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Uniform convexity oï Musielak-Orlicz spaces with 
Luxemburg’s norm

Abstract. We give some sufficient conditions in order that the Cartesian product 
L%i(T, X) x L vn (8 , Y) of Musielak — Orlicz spaces L ^ T ,  X) and L VN(8, Y) with 
Luxemburg’s norm he uniformly convex and we prove necessity of some of them. 
Next, we give some corollaries and some examples of 99-functions with parameter, 
which generate uniformly convex Musielak — Orlicz spaces. These results are gener­
alizations of the respective results of Luxemburg [9] and Nakano [11].

0. Introduction. (T , U, p) and ($, U0, v) are spaces of non-negative, 
or-finite, atomless and complete measures, R  =  ( — oo, oo), R + — [0, oo), 
Rn denotes the ^-dimensional Euclidean space, G is the space of all com­
plex numbers, X  and Y are complex or real Banach spaces with norms j|* f| 
and HI-|||, respectively. We say that a map i f  : T x R +->R+ is a (p-function 
with parameter if:

(i) M(t, 0) =  0 andjif(/, u)->oo as u->oo for /«-almost every t e T,
(ii) there exists a set T0 of measure zero such that M (t, au -f ftv) 

<  aM{t, u) +  /?if (t, v) for every u, v, a, j8 >  0 , a -f =  1 , t e T \ T 0,
(iii) i f  (t, u) is a /«-measurable function of t for every fixed и >  0 . 
We define the Musielak-Orlicz space L M =  R lM{ T, X) as the set of

all strongly /«-measurable functions x(-) defined on T  with values in X  
such that 1М(Щ')) <  oo for some X >  0 depending on oc(-), where I M[X(‘)) 
=  jM(t, \\x(t)\\)dp. Analogously we define the space L VN(S, Y).

We say that a 99-function i f  with parameter is strictly convex if there 
exists a set Tx with p {T x) =  0 such that

i f  (t, au +  (1 —a)v) <  aM (t, и) +  (1 —a )if  (t, v)
for every t e  T \ T 1 and 0 <  и <  v <  oo, 0  <  a <  1 .

Recall that a 99-function i f  with parameter is uniformly convex if 
there exist a set T2 with p(T 2) =  0 and a function <5(-): (0, l)-> (0 ,1) such 
that

fox every t e T\T2, 0 <  a <  1, 0 <  b <  a, u ^ 0  (see [9] and [1]).
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We say that M satisfies the condition A2 if there exist a set T3 with 
ju(jP3) =  0, a constant К  >  0 and a non-negative function h(-) B)
such that

31 (t, 2u) <  K 3I(t, u) +  h(t) for every t e T\T3, и >  0.

We say that a Banach space X  = (X, j|-||) is uniformly convex if for 
every s >  0 there exists <5(f) >  0 such that x, у e X,  ||ж|] =  ||i/|| =  1, \]x — 
—y\\>e imply \\x+y\\ <  2(1-6 {e))  (see e.g. [8 ]).

A modular q is called uniformly convex if for every s >  0 there exists 
q(e) >  0 such that the conditions q(x) =  g(y) = 1 ,  q{x ~ y ) ^ e  imply 
e((® +  ̂ )/2) <  l - f f (e )  (see [9]).

We shall consider the Cartesian product L  == В'^{Т, X) x L vN(S, Y) 
with the norm .

INOlli =  >  0 : l ( x { ’)[n) <  1},

where æ(-) =  {хф-), ®2(-)) and /(»(•)) =  1M (®i(-)) + ^ х Ц (-))-

Results

1. Uniform convexity of L . First, we shall prove some lemmas.
1 .1 . L em m a . A Banach space X  is uniformly convex i f  and only i f  for  

every s >  0 there exists ô fe )  >  0 such that for  every x, y e X, x Ф 0, у ф 0 
with |[a?|| <  1 and ||t/|| <  1 , the condition ||ж +  у|| > .2 —<5j implies \\x~y\\ <  e.

Proof. I t  is obvious that if the condition from the lemma is satisfied, 
then X  is uniformly convex. Conversely, let X  be uniformly convex and 
let x Ф 0 , y  #  0, x, у e l ,  ||ж|] <  1, ||?/|| <  1, \\хфу\\ ^ 2 - ô f e ) ,  where ^(e) 
= -|mm (<5(e/2), £/2). It  follows from the assumptions that ||ж|| >  1 — 
and WyW^l— d'i. Moreover, writing а =1/\\х\\, b =  l/\\y\\, we have

|ll«* +  6ÿi| — ll® +  ÿll| =Й ||(®-l)æ+(b —1)3/11 <  (a —l)!MI +  (/) —l)||ÿ||
=  2 - ( И  +  1М1К 2 - 2 (1 - й.) = 2 6 ,.

Hence

\\ахфЪу\\^\\хфу\\-2Ь1 >  2 - d 1- 2 d1 = 2 - 3 ^  >  2 -à(e/ 2 ).

Since \\ax\\ =  \\by\\ — 1, by uniform convexity of X  we obtain \\ax — by\\ <  e/2. 
Thus, we have

|||a? — 2/Ц — \\ax — by\\\ <  ||(l-a)a? +  ( l - 6)y|| <  (a-l)||æ||+(ô-l)|jyj|
. =  2 — (Цж|| +||i/||) <  2 —2(1 — <SX) =  26i <  e/2.

II® — 2/11 .<■ I|a® — byW+e/2 ф е/2.+ е/2 =  e.
Hence
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1.2. L em m a . I f  Ж is a uniformly convex <p-function with parameter 
and X  is a uniformly convex Banach space, then for every e >  0 there exists 
p(e) >  0 such that the inequality

M(t, ||® +  y||/2) <  ( l-p (e ))[M (t, M )+ ilf(*, IM)]/2

holds for every x, y e X  satisfying the inequality \\x — y\\ >  £max(||a?||, ||y||), 
and for every t e T\ T 2.

Proof. Let <50 and 5° denote moduli of convexity of M and X, respec­
tively. Let b(e) = j/ l — <5°(e). Without loss of generality it can be as­
sumed that 0 < £ < 1  and \\y\\ <  ||a?||. Thus the inequality \\x— y\\ 
>  £тах(||ж||, ||y||) is equivalent to \\x— y\\ ’̂e\\x\\. We consider two cases.

1- 112/11 <  ô(e)||æ||. Then, by uniform convexity of M , we have for t 
g T\ T2

M(t, ||æ +  y||/2 ) <  M(t, (IMI +  IM)/2) =  J f  ( * , / и + - М - 6||а|||/2 |

<  (1 -Д (*(< 0))[ЛГ«, М)+ЛГ(<, ||ÿ||)]/2 .
2. Let be ô(£)||æ|| <  ||y|| <  ||a?[|. Then, we have

W(oo-y)l \ \x\ \  II and \\xj\\x\\ II =  1 , \ \ у /Ы \ \  <  1 .

Thus, by uniform convexity of X  and by Lemma 1.1, we get
j|(®+ÿ)/2 M ||<i-a»(s).

Hence,

lk + 2/|| <  2 (1 — <5“(e))||æ|| =  (1 -««(e))(IN +  11*11) <  (l -  «"(«))(IN +  M lW #  

<  [(l-«°(e))/6 (*)](IN + M ) =  »(*)(IN +IM )-
Therefore, we have for t e T\ T2

-V(t, И® +  y 11/2 ) < b(e)M(t, (|N+M)/2)'< b(e)[M(t, |N)+M (t, ||y||)]/2 .

Taking p(e) =  min(«0(6 (e))f 1 —6 (e)), we obtain our lemma.
1.3. L em m a . I f  M and N are <p-functions with parameter satisfying 

the condition A2, then l{x{-)) =  1 i f  and only i f  ||a?(*.)||j =  1.
The proof of this fact is analogous to the proof of Lemma 1 from [3], 

so it is omitted here.
1.4. L em m a . I f  M and N are cp-functions with parameter satisfying the 

condition zl2, then for every e >  0 there exists eL (e) >  0 such that ![#(•) II/ >  e 
implies l ( x ( - ) ) > s 1.

Proof. It suffices to show that for every s >  0 there exists £х(е) >  0 
such that Z (#(■)) <  £i implies ||#(J)||/ ^  e. This follows from the equivalence: 

as n~>oo if and oply if ||a?rt(')||j-M) as n-+oo (by the condition 
A2, see [4] and [6 ]).
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1.5. Lemma. I f  M and Ж are (p-functions with parameter satisfying the 
condition 4 s, then for every e >  0 there exists a number rfe) >  0 such that 
l\x(')) <  1 — s implies ||г»(-)||/  <  1 —rj{e).

Proof. If the statement is false there exist a number s >  0 and a se­
quence K ( *)}«=! such that l(xn(-)) <  1 —e and ||̂rt(-)||7f l .  Then, for an 
=  ЖОП/1 we have ||a„a?n(,)||/ =  1 . Hence I[anxn{-)) =  1, by Lemma 1.3. 
So, we have

1 = l ( a na?n(-)) =  I((an- l ) 2 x n + {2 - a n)xn) <  (an- l ) l ( 2 x n{ f ) +
+  ( 2 - a n)l(xn{-)) <  {an- l ) ( K l ( x n(-)) +  b] +  { 2 - a n)l(x n(-)) ■

(by the condition Лг for M  and Ж), which contradicts e >  0 for sufficiently 
large n.

1.6. Lemma. I f  M is a cp-function with parameter satisfying the con­
dition Л2 and M(t, и) — 0 i f f  и =  0 fo r  y-a.e. t e T, then there exists a set 
A e E  of measure zero such that for every s >  0 there exist a non-negative 
function he(•) with jh ft)d fx  <  e and a constant K e >  0 such that for every

T
и >  0 and for every t e  T\A  there holds

M  (t, 2u) <  K eM (t, u) -j- he(t).
Proof. Let T\A =  {t e T\ T0: M{t, и) =  0 iff и =  0 and M(t, •) 

satisfies the condition 4 M 1) We have p{A) = 0 .  Denote

hn(t) =  sup [M(t, 2u) — 2nM (t, it)].
0

By continuity of M(t, •) we have for every t e T \ A  
hn{t) =  sup [M{t, 2и{) - 2 пМ{1, «<)],

ieN

where denotes the sequence of all non-negative rational numbers
Thus, hn{') are ^-measurable functions for every n e Ж. It  is obvious that 
0 <  hn+1(t) <  hn(t) for every t e T\A, n e l .  So, for every t e T\A  there 
exists the limit limhn(t). Now, we shall show that hn(t)\0 for every t e T\A.

n~> 00

Let us assume, to the contrary, that this does not hold. Then, there exists 
aset В  cz T\A  (nonempty and measurable) such that for every teB , hn(t)++ 6. 
Hence, there exists a function a(-): B~>(0, oo) such that hn(t)->a{t) for 
every t e B .  Thus

hn(t) — sup [M (t, 2u) — 2nM (t, uf\ >  a(t) for every t e  В, n e Ж.
w>0

Hence, we have
(1) \fn e Ж Vt e В  3et 3uny. M(t, 2un>l) — 2nM(t, unf) >  a(t) — et >  0.

(Ь T0 is the null-set given in the definition of M  being a ^-function with par­
ameter.
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KM (t, un>t) +  h ( t ) - 2 nM(t, un>t) >  bt.

Hence, we get
M (i, (1 -  K 2 -n) «  2 -*(ft (i) -  6,)

and
0 <  lim sup Ж (b unt) <  lim 2 n[h(t) — bt) — 0.

n—>oo 9 n—>oo

Moreover, we have

0 <  lim mîM(t, ипЛ) <  lim вирЖ(/, unt) =  0.
ft—>00 n—>OQ

Thus
(2 ) lim M(t, un>t) — Ж (t, lim unt) = 0 ,  \ft e B .

n->oo 9 n—>oo 9

Hence it follows that lim un>t =  0 and lim Ж (t, 2untt) =  0, which contra- 

diets the condition (1 ). Thus, lim7&re(t) =  0 for every t e T\A. I t  follows by
oo

the condition Zl2 that there exists a natural number w0 such that jh n (t)dfi
rjf « 0

<  oo. Applying the Lebesgue theorem on bounded convergence, we obtain

lim f hn(t)dfi =  0 .
n-*oo J

Thus, for every s >  0 there exists % e A" such that fhn {t)d[i <  e. I t  suffices
r  1

to put Ag =  2Wl, he =  Л,д , and the proof is completed.
1.7. Lemma. Let f  be a convex function on В  with values in B + and let 

there be numbers — oo <  a <  b <  oo, 0 <  10 <  1 , such that

(3) /(A0a +  (1-A„)d) = V ( « ) +  (!-*.)/(»)•

Then for every A e [0 , 1 ] there holds

f(Xa +  (l~X )b) =  Xf{a) +  (1 -X )f(b ).

Proof. Write ж0 =  Л0а +  (1 — X0)b and assume, to the contrary, that 
there exists Xx e  (0 ,1 ) such that Xx Ф XQ and

(4) ' /(A1« +  ( l -A ,)» )<  V (« )  +  (l —-*,)/(*)-

Writing xx =  ^« +  (1 — Xx)b, we shall consider two cases:
(i) a <  xx <  x0 <  b. There exists a number a e (0,1)  such that

x0 — ar1+ ( l — a)b — aXxa {Л. — aXx)b .
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Thus, we have aAx =  A0, and hence

/(*„) <  «/(*!> +  (1 —«)/(*) <  a ( V (a )  +  (1 -  K)f(b)) +  (1 -  a)f(b) .

=  XJ(a) +  ( !  -  W (b )  =  /(*o) I 
a contradiction.

(ii) a <  a?0 <  aq <  6. There exists a number /9 e (0, 1) such that 

a?0 =  /?a +  (1 — f})xx.
In the same way as in the first case we obtain again a contradiction. 
Thus our lemma is proved.

1.8. L e m m a . I f  the assumptions o f Lemma 1.7 are satisfied, then
f(Xc +  ( l-X )d )  =  Xf(c) +  ( l-X )f(d )

for every 0 <  A <  1, a <  c <  d! <  6.
P roof. We may assume that a <  e <  d <  b. There exist numbers 

kx e (0, 1) and A2 e (0,1) such that
c =  Аг« +  (1 — Ax)b, d =  A2a - f ( l  — Â2)b.

Hence, we get for.A e [0 , 1]
Ac +  ( 1 — X)d =  (AA-, +  A2 — AA2) a +  [1 — (AAj +  Â — AA2)]d.

We have, by Lemma 1.7,

(5) f(Xo +  { l-X )d )  =  (XX1 + X2-XX2)f(a) +  [l-(X X 1 +  X2-XX2)]f(b). 

Moreover, we have also

A/(c) =  AAJ(u) +  A/(&)-ААЖ/(Ь), (l-A)/(d) =  (l-A )[A 2/(u) +  ( l - A 2)/(6)].

Combining both last equalities and equality (5), we obtain the desired 
result.

1.9. COKOLLAKY. I f f :  R->R+ is convex and f i s  strictly convex on [a, b], 
then for every и e [a, b) and v >  а, и Ф v or и e (a,b] and v <  Ъ, и Ф v, 
and for every 0 <  A <  1 there holds

(6) f(Xu +  ( 1-X )v) <  ?j{u) +  { l — 2.)f{v).

Proof. We may assume, by assumptions, that v $ [a, &]. Let 
и e [a , b), v >  b, and let us assume for a contrary that

j(x ,u + {  i - л »  =  x j ( u ) + { x - K ) m

for some 0 <  <  1. Then, by Lemma 1.8, we have

f(Xc +  ( l-X )d )  =Л/(с) +  (1 -*)/(<*)

for every X e [0 , 1 }, и ■< <■ <  d ^  r, a contradiction with strict convexity
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of / on [и, b]. In the same way we can prove that (6) holds for 
every A e (0 , 1 ), и e (a, 6], v <  a.

1.10. T h e o k e m . I f  X  and Y are uniformly convex, M and N are cp-fune- 
Hons with parameter from T and from 8, respectively, satisfying the condition 
A2 and uniformly convex, then I  is uniformly convex.

Proof. Let l(x{-)) = l(y (-))  = l , l ( x { ’) — y(-)) >  e. Without loss of 
generality we may assume that T 2v T 3 =  0  and $ 2u $ 3 =  0 , where the 
sets T2, T3 and S2, 8г are from definition of strict convexity and from the 
condition A2 for the functions M and X, respectively. We may assume also 
that s <  1. Let a =  e/4 and

E  =  {t e T :  \\хг{1)~УЛЩ >  amax(|K(0ll> ||Уг(01!)1,

F  =  [s e 8 : |||æ2(«) - y 2(s)lll ^amax(|||a;2($)|||, |||ÿ2(s)lll)| •

If t e T\E, s e 8\ F , then, by Lemma 1.2, we have

M(t, 2 - I(||æ1(<)|| +  ||ÿ1(i)ll)) <  \M{t, ||»1(()||) +M {t, 1̂ ( 011)],

я (г ,  2 - 1(ll|æ2(s)lll +  lllÿ2«lll)) <  |||æ2(*)||l)+ .№(*, fc(s)lll)].

Hence

i - i  ( и - ) + 2/(o)/ 2) >  {1Л1Ы  • ы  о)+ 1 ы Ы  - ы  ■-))}/2 -
— 1м [((я?](*) +  2/i (‘))/2)ze(‘)] +  {̂ дг (ж2(■)%*’(')) Yljsf (2/2(О Xf  ('))}№ —

' ~~ ^х[((ж2(’) Yy^i')) I^)xf(')\
>  Pi(a){I ju (xi (•)Xe ( ■ )) +  1м (Ух(■■ )Xe (• ))}/2 +

-L >̂2 («) (^2 ( •) ^  (-)) +  Jiv (2/2 ( *) ̂  ( *))}/2 .

If  t e T \ E  and s e 8 \ F , then \\oox{t) — у х(Щ <  a (K (0 ll +  К  (Oil) and 
l!k2(0 - 2/2(«)!l! <  a .(|||a?2(s)||| +Ili2/2(«)II!)? and hence

M{t, Ц х ^ -у А Щ )  <  M{t, 2a (Ж (i)H+11^(0II)/2)
< a [ J f ( f ,  К ( 0 И)+Ж(/, K ( 0 ll)J,

N{s, |||a>2( * ) - y 2(s)lll) <  a[N(s, |||a?2(s)!!l) +  iVr(s, |||y2(OIII)J •
Thus

(7) I m [[xi (')~  2/i(*))/£r\n(')] + - ? i v 2/2(’))/йг\е (”)] ^  2a =  e/2 .
But l(x ( - ) -y (- ) )  >  e by hypothesis, so

(8 ) 1м 1Ы -)-У Л -))х ,Л -)}+ 1х 1Ы -)-'!/Л-))ХЕ(-)]>г12-
We have -

(9) - r « [ ( * i ( - ) -ÿ i ( - ) ) f e ( - ) ]+ ^ [ (* 2( - ) -2 /2(-))z^(-)]

< 2 - 1|/M(2æi(-)zi.(-)) +  Cix(2ÿ1(-)zE(-)) +  n ( 2* 2(-)ZF(-)) +  n ( 2y 2(')ZF(-))]-
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Applying Lemma 1.6 with e/8 instead of e, we obtain for t e  E, s e F  

M(t, 2|M«)||)+M(«, 2||y,(*)||) s : E t [M («, |1®1(<)Ц) + J f  (i, I|ÿ l(<)!|)] +2ft1((), 

A*(s, 2 |||.'t:„(s)|||) +  .V(s, 2|l|y2(s)!il) <  г 2[Arfa, |||a2(s)|]|)-b-V(s, |[|?y2(s);|[)| +
I -j-27&2(s),

and further

(2a?i  ( ' )  Z #  ( ' ) )  +  1 м  ( % i  ( ’ ) Xe  ( ’ ) )  +  I n  (2ж2 ( ' )  Xf  ( ' ) )  +  I n  (2 y 2 ( ' )  Xf  ( ' ) )

^  К [ I m (x i ( ' ) % e ( ' ) )  +  I m [уЛ')Хе (')) +  I n (xz(‘)Xf {')) +  ( ^ ( О х И ' ) ) ]  +  £ / 2 .  

Hence and from (9), we obtain

(10) 1м [ Ы - ) - уЛ'))хе{ ' ) ] + 1 Л * ^ ) - у^ ))М ')]
^ 2 ,  lK [ - I j i f ( * ® i ( * ) Xe { ’ )) Y I m  (2/i ( ’ ) Z e ( ‘ ) )  +  -̂ j v ( ^ 2 ( ’ ) Z f ( ‘ ) )  +  (2/2 ( ' ) Zif1 ( ' ) ) ]  +

+  «/4.

Hence and by (8), we get

(11) I m (xi (’)Xe (’)) +  Xe (')) +  ̂ ( ^ ( ' )  Xf (’)) +  ̂ ( y z i ’iXFi'))

> ~ { 1 м Ы - ) - У г ( - ) ) х Е(-)) +  1 ^ {Ы -)~ У Л -))х ьЛ -))-е1 Ш > е1 Ж .

So, taking into account (6) an (11), we obtain

1 - * ( И ' )  +  2/(-))/2) >  emin(p1(a),p2(a))/4Z =  q{e), 

which is the desired result.
1.11. T h e o r e m . I f  X  and Y are uniformly convex, M and X  are uni­

formly convex (p-functions with parameter from T and from 8, respectively, 
and both satisfy the condition zl2, then the space (L, |)-]]7) is uniformly convex.

Proof. Let £ > 0 ,  |N-)||7 =  ||y(*)l!7 = 1  and — Then,
by Lemma 1.3, / И*)) = l ( y {•)) =  1 and, by Lemma 1.4, l (x ( - ) -y { - ) )  
^«i(fi). Hence, by Theorem 1.10, -?((#(•) +У{'))1%) <  1 — (̂«з) and so 
||И*) +  2/(-))/2||7 <'' l-r j(q ) ,  by Lemma 1.5. Putting <5(e) =  ^ (^ (e )) ) ,  
we obtain the desired result.

1.12. T h e o r e m . I f  (L, ||-||7) is uniformly convex, then M and N satisfy 
the condition A% and the spaces X  =  (X, [[*j|), Y =  (Y, ]||-|||) are uniformly 
convex (2).

Proof. If  M  or X  do not satisfy the condition A2, then (L, ||-||7) is not 
strictly convex, see [3]. Let M  and X  satisfy the condition d2 and let X  
be not uniformly convex. First, we shall show that there exists a function 
0 Ф х(')е№ м. Let A — {t e T: M{t, 1) <  00} .  We have p{A) =  p(T).

(2) These theorems are also true for finite Cartesian product of Orlicz’s spaces.
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Let В  а  А, B  e E, be such that 0 <  y(B) <  oo. We define 
B n — {t e В : M (t, 1 ) <  n}, n — 1, 2, . ..

We have B n c  B n+1 for each n e N. Thus, 0 <  Ню/а(Бп) =  y(B). I t  suffices
71—>00

to put x(t) =  xb (t) f°r sufficiently large n0. Further, taking into account
n0

the condition A2 for M and choosing a sequence with ak >  1 , ak^ o о
as oo, we get (3)

ex? >  j  M(t, ak)d p ^  ak f  M (t,l)d[i->oo  as h->oo.
Brft Bn

no no

Thus, there exists a number ak such that I M{ak %B (•)) ^  1 . îsText, there
0 ' 0 >

exists a set G <=. B n , С e E  such that 1м[ак0Хс(’)) — 1*
There exists e >  0 such that for every ô >  0 there are x , y e X  such

that N1 =  ||y|| =  1, IN — y\\ >  e and ||(a?+y)/2|| >  1 — ô. Putting xft)
=  ®akQ%ctt), yx(t) =  y^kJCcWi ®a(«) =  У A*) =  0,a>(-) =  (xf-), ®а(*)),У(*) =  (уА-), 
y 2{')), we have x(-) ф у(-) and

\\{xi(t)-yi(t))/4 >  \X c(t) , ||Ы*) +  2М*))/2(1-<5)|| >  aküxc(t).
Hence, we have I  ((#(•) +  У (•))/в) >  1 ,1 ((«(•) +  y(-))/2(1 — <5)) >  1. So 
\\{x { ' ) - y { ’))Jz\\i> 1 and \\(x(-)+y(-))l2(l-ô)\\j >  1, by Lemma 1.3. 
The proof is completed.

2. Examples and corollaries. First, we shall prove the following 
lemma :

2.1. L em m a . Let Mx and M2 be y-functions with parameter and let at 
least one of them be uniformly (strictly) convex. Then the functions f  =  MxoM2 
and g =  Мг -М2 are uniformly (strictly) convex cp-functions with par­
ameter.

Proof. I t  suffices to prove the uniform (strict) convexity of / and g. 
We prove only the uniform convexity of / and g.

(i) Uniform convexity o f f .  First, let Mx be uniformly convex with 
modulus of convexity d x(a). Let 0 <  л <  1, 0 <  & <  а, и > 0 .  We have 
for /j-а.е. t e T, by M2(t, bu)IM2{t, u) <  b,

f(t, (u + bu)l2) =  Mx [;t, M2(t, (u +  bu)l2)] <  Mx[t, (M2{t, u )+ M 2(t, bu))j2]
M2{t,u) +(M 2{t,bu)l M2(t,u))M2{t,u)l

2 • J=  v [ ' ,

<  ( l - ^ i  ( a ) )
Mx[t, M2{t, tOl+JTift, M2(t, bu)]

л f i b  u ) + f( t ’ bu)-  ( 1 - d^a))---------- ------------

(3) Since, by [3] Theorem 1.3, M(t,u)  =  0 iff w =  0 for fi-a,.e.teT.
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Now, let M2 be uniformly convex with modulus of convexity ô2(a) ; then, 
by the inequality Mx{t, au) <  aMx(t, u) for 0 <  a <  1, и >  0, we have 
for ^-a.e. t e T

f(t, (u ~{-bu)l2) =  Mx[t, M2[t, (и +  Ъи)1Щ 
M2(t, u)-\-M2(t, bu)

<  M 1 |^> ( l  ^ s ( a )) J <  ( l - d 2(u)) f(h  u )+ f{t, bu)

(ii) Uniform convexity o f g. Let Mx be uniformly convex. M1(t,u) 
and M2(t, u) are increasing functions of и for every t e T\T{„ where 
y(TQ) =  0, so we have for a, b, и and t as in the case (i)

[Mx{t, u )—Mx{t, bu)'}-[Ж2(/, bu)—M2(t, u)} <  0 . 
This inequality is equivalent to

Mx(t, bu)M2(t, и )+ М х{1, u)M2(t, bu)
<  Mx(t, u)M2(t, u)-j-Mx(t, bu)M2(t, bu).

Thus, we have

g{t, (гь +  Ьи)12) =  M x[t, (u-\-bu)l2)M2[t, ('W-f-2m)/2[
<| (l —d,(u)){Mx{t, u)M2(t, u ) + M x{t, bu)M2{t, b u )+ M x{t, u)M2(t, u) +

-\-Mx{t1 bu)M2(t, bu)}

=  (i -  <53 («)) [g(t, u )+ g (t, bu)}/2.

2.2. C o r o l l a r y . Each uniformly convex cp-function M with parameter 
is strictly convex.

This follows immediately from definitions.
2.3. E x a m p l e . There exists a strictly convex ^-function M, which is 

not uniformly convex. Let M  (u) =  wln(l -j- u). We have M'(u) 
=  1п(1 +^) +  г4/(1 +  ̂ ). Since M'{u) is strictly increasing function on 
[0,oo), M  is strictly convex. Now, we shall prove that M is not uniformly 
convex. Uniform convexity of M  is equivalent to the condition:

(2 .1 ) 0 <  sup [sup 2M [(uJt-bu)j2')j[M (и) +М{Ьи)}\ — r ] (a )< l
0 ы >0

for every 0 <  a <  1 . Let us write
* f{b ,u )  = 2 M [{ l +  b)uJ2)l[M {u)+M {bu)).

Applying the L ’Hospital formula, we obtain for 0 <  b <  u, lim/(&, u) — 1.
U~>oo

So, condition (2.1) holds for no number 0 <  rj(a) <  1, and hence M is 
not uniformly convex.

2.4. C o r o l l a r y . I f  X iy i — 1, 2 , . . . ,  n, are uniformly (strictly) convex 
Banach spaces and Mif i — 1, 2, . . . ,  n, are uniformly (strictly) convex
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q>-functions without parameter, satisfying the condition /12 for large и >  0 , 
then the space X  =  X x x ...  x X n with norm

||a?||e =  inf {u >  0 : p0{xju) <  1), 

for x =  x{ £ X {, where

Qo(x)
i= l

(а?г. are components o f x and ||*||г- are norms in X {), is uniformly (strictly) 
convex.

Proof. Let px =  /л2 =  ...  =  yn =  Lebesgue measure in [0,1],
=  T2 =  ... =  Tn =  [0 ,1]. Let -F denote the space of all functions 
from [0, 1 ] into X  of the form «(•) =  (®i(,) ,« 2(], ...,ж №(-)), where 
х{(-) =  ж^[0>1](-), щ е X t, for г =  1, 2 , . . . ,п .  F  is a subspaee of L  
~ Ъ щ (Тх, i l )  X .. .  x  L ,lf fn(Tn, X n). We define the operator A: X ^ F  
by the formula

{Ax){t) =  (̂ i%[o,i](’)?•••> ŵZ[o,i](*))?

where xt are components of x. We have I  ((Ax)(-)j =  g0(x) and thus 
!| {Ax) (‘)||j =  ||ж||е for x e X .  Since F  is uniformly (strictly) convex (see 
Theorem 1.10 of this paper and [3]), so X  is uniformly (strictly) convex.

2.5. I f  M is a uniformly convex ep-function with parameter satisfying 
the condition A2, then for  every non-negative integer k, the Orlicz-Sobolev 
space (for definition see [1 ]) WkM{Q) with norm

И  OIL* =  in* W >  0: qAx (')!u) <
H M

where

(®(')) =  £  / M|a|<A Q

is uniformly convex. Here Û is an open set in Rn and JDax(-) denotes dis­
tributional derivatives o f x(-).

This may be deduced in the same way as strict convexity of WkM(Q) 
in [3].

2.6. E xamples. Let us consider the following functions:
1 .
2.
3.
4.

5.

Mx{u) =  up, 1 <  p  <  oo,

M2(u) =  uplnp (1 X и), 1 <  p  <  oo, 

Mz(n) =  upln(l-\-up), 1 <  p  <  oo, 

3f4(tt) =  гР|+11п(Ц-'а), 1<  p  <  oo,

M 5 ( u )
\up for 0 <  и <  1 , 
\uq for и >  1 , 1 <  p  <  g <  °o,
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6 . M S , и) =  [Ж(«)Г<'>,
7. 1W7(t,«) =  M {p(t)u).
Functions Жг-, г =  1, 2, . . . ,  5, are uniformly convex. This follows 

from Lemma 2.1. In the case of the function Mx we have ô(a) 
=  21-p (1 +  a)pJ( 1 +  ap). All functions M{, i =  1 , . . . ,  5, satisfy the condition A 2 
for all и >  0. If Ж is a uniformly convex 99-function without parameter 
and l ^ p ( t )  <  oo is a ^-measurable function on T, then M6 and Ж7(4) 
are uniformly convex 99-functions with parameter. Moreover, if additionally 
Ж satisfies the condition A2 for all и >  0 if p(T) =  oo and for large и ^  0 
if fx(T) <  oo, and 1 <  p (t )  <  К г <  oo, then Жб and Ж7 satisfy the condition 
A2(5). If 1 <  K 2^  p {t )  <  oo, then Ж6 is a uniformly convex ^-function 
with parameter for each ^-function Ж without parameter. H. Isakano [11] 
considered Orlicz spaces generated by 99-function Ж6 with Ж (и) — и and 
proved that then L ^ 6{T, C) is uniformly convex if 1 <  K 2 < p (t )  <  K x 
<  00. W. A. Luxemburg proved uniform convexity of L^(T , G) for uniformly 
convex 99-function Ж without parameter satisfying the condition A% for 
every n >  0 .
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(4) J f 7 is uniformly convex under weaker assumption 0 < p ( t ) <  00.
(5) Ж7 satisfies the condition A2 under weaker assumption 0 <  p(t) <  00.
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