2k+1

(2k+ 1™ ((@(xzk) — #lyar)) + ‘P($2k+1)> <7/ (o127

Then yox41 defined by the formula:

Cok

Yokt1 = ((@(33%) — o(y2r)) + <P(1‘2k+1)>

Cok+1

satisfies the appropriate assumptions, too. We may assume that ¢ is a continuous
and increasing function on [0, ¢(p)) and U is an open set. The following formula

©(xar)cor + (@ar1)C2kt1 = ©(Yor) 2k + ©(Y2r+1)Cok+1,

2k+1 2k+1
holds by construction. Hence, Y. ¢(xn)cn = > ©(yn)c, and the inductive step
n=2N n=2N

is complete. The following inequality

Z @(zn)cn = Z Qp(yn)cn < Z @(nyn)cn < Z 2% < % <1
n=2N n=2N n=2N n=2N

holds by construction. By the condition put on IV at the begining of the proof, there
are x, for 1 <n < 2N — 1 such that:

2N -1 00
Z o(Tn)en =1~ Z o(xn)en-
n=1 n=2N

Let y, = x, for n < 2N — 1 Hence,
Z P(Tn)en = Z P(yn)en =1
neN neN

Now consider A > 0. Fix ny € N, n > 2N such that A < n). Thus

Z p(Azi)e; < Z p(ix;)e; < Z % < 400,
i=nx 1=n) =N

what ends the proof.

It remains to prove the Lemma without this additional assumption. We construct
sequences (Zak—1)keN, (Y2k—1)ren contained in U satisfying

0<l—c:= Z @(Tap—1)C2k-1 = Z ©(yar—1)can—1 < 1
keN keN
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and yor_1 < Tog_1 for infinitely many k € N using the methods from the previous

case. To complete the proof it suffices to construct a sequence (x9;) converging to

zero such that > ¢(xor)cor = ¢ and set yor := war. This sequence is constructed
keN

by induction in the following way:

Let x5 € U be any real number satisfying p(z2)cz < ¢ and 23441y = Zax, as long
k+1 k+1

as » @(xai)cos < c. If Y7 p(xoi)ca; > ¢ we set x(441) to be any x € U, such that
i=1 i=1

@(22i)c2i + @()Ca(ht1) < c. Observe

-

1=1

1

N\ < Neos .
0< %;p(m) S f{c i eNT %g@(le)czz < +oo

Thus lim z2,, = 0. Hence, there exists infinitely many k € N such that x4 1) < w2
n
it follows that:

o(xai)ca; > ¢ — p(T2r)Cok

uMw

Letting k tend to infinity, it follows that > @(x2;)ce; = ¢, what completes the
ieN
proof. [ |

LEMMA 2.4 If 0 < c(p) < +00, p(c(p)) < +oo and if there exists an infinite
sequence of disjoint sets of finite positive measure (A,,) such that

then B(L?(w)) is not LNC'. In particular, B(L*(u)) is not LNC when dim L (u) =
00.

PROOF Let ng € N, ng > 1/c(p). Set

o0 o0

zi= Y (clp)—1/n)xa, and y:= > c(p)xa,
n=ngo n=ngp
By assumption I, ( fga Ydu = Z o(e(p))u(Ay) < 1. Tt follows that I, (z) <
no

1. Moreover, for A > 1 and m > maX{ ng, A/ (A = 1)c(¢)) } the following holds:

oo

Io(Az) = Y o (M (e(p) = 1/n) u(An) = ¢ (A= M (me(9))) e(9)) p(Am) = 400

n=ngo

and I,(A\y) = +oo. Thus [jz|, = [lyll, = 1. Set ,, := x + (1/n)xa, for n > ny.
Then I,(z,) < I,(y) <1, so ||z,]|, < 1. Moreover, the following holds for A > 0:
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limy, o0 Lo (A(@y —2)) = limy, o0 @(A/n)u(Ay) = 0. Hence, lim, o ||z, — ||, = 0.
However,

Io(xn + (y —2)/2) =

~

p(Tn—z+(r+y)/2) =

@ ((Uﬂ)mn + ) (cly) — 1/2k) xAk> du >

k‘:’no

@ ((1/n)xa, + (c(p) —1/2n) xa,) du =

@ (c(p) +1/2n) du = ¢ (c(p) + 1/2n) p(An) = +oo.

vV
B O O

Thus z, + 5(y — ) & B(L?(1)), which means B(L#(u)) is not LNC. n

Note that the assumptions of the above Lemma are satisfied provided c(p) <
+00, p(c(p)) < +oo and either the atomless part of  has positive measure or
inf{ u(en) :m e N} =0.

In the next Lemma we assume that p has infinitely many disjoint atoms { e, :
n € N} and set

e 1= pi(en)

LEMMA 2.5 Let (x,,), (yn) be sequences of nonnegative real numbers, such that
either x, = yi or ¢ is affine and increasing on [z A Yr, xr V yi] for k € N.

Assume

Siene@i)ei = Y eneyi)es = 1. Then I (ug) = 1 and Iy(un + 5(y — 2)) > 1

for any n € N satisfying yn < Tn, where ug 1= T — 2TkXe,, T = ) ey TiXe,, and

Y= D ien YiXe, -

PROOF Note Iy(un) = > ;e (ny P(@i)ci + @(—Tn)en = > ey p(wi)e; = 1 what

completes the proof of the first part. Set d; := (y; — x;)/2. Let n € N be such that
Yn < Zp. Thus o(x, + 5,) < ¢(x, —J,). Hence,

I, (un + %(y — m)) = I, (x — 2%Tn Xe, + %(y - x)) =

= > o(@i+8)ei+ p(—wn + 6n)en =

i€N\{n}
= Z‘P(l‘z + 5i)ci - @(xn + 6n)cn + L»0(‘Z‘n - 6n)cn >
ieN
Ti +Y;
> Y i+ )= ¢ (2) ci =
ieN ieN
1 1
= Z (2@(%‘)(% + 2@(%‘)61‘) =1,
ieN

what ends the proof of the Lemma. n
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LEMMA 2.6 Let (An)nen be a sequence of disjoint sets with positive measure such
that lim,, o p(Ay) = 0 and let a,b be real numbers such that 0 < a < b and the
function ¢ is affine and increasing on |a,b]. Assume that u(A) < (p((a +b)/2))~!
for A= U,cnAn. Let B C Q\ A be a set of finite positive measure. Fiz d > 0

satisfing o(d)u(B) =1 — u(A)e((a+b)/2). Let

_fb—a p(A\A) b-a } dp(Ar)
0 < 6 < min , . and let =
{ 2 w(An) 2 T (AN A
a+b a+b a+b
Put  x:= XA +dxs, y:i= ( 5~ 77) XA\4, + (2 + 5) XA, +dxs,

Ty =2 (1—=2x4a,) for neN.

Then I,(z)=1I,(y)=1I,(zn)=1 and I, (xn + y;x) >1 for n>2.

PROOF Observe that 0 < §, n < (b —a)/2. Thus z(A4) U e 0
be the slope of the function ¢ on [a,b]. We have I,(z) = ¢ ((a +0)/2)) n(A) +
p(d)p(B) = 1 and

a+b)/2—n) w(A\ A1) + ¢ ((a+0)/2+6) (A1) + p(d)u(B) =
(a+0)/2) = kn) w(A\ A1) + (¢ ((a +b)/2) + k6) (A1) + p(d)u(B)

+0)/2) (n(A\ A1) + p(Ar)) + E (0p(Ar) — nu(A\ Ar)) + p(d)u(B) =
+0)/2) p(A) + 0+ p(d)u(B) = 1.

I(y) = ¢
(

Hence,

L) = [ e@du+ [o-o)dn= [o@w)du=1.

O\A, An Q
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Moreover, for all n > 2, the following equalities hold:

Lp(mnnty;x) = /go(mnforxT—Fy) d}LZ/Q@(*(G‘Fb)XAn‘szﬂ) dy =

Q Q

= /so(f(a+b)+zzﬂ) dp + / so(m;zry) du+/<p(x)du=
Ap A\A, Q\A

- [l e o () e [ o () s
Ap A n
+%/<p(-’v)du+%/so(y)du:

Q\A Q\A

- el e [ e [
Ay An A
A e [ (oo T o () e
Q\A Ap
+%/¢(w)du+%/¢(y)du:

Q Q

[l () -

n

(4 s

what ends the proof of the Lemma. =

LEMMA 2.7 If X C L¥(u) is a linear subspace of L¥(u) with the norm inherited
from L¥(u), such that the equivalence

lello =1 & I(z) =1,
holds for any x € X and ¢ is strictly convezx, then B(X) is strictly convez.

PROOF Suppose there exist z, y € X, z # y, ||z]/s, |yll, <1, 0 < <1 such that
laz 4+ (1 — a)y|| = 1. Since ¢ is strictly convex, we have
plar(w) + (1 - a)y(w)) < ap(z(w)) + (1 - a)e(y(w))

on the set {w : z(w) # y(w)} wich is of positive measure. Thus

1 = Jlaz+ (1 a)ylly = To(az + (1 - a)y) = / ooz + (1 — a)y) du <
Q

< / (0p(@) + (1 a)p(y)) dp = al(z) + (1~ a)I,(y) < a+(1—a) =1
Q

and we get a contradiction. n
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3. Main results. Now we characterize the LNC properties of unit balls in
Orlicz spaces L¥(u) and the space of finite elements E¥®(u) respectively equipped
with the Luxemburg norm assuming that ¢ is a Young function and p is a o—finite
measure. In the cases of a purely atomic measure p, we fix a partition of 2 on
disjoint atoms { e, : n € N'}, where N denotes N if the set of atoms is infinite (i. e.
if dim L¥(u) = o0) or is equal to the number of atoms if the cardinality of this set
is finite (i. e. if dim L® () < 00).

THEOREM 3.1 The unit ball B(L¥ (1)) is LNC if and only if at least one of the
following conditions is satisfied:

(i) dim L (1) < oo

(ii) p is purely atomic measure with inf{ u(e,) :n € N} >0, p € A%(u) for some
r > 1 and ¢ is strictly convex on the interval [0,b] for some b > 0.

(iii) c(p) = 400, ¢ € Aa(u) and ¢ is strictly conver on R.

PROOF (=) Assume that B(L¥(u)) is LNC and L¥(y) is infinite dimensional. It
is necessary to prove that (ii) or (i) are satisfied. We consider two cases:

A) Suppose p is purely atomic and inf{ p(e,) : n € N} > 0. Because B(L?(u))
is LNC, it follows from [20, Theorem 3.1, p. 196] that it is stable. From Wisla’s
Theorem one of the six conditions from Theorem 2.1 hold, ( [23], Theorem 5).
Obviously, (i) is excluded by asumption and (%) is excluded by Lemma 2.4, (vi) is
excluded by assumption A). Thus one of conditions (iii)—(v) is satisfied. Either
¢ € AY(p) for some r > 1 when c(p) < 400 and p(c(p)) < +oo, or ¢ € A.(u).
Hence, ¢ € AY(u) for some r > 1 in both cases. Thus a(p) = 0.

Suppose that (i) is not satisfied. Thus the assumptions of Lemma 2.3 are satis-
fied. Let sequences (z,) and (y,) satisfy the conditions given in Lemma 2. Let z,
y and u, (n € N) satisfy the conditions given in Lemma 2.5. In order to show that
B(L¥(n)) is not LNC, it suffices to prove that lim,,_, ||u, — x| = 0.

Because ¢(z,)c, — 0 we have lim, I,(3(z — u,)) = limpI,(znXe,) = 0. By
condition A%(u) we have ||z — uy,|| — 0. This completes the proof for case A).

B) It remains to consider the case when either the measure p is not purely
atomic or inf{ u(e,) : n € N} = 0. In other words, we may assume that there
exists a sequence of mutually disjoint sets of positive finite measures (4,,), such that
lim,, u(A,) = 0. Fix such a sequence. We will show that condition (%i) of Theorem
1 is satisfied.

Because B(L¥#(u)) is LNC and thus stable, at least one of the conditions (4)—
(vi) of Theorem 2.1 is satisfied. Conditions (i) and (ii) are excluded, as in case A).
We claim that the case where both ¢(¢) < 400 and p(c(p)) < 400 is excluded, i.e.
conditions (4w)—(vi). are excluded, too. Suppose c(¢) < 400 and p(c(p)) < +oo.
Then there exists an increasing sequence of positive integers (ny) such that

p(e(9) - D n(An,) < 1.

keN
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Hence, by Lemma 2.4, the unit ball B(L¥(u)) is not LNC — a contradiction. Thus
condition (7i) of Theorem 2.1 is satisfied, so ¢ € A,.(u) for some r > 1.

We claim ¢(p) = +o0. If u has positive atomless part Qy, then p € A (p | Q7).
Hence, ¢(¢) = +o0.

If 1 is purely atomic and inf{ u(e,) : » € N} = 0, then there exists n € N such

that
p(en) < b/w (c(f))

for all 7 € (1,r) (the constant b is choosen according to the definition of A, (u)).
Thus ¢(c(p)/r")p(en) < b. Hence,

+oo =g (rcgf)) pilen) < cp (c(f)) fien) +dp < +00

and we obtain a contradiction, which proves our claim. Hence, ¢ € A, (u) for any
r > 1, in particular ¢ € Ag(pu).

Now we show a(p) = 0. Assume a(¢) > 0. Let z; be a positive real number
such that ¢(z1)u(A1) = 1. Set

+oo
T 1= T1XA, Y= T1XA, + CI,(()O) ' ZXAx
=2

and
up = Falp)xa,  for  n=23,....

Then
Io(x) = I, (y) = e(z)p(Ar) =1, Ip(un) = 1.
Thus z, y, u, € B(L?(u)). Let A > 0. Then:

I, (Mun —2)) = I, (Aa(p)xa,) = (Aa(p))u(An).

Hence, lim,, I,,(A(u, — 2)) = 0 and we have lim ||u,, — z|| = 0. Moreover,
1 1

e a
I, (a(w)XAn +zixa, + 7(;) ) XAi> =
1=2

I, | z1xa, +;a(<ﬁ)XAn+ > %xfn =
i€N\{1,n}
— ol +o (o)) u(an) = 1+ ¢ (Ja(e) ) (4,

> 1.

Thus u, + 5(y — ) & B(L?(u)

), which contradicts the assumption that B(L?(u))
is LNC. It follows that a(y) = 0.
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To prove (i) suppose that ¢ is not strictly convex. Let x, y, ©,,, n € N be defined
as in Lemma 2.6. We have z, y, x, € B(L?(n)) and z,, + (y — 2)/2 € B(L¥(u)) for
n > 2. Moreover,

I, Az — ) = /w(%l’) dp = /w(k(a +b)) du = p(Aa + b)) u(Ay)

An A”
for A > 0. It follows that ¢ (A(a+b)) < 400, since ¢(p) = +o00. Also, lim,, o0 L,(A(z—
xy)) = 0, since lim,, o p(Ay,) = 0. Therefore, lim, _, ||z — 2,|| = 0. Hence, we

obtain a contradiction.
(<) We divide the proof into three parts.

a) Suppose that condition (%) holds, so u is purely atomic and has a finte number
of atoms {e; : 1 <i < N}. Set ¢; = pe;) fori =1,2,...,N. Let z, y € B(L?(p)),
un € B(L¥(p)) for n € N, lim,, ||u, — 2|, = 0. It is necessary to prove that for some
no € N, u, + 2(y — 2) € B(L¥(n)) for n > ny. Without loss of generality we can
assume that ||Az + (1 — A)y|l, =1 for any 0 < A < 1. Set

N N N
n
T = E TiXe;> Y= E YiXeis Up = E Ui Xen
i=1 i=1 i=1

fori=1,2,...,N,n € N, where z;, y;, u}’ are real numbers. We consider two cases:

1. There exists A\g € [0,1] such that I,(Aox + (1 — Ao)y) < 1. It is easy to
see that the function g(\) := I, (y + Az — y)) is convex. From g(0) < 1, g(1) <
N

1 and g(Ao) < 1 we have > o(Az; + (1 — Ny;)e; < 1 for any A € (0,1). In
i=1

N
particular, > o((x; +yi)/2)e; < 1. We have I,(a(x +y)/2) = +oo for o > 1, since
i=1

l(z +vy)/2|l, = 1. Hence Zf;l ola(z; + yi)/2)e; = +oo. This is possible only if
there exists k, 1 < k < N, such that |(zx +yi)/2| = c(¢) < +o00. If 21 # yi then the
expression | Az + (1 — A)yg| for A € [0, 1] attains its supremum at one of the ends of
the interval. Hence, either |zx| > ¢(p) or |yx| > c(p). But then either I,(z) = +oo
or I,(y) = +oo, what contradicts to x, y € B(L¥(n)). Hence, z = yr = £c(p)
for some fixed k, 1 < k < N. Thus lim, . I,(a(z — u,)) = 0 holds for a > 0.
So lim,, oo S, @(a(a; — ul'))e; = 0. Hence, limu} = z; for every 1 < i < N.
n
Otherwise, there exists a natural number 1 < ¢ < N, increasing sequence ny of
natural numbers and € > 0, such that |u;* — x;| > e. Setting a := max{a(¢),1}
2a

and o := % we obtain Zjvzl p(af(z; —ui*))e; > ¢(2a)e; > 0 for k € N, which is

contradiction. Set

I={i:z;=y; =*c(p)}, J:={1,2,...,N}\ I

For any i € J there exists n(i) € N, such
1 Tty
ci<N(1_1¢ (2 ))

un—xl—f—xﬂ_yi _ (xityi
P 1 T 2 ¥ 2
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for all n > n(i), because |(z; + y;)/2| < ¢(p) and ¢ is continuous on (—c(p), c(p)).
Hence,

I(un+1 ) > elur cﬁZw(-—wz x;y)c<

el ieJ
Ti + Yi n Ti +Yi Ti+Yi

_ 90(2)01‘4-2(90(%—331‘4- B >—<P<2>)+
el eJ

u”—x-+xi+yi B Ti + Y;
P U i B ® B

z+y 1 z+y
I, | —= N-—(1-1,(—=2 =1.
() x (- ()

Thus, there exists an ng such that u, + 3(y — ) € B(L¥?(p)) for n > ng. Thus,
B(L¥(p)) is LNC.

(]

¢ <

IA
_G’\(
7 N

5

vo| +
N

N———
+

IN

2. We have I,(Az 4+ (1 — X)y) =1 for every 0 < A < 1.
Let ng be large enough that for n > ng and for ¢; := u — x; the conditions
(a)—(d) in item 3 of Lemma 2.2 are satisfied. It follows from this lemma that

N
1 x; + Yy
N N
= Y pl@ite)=) ol Io(un) <1,
i=1 i=1

for fixed n > ng, such that u, + (y — x)/2 € B(L¥(u)) for n > ng. Thus B(L¥(u))
is LNC, which finishes the proof of part a).

b) Now we assume that condition (i) is satisfied.

Fix z, y € B(L¥(n)), ¢ # y, un, € B(L¥(p)) for n € N, lim,, ||u, — [/, = 0.
We can assume that [[Az + (1 — N)y||, = 1 for every A € [0,1]. It is necessary to
prove that there exists ng, such that for n > no, u, + 3(y — z) € B(L*"( )). Anal-
ogously to part a), set x = ZiEN TiXeir Y = ZieN YiXeis Un = ZleN i Xe; € N
By assumption inf{c; : i € N} > 0. In particular, ), p(e;) = +oo and hence,
a(p) = 0. As in part a) we consider two cases:

1. There exists A\g € [0, 1] such that I,(Aoz + (1 — XAo)y) < 1.

Analogously to part a,), I,(Az+ (1 —A)y) < 1 for every X € (0,1). In particular,
Yoo i e((zi +vi)/2)e; < 1. We obtain lim,, .o ul* = z; for i € N, because a(p) = 0.

From the following obvious inequality 0 < ¢(z;) < (1/inf{¢; : 5 € N}) - p(z;)ci,
together with Z _1(xi)e; < 1 we obtain lim; ¢(z;) = 0. Hence, lim;z; = 0.
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Analogously, lim; y; = 0 and lim; u = 0 for n € N. Set
Ji={keN:l|z|=clp) or |yl=clp)}.
Obviously J is finite. Define the following two complementary subspaces of L?(u):

Xy :=span{xe, : k& J} Xy :=span{ xe, : k€ J}

Set
I "._ ro_ "._
z’' = Prx, x, z":=Prx, z, y' = Prx, v, y' =Prx,y
and
I "._
u, = Prx, tn, u, = Prx, u, for n eN,

where Pr denotes the natural projection. Obviously, z = z' + 2", y = v + 1",
Un = tty, +uy, and [[2']lee < ¢(@), |y[leo < (). Thus [[(2”+3")/2[lcc < (). From
this we obtain [|(2’ +y')/2||, < 1, since I,((z' +¥')/2) < 1 (see the remarks after
the definition of AY(u)). Moreover,

0<I,(\a'—u, ng (@ —up)) cr < To(Mx —uy,)) — 0
kg
for A > 0. Therefore, lim,,_, ||z’ — u),||, = 0. Since
z +y
2

/ /
U, — T +

1
uy, + 5(9' —a')

'+
2

< iy, = 2l +
©

® ®

we obtain

1
Je > 03Ing € NVn > ng u'+2(yfx) <l—¢

©

and I,(u, + (v —2')/2) <1—e.
We can find nq > ng such that

1 1

I, (ui{ + 5(3/’ - l‘”)) = ZQO (UZ + §(yk - $k)) cp <€
keJ

for any n > ni, because limy, ufl =x, for k € J and J is finite. Hence,

I@<un+;(yx)> = > I, (uk+ km) Y1, <uk+ kxk))_

kT keJ
_ !/ 1 / !/ " 1 11 "
< l-e+e=1
for n > nq, so u, + (y — x)/2 € B(L¥(p)).

2. We have I,(Az + (1 — N)y) = 1 for every 0 < A < 1. Obviously, there exists
ng € N such that z;, y; € [-b, ] for i > ng. Set

I:{ZENIBi:yl}, J:{ZGN"ﬂi#yl}
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Since

1= oOzi+ (1= Nyi)ei <A p(@)ei+ (1= ey =1,

€N €N i€N

it follows that ¢ is affine on every interval [x;,y;] (or [y;, x;]) for i € J. Because ¢
is strictly convex on [—b, b], we obtain ¢ & J for i > ng. Hence, J C {1,2,...,n9 }.
In particular, x; = y; for i > ng. Therefore, setting ; = u}' — z; for sufficently large
n, the conditions given in Lemma 2.2 for the case N = 400 are satisfied. Therefore,
from Lemma 2.2

I, (un + %(y - x)) = F(1) < F(0) = I(u,) < 1.

¢) Suppose that (i) is satisfied. From Ag(p) and c¢(¢) = oo it is known that
L# () satisfies the following condition:

lzll, =1& I (x)=1  x€L(p).

From Lemma 2.7 B(L¥(u)) is strictly convex and so LNC. The proof of the Theorem
is complete. n

COROLLARY 3.2 If p is an atomless measure, then the following conditions are
equivalent:

(i) B(L#(n)) is LNC.

(i) @ is strictly convez, c¢(p) = +0o and ¢ satisfies either Ay globally when p(Q) =
+oo or for sufficently large t when p(Q) < 4o0.

(iii) B(L¥(w)) is strictly convez.

PROOF (i) = (i) Since p is atomless, conditions () and (i) from Theorem 3.1 are
not satisfied. Therefore, condition (i) of this theorem must hold. The result follows
from the fact that for atomless measures the condition As(p) is equivalent to the
classic condition for Ay based on u(€2).

(i1) = (iii) Follows from the last part of ¢) in the proof of Theorem 3.1.

(#i) = (i) Obvious. n

COROLLARY 3.3 If pu is purely atomic measure with an infinite number of atoms
and

0 < inf{u(e,):neN} <sup{p(e,):neN} <40

then the following conditions are equivalent:

(i) B(L#(n)) is LNC.

(ii) ¢ satisfies the condition d2 and is strictly convex on [0,b] for some b > 0.
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PROOF (i) = (i1) Condition (i) holds because conditions (%) and (i) of Theorem
3.1 are satisfied. From the remark given after the definition of A%(1) we see that ¢
satisfies the condition .

(i) = (i) follows from Theorem 3.1 and from the remark mentioned above. n

From the last corollary it follows that B(I¥) is LNC iff the condition (%) of
Corollary 3.3 is satisfied. Obviously, B(I?) is LNC for 1 < p < 4o00. Note that
B(1') and B(I*°) are stable, but not LNC (see also [1], [20]).

EXAMPLE 3.4 A ball B(I¥) satisfying LNC need not be strictly convex.
Indeed, for

— 1, forlt|

the unit ball B(1¥) is LNC from Corollary 3.3, but

3 1.3 1 1 1 1 1

for x = (1,1/2,0,0,...), y = (3/4,3/4,0,0,...) and A € [0,1]. Hence, |z||, =1 for
any z € [z,y], i.e. B(I®) is not strictly convex.

Now we present a characterization of the LN C' property for the unit ball B(E¥ (u)).

THEOREM 3.5 B(E¥(u)) is LNC iff at least one of the following conditions is sat-
isfied:

(i) p is purely atomic measure with a finite number of atoms (equivalently dim E¥ () <
00).

(ii) c(p) = oo, p is purely atomic measure with an infinite number of atoms,

inf{ p(en) : n € N} > 0 and either a(p) > 0 or ¢ is strictly convezr on [0, b]
for some b > 0.

(iii) c(p) = 400, @ is strictly convexr on R and p either has a positive atomless part
or inf{ u(e,) :neN} =0.

(iv) c(p) < +o00 and a(p) > 0.
(v) c(p) < +oo and ¢ is strictly convezr on [0,b] for some b > 0.

)
)
) < oo, p(Q)p(c(p)) < 1.
)

PROOF (=) Assume that B(E¥®(u)) is LNC. Suppose dim E®(u) = co. We con-
sider three cases:
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1. ¢(p) = 400 and p is purely atomic measure with an infinite number of atoms,
such that inf{ u(e,) : n € N} > 0. We prove that in this case () is satisfied.
Consider the case a(¢) = 0. Suppose that ¢ is not strictly convex on any interval
of the form [0,b] where b > 0. Let x, y be defined as in Lemma 2.3 and wu, as in
Lemma 2.5. Then z, y, u, € B(E®(u)). Moreover, for each A > 0 and n > 2\ we
have

Io (M@ — un)) = 9(2Azn) plen) = p(nzn)p(e,) < 2% 0

holds. Hence, lim,,—. I,(A(z — u,)) = 0 and lim,,_,o %, = « in the space E¥(u).
This contradicts the fact that B(E¥(u)) is LNC.

2. ¢(p) = +o0, p either has a positive atomless part or inf{ u(e,) :n € N} = 0.

To start, we prove that a(p) = 0. By assumption there exists an infinite sequence
of mutually disjoint sets with positive measures (A, ), such that » _ u(A,) < +oo.
Suppose that a := a(p) > 0. Set

x:=dxa, +ax 5 4, y = dxa, —ax 5 a4,
i=2 i=2

where d is a positive number, such that o(d)u(A;) =
Set up, :=x — 2axa4,,. Then

I,(A\z) = o(Ad) (AL + p(Na)p (UA><+OO

for A > 0. Hence, z € E¥(y) and similarly y, u, € E¥(u). Moreover,
lim I, (x — uy,) = lim ¢(2a)pu(A,) =0, Thus lim |lu, —z|| =0

Also,
= o s ()

and analogously I,(y) =1 and I,(u,) =1 for n € N. Hence, z, y, u,, € B(E?()).

But ) n
T
un—l—i(y—x):un—x—i— 2y:—2ax,4n+dx,41

and

Iy (04 300 2)) = oA + (D) = 1+ p(a(A) > 1.

Therefore, u, + 3(y — z) ¢ B(E¥(u)), which means that B(E¥(u)) is not LNC.
Thus a(yp) = 0.

Now we prove that the function ¢ is strictly convex.

To obtain a contradiction, suppose that ¢ is not strictly convex. Note that x, y,
xn, € E?(u) for n € N (defined in Lemma 2.6), since they are linear combinations
of characteristic functions of sets of finite positive measures which, by ¢(¢) = +o0,
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belong to E¥(u). From Lemma 2.6 it follows that B(E¥?(u)) is not LNC. Thus we
obtain a contradiction.

3. Remaining cases. Then ¢(¢) < +o00. If u has positive atomless part then (vii)
is satisfied. Let p be purely atomic measure with an infinite numbers of atoms. If
a(yp) > 0 or ¢ is strictly convex on [0,b] for some b > 0 then (i) or (v) is satisfied.
Let a(p) = 0 and let ¢ be not strictly convex in any neighbourhood of 0. We need to
prove that p(Q)p(c(¢)) < 1. Suppose p(c(p)) >y plen) > 1. Let z, y be defined
as in Lemma 2.3 and u,, as in Lemma 2.5. In an analogous way as in the step 1 we
prove that B(E¥(u)) is LNC.

(«=) We divide the proof into six parts.

a) Assume that condition (3) holds. But then E¥(u) = L?(u) is of finite dimen-
sion and the thesis follows from Theorem 3.1.

b) Assume that condition (i) holds. Let =, y € B(E¥(u)), u, € B(E¥(u)) for
n € N. Let lim,, . ||un — ||, = 1 for every 0 < AX < 1. It is necessary to prove that
there exists ng, such that for n > ng, u, + (y — x)/2 € B(E¥(n)). Without loss of
generality we assume |[Az+(1—X)y|| =1for 0 < X\ < 1. Hence I,(Az+(1—-N)y) =1
for 0 < X < 1. If not then I, (a(Ax+(1—A)y)) = 400 every a > 1, what contradicts
Az + (1 =Ny € E®(u) in case ¢(p) = +o0o. We set

T = inxei, Y= Zinei, Un = Zu?Xei

1€N i€N ieN

for n € N, where ;, y;, u}' are real numbers. We prove that lim,, x, = lim,, y, = 0.
Suppose for instance that limx,, # 0. Then there exists € > 0 and a subsequence
n

(xn,,) such that |z,, | >¢e. Let A > 0 satisfy ¢(e\) = 1. Then

I,(Az) = Z P(Azn)pen) > Z‘P()‘xnk>ﬂ(enk) 2

neN keN
> S p0e)u(en) = Y inf{ pu(en) :n € N} = +oo,
keN keN

which is impossible for z € E®(u). Thus lim, o 2, = lim,_. y, = 0. Hence,
there exists ng € N such that for i > ng, either z;, y; € [—a(v)/2,a(¢)/2] in the
case a(p) > 0, or x;, y; € [—b,b] in the case a(¢) = 0 and ¢ is strictly convex on
[0,0]. Denote

I={ieN:z; =y}, J::{ieN:xi;ﬁyiand (|m2|>a(2<p) 0r|yi>a(;))>}.

Analogously to the proof of Theorem 3.1, we observe that the function ¢ is affine
on every interval of the form [x;,y;] or [y;, ;] for i € I such that x; # y;. Moreover,
1 ¢ J for ¢ > ng, because either ¢ € I in the case a(¢) = 0 (from the strict convexity
of ¢ on [—b,b]), or |x;|, |yi| < a(p)/2 in the case a(p) > 0. Thus J is finite and
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the assumptions of Lemma 2.2 are satisfied for ¢; := u} — x;, where n is a fixed,
sufficently large natural number. Hence, there exists ng, such that for n > ng

I (un+ 50 =) = P) £ FO) = Ly(un) <1
It follows that B(E¥(u)) is LNC.

¢) Assume that condition (%) holds. Note that E¥(u) satisfies the assumption
of Lemma 2.7, so B(E¥(y)) is strictly convex. Hence, it is also LNC.

d) Assume that condition (iv) or (v) holds. Put z, y, u, as in case b). We prove
that lim, x, = lim, y, = 0. Suppose that there exists ¢ > 0 and subsequence z,,
such that |z,, | > e. Let A > 0 satisfy A > ¢(p). Then for any n € N

oo

Z P(Azp)p(en) = +00

i=n

holds. This cotradicts € E¥(u). Without loss of generality we assume ||Az + (1 —
ANy =1for 0 <A <1 IfI,(Ax+(1—MNy) =1for 0 <A <1, then proof is
analogous to prooff of case b). If not then I,(a(Az + (1 — A)y)) = +oo for every
a > 1. It is possible if finite set {n € N: x; = y; = £c(¢)} is nonempty. Proof in
this case is analogous to proof respectively case of Theorem 3.1 and we omit details.

e) Assume that condition (vi) holds. In this case for every = € E¥(u) we have
I (z) <1or I,(x) =+oc0. Let z, y, u,, € B(E¥(nt)) and limu,, = 2. Let N € N be
such that Y77 vy @(zk + yr)p(en) < +0o. Then

I (2 —2)) = Lo (200 —2)) + 2@ +) ) <
(1 gtr=2) =1 (3 z

N 1 1 00
< e (UZ + 5~ xk)) plew) + 5 1p(2(un —2)) + > ol + yr)nler)
k=1 k=N-+1

< +o0

for n large enough. So u, + 3(y — z) € B(E¥(u)) and B(E¥(u)) is LNC.

f) Assume that condition (vii) holds. In this case E¥(u) = {0} and the thesis is
trivial.

This completes the proof. n

4. The positive part of the unit ball. Now we consider the following
question: under what assumptions do the positive parts of balls BT (L¥ (1)) and
Bt (E?(p)) satisfy LNC.

THEOREM 4.1 The positive part of the unit ball BT (L¥(p)) is LNC iff dim L? () <
00. We can replace L? (1) by E?(u).
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PROOF (=) Suppose that dim L¥(u) = co. Let x := Y x,Xxa,, where the z,, are
neN
positive and chosen in such a way that ¢(nx, )u(A4,) < 1/2™. Hence, for each A > 0

and n > A, we have

> eQar)u(Ar) <> ekar)p(Ag) <> 27F < oo,
k=n k=n k=n

Hence z € E¥(u). Let y = 0. Set w, := & — xa, - @n. If £ € E¥(u), then

u, € E?(p) for n € N. Moreover, I,(u,) = Y, @(xp)u(Ar) < 1. Thus z, y,
keN\{n}
uy € BT(L#(u)). Moreover,

1
on

Io Mz —un)) = Ip Aznxa,) = ¢Aen)p(An) < p(nwn)pu(An) <

for A > 0 and n > A. Therefore, lim,,_, ||un, — 2|, = 0. But we have
(u +1( fz))(w)*(lx—x )(w)*—lx <0
n ) Y - 2 nXB, - 2 n )
for w € A,. Hence, u, + (y — x)/2 ¢ BT (L?(n)) (respectively BT (E?(pn))). It
follows that BT (L¥(u)) is not LNC.

(<) Let dim L#(p) < oo. Then L?(u)" is a finite cartesian product of halflines
which are LNC| so it is also LNC'. It follows from either Theorem 3.1 or 3.5 that
the unit ball B(L?(u)) is LNC. Hence, BT (L¥? (1)) is LNC as it is the intersection
of LNC sets. n

The following can be derived using a similar argument to the one used in the
above proof (compare with [1]):

COROLLARY 4.2 The positive cone of L¥(u) (or E¥(u)) is LNC iff dim L () < 00
(respectively dim E®(u) < o0).
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