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Abstract. In this paper a multivalent harmonic function is defined by m-tuple inte-
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2000 Mathematics Subject Classification: Primary 30C45, 30C55; Secondary 26A33,
33C60.

Key words and phrases: Multivalent Harmonic starlike (convex) functions; Erdélyi-
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1. Introduction and Preliminaries. Duren, Hengartner and Laugesen [15]
has given the concept of multivalent harmonic functions by proving argument prin-
ciple for harmonic complex valued functions. Using this concept, Ahuja and Jahagiri
[8], [9] introduced the family H(p), p ∈ N = {1, 2, 3, ...} of all p-valent, harmonic
and orientation preserving functions in the open disc 4 = {z : |z| < 1}. A function
f in H(p) can be expressed as:

f = h+ g (1.1)

where h and g are p-valent analytic functions in the unit disk 4 and of the form:

h(z) =
∞∑

k=p

hkz
k; hp = 1 and g(z) =

∞∑

k=p

gkz
k; |gp| < 1.

Let S∗H(p, α), KH(p, α) andQH(p, α) be the classes of functions f = h + g ∈ H(p)
satisfying the conditions



88 Multivalent Harmonic Functions defined by m-tuple Integral operators

∂
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(
∂
∂θf(reiθ)

∂
∂θ z

p

)
­ α

respectively for each z = reiθ, 0 ¬ θ < 2π and 0 ¬ r < 1, α(0 ¬ α < 1).
Whereas TH(p) denote the subclass of functions f = h+ g ∈ H(p) such that

h(z) = zp −
∞∑

k=p+1

|hk|zk and g(z) =
∞∑

k=p

|gk|zk; |gp| < 1. (1.2)

Hence, we denote TS∗H(p, α) ≈ S∗H(p, α)∩TH(p), TKH(p, α) ≈ KH(p, α)∩TH(p),
and TQH(p, α) ≈ QH(p, α) ∩ TH(p).

We formulate following lemmas from the work of Ahuja and Jahangiri [7, 8, 9,
10]:

Lemma 1.1 Let f = h+ g given by (1.1) satisfies

∞∑

k=p+1

k − pα
p(1− α)

|hk|+
∞∑

k=p

k + pα

p(1− α)
|gk| ¬ 1 (1.3)

for p ­ 1, 0 ¬ α < 1, then f is sense preserving, p-valent and f ∈ S∗H(p, α).
Furthermore, f = h+ g ∈ TS∗H(p, α) if and only if (1.3) holds.

Lemma 1.2 Let f = h+ g given by (1.1) satisfies

∞∑

k=p+1

k(k − pα)
p2(1− α)

|hk|+
∞∑

k=p

k(k + pα)
p2(1− α)

|gk| ¬ 1 (1.4)

for p ­ 1, then f ∈ KH(p, α). Also f = h+g ∈ TKH(p, α) if and only if (1.4) holds.

Lemma 1.3 Let f = h+ g given by (1.1) satisfies

∞∑

k=p+1

k

p(1− α)
|hk|+

∞∑

k=p

k

p(1− α)
|gk| ¬ 1 (1.5)

for p ­ 1, 0 ¬ α < 1, then f ∈ QH(p, α). Also f = h+ g ∈ TQH(p, α) if and only if
(1.5) holds.

Recently several fractional calculus operators have found their applications in
geometric function theory. Many research papers [11],[12],[13],[14] on harmonic func-
tions defined by certain operators such as Dziok and Srivastava operator [5], Hohlov
operator [19], Carlson and shaffer operator [1] have been published.

Motivated with their works, we intend to apply m-tuple integral operator [17,
18] which is a generalized form of previously introduced operators in the space of
analytic functions and is defined as follows:
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Definition 1.4 Let h be an analytic function in ∆ for m ∈ N = {1, 2, 3, ...}, βi ∈
R+, δi ∈ R+ ∪ {0}, νi ∈ R ∀ i = 1, 2, ...,m, an m-tuple integral operator, by means
of m-repeated Erdélyi-Kober integral operators is defined as:

I
(νi),(δi)
βi,m

h(z) =

[
m∏

i=1

Iνi,δiβi,m

]
h(z),

m∑

i=1

δi > 0; I(νi),(0)
βi,m

h(z) = h(z); z ∈ 4 (1.6)

where Iν,δβ is the Erdélyi-Kober integral operator [16], defined for β ∈ R+, ν ∈ R
as:

Iν,δβ h(z) =
1

Γ(δ)
∫ 1
0
(1− t)δ−1tνh(zt

1
β )dt, δ ∈ R+ and Iν,0β,mh(z) = h(z).

The image of power function zk [17, 18] under the operator defined in (1.6) is
given as follows:

I
(νi),(δi)
βi,m

zk = λkz
k (1.7)

where

λk =
m∏

i=1

Γ
(
νi + 1 + k

βi

)

Γ
(
νi + δi + 1 + k

βi

) (1.8)

for each k > max
1¬i¬m

[−βi(νi + 1)].

In the subsequent work, we use Wright generalized hypergeometric function [3, 16]
which is defined as follows:

Definition 1.5 Let ai (i = 1, 2, ...q), bi (i = 1, 2, ...s) be positive real numbers and

Ai (i = 1, 2, ...q), Bi (i = 1, 2, ...s) be positive integers such that 1 +
s∑
i=1
Bi

q

−∑
i=1

Ai ­
0, a Wright generalized hypergeometric (Wgh) function:

qΨs[(a1, A1), ..., (aq, Aq); (b1, B1), ..., (bs, Bs); z] ≈ qΨs[(ai, Ai)1,q; (bi, Bi)1,s; z]

is defined as:

qΨs[(ai, Ai)1,q; (bi, Bi)1,s; z] =
∞∑

k=0

q∏
i=1

Γ(ai +Aik)zk

s∏
i=1

Γ(bi +Bik)k!
, z ∈ 4 (1.9)

which is an analytic function in the unit disk 4 if q = s+ 1. Also for positive real
a and for positive integer A [[6], 240, Eq. (1.26)]:
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Γ(a+ kA) = Γ(a)
( a
A

)
k

(
a+ 1
A

)

k

...

(
a+A− 1

A

)

k

(A)kA , k = 0, 1, 2, ..

when used together with the result [[4], p.57]:

Γ(a+ k)Γ(b+ k)
Γ(c+ k)Γ(d+ k)

= ka+b−c−d
[
1 +O

(
1
k

)]
, k = 1, 2, 3, ..

we observe that at z = 1 the series (1.9) converges absolutely for
s∑
i=1
bi−

q∑
i=1
ai >

0.
In particular if A1 = ... = Aq = B1 = ... = Bs = 1, we have

qΨs[(ai, 1)1,q; (bi, 1)1,s; z] =
∞∑

k=0

q∏
i=1

Γ(ai)

s∏
i=1

Γ(bi)
qFs((ai)1,q; (bi)1,s; z) (1.10)

where qFs((ai)1,q; (bi)1,s; z) ≈ qFs(a1, ...aq; b1, ....bs; z) is the generalized hyperge-
ometric function defined as:

qFs((ai)1,q; (bi)1,s; z) =
∞∑

k=0

q∏
i=1

Γ(ai)kzk

s∏
i=1

Γ(bi)kk!
, z ∈ 4.

The symbol (λ)n is called Pochhammer symbol defined as:

(λ)n =
Γ(λ+ n)

Γ(λ)
= λ(λ+ 1)...(λ+ n− 1) and (λ)0 = 1.

We shall also make use of the Hadmard product (convolution) ”*óf two power series
converging in 4 and defined as:

∞∑

k=0

hkz
k ∗

∞∑

k=0

gkz
k =

∞∑
hk

k=0

gkz
k.

2. A Multivalent Harmonic Function. In this section, a multivalent har-
monic function belonging to the class H(p) involving m-tuple integral operators
defined as in (1.6) with the use of (1.7) is defined first and then some of its special
forms are also mentioned. Some notations and identities which we use throughout
the work are also given.

Definition 2.1 Let f(z) be given by (1.1) and with the parameters m ∈ N =
{1, 2, 3, ...}, βi, β′i ∈ R+, δi, δ

′
i ∈ R+ ∪ {0}, νi, ν′i ­ −1,∀i = 1, 2, ...,m, |σ| < 1, a

multivalent harmonic function in the class H(p) as an operator Wf(z) is defined
as:
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Wf(z) ≈W
[

(νi), (δi); (ν′i), (δ
′
i)

βi;β′i;m

]
f(z) (2.1)

=
1
λp
I

(νi),(δi)
βi,m

h(z) +
σ

λ′p
I

(ν′
i
),(δ′

i
)

β′
i
,m g(z)

=
∞∑

k=p

λk
λp
hkz

k + σ

∞∑

k=p

λ′k
λ′p
gkzk

=
∞∑

k=p

θkz
k ∗

∞∑

k=p

hkz
k + σ

∞∑

k=p

θ′kz
k ∗

∞∑

k=p

gkzk

=
{
zp

λp
Ψ1(z)

}
∗ h(z) +

{
σzp

λ′p
Ψ′1(z)

}
∗ g(z)

where

λp =
m∏

i=1

Γ
(
νi + 1 + p

βi

)

Γ
(
νi + δi + 1 + p

βi

) , λ′p =
m∏

i=1

Γ
(
ν′i + 1 + p

β′
i

)

Γ
(
ν′i + δi + 1 + p

β′
i

) ; (2.2)

Ψ1(z) ≈ m+1Ψm((1, 1), (νi + 1 +
p

βi
,

1
βi

)1,m; (νi + δi + 1 +
p

βi
,

1
βi

)1,m; z),

Ψ′1(z) ≈ m+1Ψm((1, 1), (ν′i + 1 +
p

β′i
,

1
β′i

)1,m; (ν′i + δ′i + 1 +
p

β′i
,

1
β′i

)1,m; z); (2.3)

and

θk =
m∏

i=1

Γ
(
νi + 1 + k

βi

)
Γ
(
νi + δi + 1 + p

βi

)

Γ
(
νi + δi + 1 + k

βi

)
Γ
(
νi + 1 + p

βi

) ,

θ′k =
m∏

i=1

Γ
(
ν′i + 1 + k

β′
i

)
Γ
(
ν′i + δ′i + 1 + p

β′
i

)

Γ
(
ν′i + δ′i + 1 + k

β′
i

)
Γ
(
ν′i + 1 + p

β′
i

) (2.4)

are non-increasing functions of k(­ p) such that 0 < θk ¬ θp+1 < θp = 1 and
0 < θ′k ¬ θ′p+1 < θ′p = 1.

In particular, taking βi = 1 = β′i, νi = ai−1−p, ν′i = ci−1−p, δi = bi−ai, δ′i =
di − ci for i = 1, 2, ...,m, the operator Wf(z) reduces to Ωf(z) which is Dziok and
Srivastava type operator involving generalized hypergeometric functions:

Ωf(z) =
m∏

i=1

Γ(bi)
Γ(ai)

I
(νi),(δi)
1,m h(z) + σ

m∏

i=1

Γ(di)
Γ(ci)

I
(ν′
i
),(δ′

i
)

1,m g(z) (2.5)
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= zpF1(z) ∗ h(z) + σzpF ′1(z) ∗ g(z)

where

F1(z) ≈ m+1Fm((1, (ai)1,m; (bi)1,m; z),

F ′1(z) ≈ m+1F
′
m((1, (ci)1,m; (di)1,m; z). (2.6)

If we take m = 2, ν1 = a1− 1− p, ν2 = b1− 1− p, δ1 = 1−a1, δ2 = c1− b1; ν′1 =
a2 − 1− p, ν′2 = b2 − 1− p, δ′1 = 1− a2, δ

′
2 = c2 − b2 and βi = 1 = β′i(i = 1, 2), the

operator Wf(z) reduces to Hpf(z) which is Hohlov type operator involving Gauss
hypergeometric functions:

Hpf(z) =
Γ(c1)

Γ(a1)Γ(b1)
I

(νi),(δi)
1,2 h(z) + σ

Γ(c2)
Γ(a2)Γ(b2)

I
(ν′
i
),(δ′

i
)

1,2 g(z) (2.7)

= zp 2F1(a1, b1; c1; z) ∗ h(z) + σzp 2F ′1(a2, b2; c2; z) ∗ g(z).

Taking m = 1, ν = a1−1−p, δ = c1−a1, ν
′ = a2−1−p, δ′ = c2−a2 and βi = 1 =

β′i, the operator Wf(z) reduces to Lpf(z) which is Carlson Shaffer type operator
involving incomplete beta functions:

Lpf(z) =
Γ(c1)
Γ(a1)

Ia1−1−p,c1−a1
1,1 h(z) + σ

Γ(c2)
Γ(a2)

Ia2−1−p,c2−a2
1,1 g(z) (2.8)

= zp 2F1(1, a1; c1; z) ∗ h(z) + σzp 2F ′1(1, a2; c2; z) ∗ g(z).

For convenience throughout the work we use following notations:

Ψn ≈ m+1Ψm((n, 1), (νi+1+
(p+ n− 1)

βi
,

1
βi

)1,m; (νi+δi+1+
(p+ n− 1)

βi
,

1
βi

)1,m; 1),

Ψ′n ≈ m+1Ψm((n, 1), (ν′i+1+
(p+ n− 1)

β′i
,

1
β′i

)1,m; (ν′i+δ
′
i+1+

(p+ n− 1)
β′i

,
1
β′i

)1,m; 1)

(2.9)
for n = 1, 2, 3, ... which are the representations of absolute convergent series of

type (1.9) at z = 1 provided
m∑
i=1
δi > n and

m∑
i=1
δ′i > n respectively.

In the proof of our theorems, we use some identities which we prove in the form of
following Lemma:

Lemma 2.2 Let Ψn ,Ψ′n be given in (2.9) with the conditions
m∑
i=1
δi > n,

m∑
i=1
δ′i > n

and λp, λ
′
p in (2.2), then for n = 1, 2, 3, ...
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1
λp

Ψn =
∞∑

k=p+n−1

(k − p− n+ 2)n−1θk (2.10)

and

1
λ′p

Ψ′n =
∞∑

k=p+n−1

(k − p− n+ 2)n−1θ
′
k. (2.11)

Proof Using the series expansion (1.9) for Ψn given in (2.9), λp given in (2.2) and
θk in (2.4), we get

1
λp

Ψn =
∞∑

k=0

Γ(n+ k)
m∏

i=1

Γ(νi + 1 + (p+ n− 1 + k)/βi)Γ(νi + δi + 1 + p/βi)
Γ(νi + δi + 1 + (p+ n− 1 + k)/βi)Γ(νi + 1 + p/βi)Γ(k + 1)

=
∞∑

k=0

(k + 1)n−1

m∏

i=1

Γ(νi + 1 + (p+ n− 1 + k)/βi)Γ(νi + δi + 1 + p/βi)
Γ(νi + δi + 1 + (p+ n− 1 + k)/βi)Γ(νi + 1 + p/βi)

=
∞∑

k=p+n−1

(k − p− n+ 2)n−1θk

which proves identity (2.10). Similarly, identity (2.11) can be proved. ■

In particular, taking βi = 1 = β′i, νi = ai−1−p, ν′i = ci−1−p, δi = bi−ai, δ′i =
di − ci for (i = 1, 2, ...,m), and using relation (1.10), for n = 1, 2, 3, ..., we get

1
λp

Ψn = (1)n−1

m∏

i=1

(ai)n−1

(bi)n−1
Fn for

m∑
(

i=1

bi − ai) > n (2.12)

and

1
λ′p

Ψ′n = (1)n−1

m∏

i=1

(ci)n−1

(di)n−1
F ′n for

m∑
(

i=1

di − ci) > n (2.13)

where

Fn ≈ m+1Fm((n, (ai + n− 1)1,m; (bi + n− 1)1,m; 1)

and

F ′n ≈ m+1Fm((n, (ci + n− 1)1,m; (di + n− 1)1,m; 1).

We also have the following well known result:

2F1(a+k, b+k; c+k; 1) =
(c)k

(c− a− b− k)k
2F1(a, b; c; 1), (c−a− b−k) > 0 (2.14)
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for k = 0, 1, 2, ... and

2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , (c− a− b) > 0.

3. Main results. In this section, some inequalities for Wf(z) to be in the
classes S∗H(p, α), KH(p, α) andQH(p, α) as sufficient conditions in terms of Wgh
functions are examined and proved . Some consequences of these results are also
derived as their corollaries. The results are given in the form of following theorems:

Theorem 3.1 Let f ∈ H(p) and Wf(z) be given by (2.1) under the same parame-

ter conditions along with
m∑
i=1
δi > 2,

m∑
i=1
δ′i > 2 and if inequality

1
λp

Ψ2 + p(1− α)
1
λp

Ψ1 + |σ| 1
λ′p

Ψ′2 + |σ|p(1 + α)
1
λ′p

Ψ′1 ¬ 2p(1− α) (3.1)

holds, then Wf(z) ∈ S∗H(p, α).

Proof To prove the theorem it is required by Lemma 1.1, to show

S1 :=
∞∑

k=p+1

(k − pα)|hk|θk + |σ|
∞∑

k=p

(k + pα)|gk|θ′k ¬ p(1− α). (3.2)

Since f ∈ H(p), we have |hk| ¬ 1 and |gk| ¬ 1, k ­ p. Hence, by simple arrangement
of terms in (3.2), we get

S1 ¬
∞∑

k=p+1

(k− p)θk + p(1−α)
∞∑

k=p+1

θk + |σ|
∞∑

k=p

(k− p)θ′k + |σ|p(1 +α)
∞∑

k=p

θ′k (3.3)

Now applying identities (2.10) and (2.11) for n = 1 and 2, to the right hand side of
(3.3), we see that

S1 ¬
1
λp

Ψ2+p(1−α)
1
λp

Ψ1−p(1−α)+|σ| 1
λ′p

Ψ′2+|σ|p(1+α)
1
λ′p

Ψ′1 ¬ p(1−α) if (3.1)

holds. This proves the result. ■

On using (2.12) and (2.13), Theorem 3.1 yeilds following result:

Corollary 3.2 ([11]) Let f ∈ H(p) and Ωf(z) be given by (2.5) along with
m∑

(
i=1

bi − ai) > 2,
m∑

(
i=1

di − ci) > 2 and if inequality

m∏

i=1

ai
bi
F2 + p(1− α)F1 + |σ|

m∏

i=1

ci
di
F ′2 + |σ|p(1 + α)F ′1 ¬ 2p(1− α)

holds, then Ω(f) ∈ S∗H(p, α).
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Again, Corollary 3.2 for m = 2 together with the result (2.14) yeilds:

Corollary 3.3 Let f ∈ H(p) and Hp(f) be given by (2.7) along with
(c1 − a1 − b1) > 1, (c2 − a2 − b2) > 1

and if inequality

[
a1b1

(c1 − a1 − b1 − 1)
+ p(1− α)

]
2F1(a1, b1; c1; 1)

+|σ|
[

a2b2
(c2 − a2 − b2 − 1)

+ p(1 + α)
]

2F1(a2, b2; c2; 1) ¬ 2p(1− α)

holds, then Hp(f) ∈ S∗H(p, α).

Further, on using summation formula: 2F1(a, 1; c; 1) = (c−1)
(c−a−1) , (c−a) > 1, Corollary

3.3 yields the following result:

Corollary 3.4 Let f ∈ H(p) and Lp(f) be given by (2.8) along with (c1 − a1) >
2, (c2 − a2) > 2 and if inequality
[
a1 + p(1− α)(c1 − a1 − 2)
(c1 − a1 − 1)(c1 − a1 − 2)

]
(c1−1)+|σ|

[
a2 + p(1 + α)(c2 − a2 − 2)
(c2 − a2 − 1)(c2 − a2 − 2)

]
(c2−1) ¬ 2p(1−α)

holds, then Lp(f) ∈ S∗H(p, α).

Theorem 3.5 Let f ∈ H(p) and Wf(z) be given by (2.1) under the same parame-

ter conditions along with
m∑
i=1
δi > 3,

m∑
i=1
δ′i > 3 if inequality

1
λp

Ψ3+{(2−α)p+1} 1
λp

Ψ2+p2(1−α)
1
λp

Ψ1+|σ| 1
λ′p

Ψ′3+|σ|{(2+α)p+1} 1
λ′p

Ψ′2

+|σ|p2(1 + α)
1
λ′p

Ψ′1 ¬ 2p2(1− α) (3.4)

holds, then Wf(z) ∈ KH(p, α).

Proof To prove the theorem it is required by Lemma 1.2, to show

S2 :=
∞∑

k=p+1

k(k − pα)|hk|θk + |σ|
∞∑
k

k=p

(k + pα)|gk|θ′k ¬ p2(1− α). (3.5)

Since f ∈ H(p), we have |hk| ¬ 1 and |gk| ¬ 1, k ­ p. Hence, by simple arrangement
of terms in (3.5) and applying identities (2.10) and (2.11)for n = 1, 2 and 3, we get
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S2 ¬
∞∑

k=p+1

k2θk−pα
∞∑

k=p+1

kθk+|σ|p2(1+α)+|σ|
∞∑

k=p+1

k2θ′k+|σ|pα
∞∑

k=p+1

kθ′k

=
∞∑

k=p+1

[(k − p)(k − p− 1) + (2p+ 1)(k − p) + p2]θk − pα
∞∑

k=p+1

(k − p)θk

−p2α
∞∑

k=p+1

θk + |σ|p2(1 + α)

+|σ|
∞∑

k=p+1

[(k−p)(k−p−1)+(2p+1)(k−p)+p2]θ′k+|σ|pα
∞∑

k=p+1

(k−p)θ′k+|σ|p2α
∞∑

k=p+1

θ′k

=
∞∑

k=p+2

(k−p)(k−p−1)θk+{(2−α)p+1}
∞∑

k=p+1

(k−p)θk+p2(1−α)
∞∑

k=p+1

θk

+|σ|p2(1 + α) + |σ|



∞∑

k=p+2

(k − p)(k − p− 1)θ′k + {(2 + α)p+ 1}
∞∑

k=p+1

(k − p)θ′k

+p2(1 + α)
∞∑

k=p+1

θ′k




=
1
λp

Ψ3 + {(2− α)p+ 1} 1
λp

Ψ2 + p2(1− α)
1
λp

Ψ1 − p2(1− α) + |σ| 1
λ′p

Ψ′3

+|σ|{(2 + α)p+ 1} 1
λ′p

Ψ′2 + p2(1 + α)
1
λ′p

Ψ′1 ¬ p2(1− α) if (3.4) holds.

This proves the result. ■

On using (2.12) and (2.13), Theorem 3.5 yields following result:

Corollary 3.6 Let f ∈ H(p) and Ωf(z) be given by (2.5) along with
m∑

(
i=1

bi−ai) >

3,
m∑

(
i=1

di − ci) > 3 and if inequality
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2
m∏

i=1

ai(ai + 1)
bi(bi + 1)

F3+{p(2−α)+1}
m∏

i=1

ai
bi
F2+p2(1−α)F1+|σ|

m∏

i=1

ci(ci + 1)
di(di + 1)

F ′3+

|σ|{p(2 + α) + 1}
m∏

i=1

ci
di
F ′2 + |σ|p2(1 + α)F ′1 ¬ 2p2(1− α)

holds, then Ω(f) ∈ KH(p, α).

Again, Corollary 3.6 for m = 2 together with the result (2.14) yeilds:

Corollary 3.7 Let f ∈ H(p) and Hp(f) be given by (2.7) along with (c1 − a1 −
b1) > 2, (c2 − a2 − b2) > 2 and if inequality
[

(a1)2(b1)2

(c1 − a1 − b1 − 2)2
+ {p(2− α) + 1} a1b1

(c1 − a1 − b1 − 1)
+ p2(1− α)

]
2F1(a1, b1; c1; 1)+

|σ|
[

(a2)2(b2)2

(c2 − a2 − b2 − 2)2
+ {p(2 + α) + 1} a2b2

(c2 − a2 − b2 − 1)
+ p2(1 + α)

]
2F1(a2, b2; c2; 1)

¬ 2p2(1− α)

holds, then Hp(f) ∈ KH(p, α).

Further, on using summation formula: 2F1(a, 1; c; 1) = (c−1)
(c−a−1) , (c−a) > 1, Corollary

3.7 yields the following result:

Corollary 3.8 Let f ∈ H(p) and Lp(f) be given by (2.8) along with (c1− a1) >
3, (c2 − a2) > 3 and if inequality

[
2(a1)2

(c1 − a1 − 3)2
+ {p(2− α) + 1} a1

(c1 − a1 − 2)
+ p2(1− α)

]
(c1 − 1)

(c1 − a1 − 1)
+

|σ|
[

2(a2)2

(c2 − a2 − 3)2
+ {p(2 + α) + 1} a2

(c2 − a2 − 2)
+ (1 + α)

]
(c2 − 1)

(c2 − a2 − 1)

¬ 2p2(1− α)

holds, then Lp(f) ∈ KH(p, α).

Theorem 3.9 Let f ∈ H(p) and Wf(z) be given by (2.1) under the same parame-

ter conditions along with
m∑
i=1
δi > 2,

m∑
i=1
δ′i > 2 and if inequality

1
λp

Ψ2 + p
1
λp

Ψ1 + |σ| 1
λ′p

Ψ′2 + |σ|p 1
λ′p

Ψ′1 ¬ p(2− α) (3.6)

holds, then Wf(z) ∈ QH(p, α).
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Proof To prove the theorem it is required by Lemma 1.3, to show

S3 :=
∞∑

k=p+1

k|hk|θk + |σ|
∞∑

k=p

k|gk|θ′k ¬ p(1− α). (3.7)

Since f ∈ H(p), we have |hk| ¬ 1 and |gk| ¬ 1, k ­ p. Hence, by simple arrangement
of terms in (3.7) and applying identities (2.10) and (2.11) for n = 1 and 2, we get

S3 ¬
∞∑

k=p+1

(k − p)θk + p

∞∑

k=p+1

θk + |σ|
∞∑

k=p

(k − p)θ′k + |σ|p
∞∑

k=p

θ′k

=
1
λp

Ψ2 + p
1
λp

Ψ1 − p+ |σ| 1
λ′p

Ψ′2 + |σ|p 1
λ′p

Ψ′1

¬ p(2− α) if (3.6) holds.

This proves the result. ■

On using relations (2.12) and (2.13), Theorem 3.9 yeilds following result:

Corollary 3.10 Let f ∈ H(p) and Ωf(z) be given by (2.5) along with
m∑

(
i=1

bi−ai) >

2,
m∑

(
i=1

di − ci) > 2 and if inequality

m∏

i=1

ai
bi
F2 + pF1 + |σ|

m∏

i=1

ci
di
F ′2 + |σ|pF ′1 ¬ p(2− α)

holds, then Ω(f) ∈ QH(p, α).

Again, Corollary 3.10 for m = 2 together with the result (2.14) yields:

Corollary 3.11 Let f ∈ H(p) and Hp(f) be given by (2.7) along with (c1−a1−
b1) > 1, (c2 − a2 − b2) > 1 and if inequality

[a1b1 + p(c1 − a1 − b1 − 1)]
Γ(c1)Γ(c1 − a1 − b1 − 1)

Γ(c1 − a1)Γ(c1 − b1)
+

|σ| [a2b2 + p(c2 − a2 − b2 − 1)]
Γ(c2)Γ(c2 − a2 − b2 − 1)

Γ(c2 − a2)Γ(c2 − b2)
¬ p(2− α)

holds, then Hp(f) ∈ QH(p, α).

Further, on using summation formula: 2F1(a, 1; c; 1) = (c−1)
(c−a−1) , (c−a) > 1, Corollary

3.11 yeilds the following result:
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Corollary 3.12 Let f ∈ H(p) and Lp(f) be given by (2.8) along with (c1−a1) >
2, (c2 − a2) > 2 and if inequality

[a1 + p(c1 − a1 − 2)]
(c1 − 1)

(c1 − a1 − 2)2
+ |σ| [a2 + p(c2 − a2 − 2)]

(c2 − 1)
(c2 − a2 − 2)2

¬ p(2− α)

holds, then Lp(f) ∈ QH(p, α).

Theorem 3.13 Let f ∈ TS∗H(p, α) and Wf(z) be given by (2.1) under the same

parameter conditions along with
m∑
i=1
δi > 1,

m∑
i=1
δ′i > 1 and if inequality

1
λp

Ψ1 + |σ| 1
λ′p

Ψ′1 ¬ 2 (3.8)

holds, then Wf(z) ∈ S∗H(p, α).

Proof To prove the theorem it is required from Lemma 1.1, to show

S4 :=
∞∑

k=p+1

k − pα
p(1− α)

|hk|θk +
∞∑

k=p

k + pα

p(1− α)
|gk|θ′k ¬ 1. (3.9)

Since f ∈ TS∗H(p, α) we have again by lemma 1.1

|hk| ¬
p(1− α)
(k − pα)

; k ­ p and |gk| ¬
p(1− α)
(k + pα)

; k ­ p.

Hence, with the use of identities (2.10) and (2.11) for n = 1, we get

S4 ¬
∞∑

k=p+1

θk +
∞∑

k=p

θ′k =
1
λp

Ψ1 − 1 + |σ| 1
λ′p

Ψ′1 ¬ 1 if (3.8) holds.

This proves the result. ■

Similarly, if f ∈ TKH(p, α) (TQH(p, α)) with the same hypothesis of Theorem 3.13,
inequality (3.8) ensures that Wf(z) ∈ KH(p, α) (QH(p, α)) respectively.

As special cases of Theorem 3.13, we have following results:
Let f ∈ TS∗H(p, α) (TKH(p, α)) (TQH(p, α)) and Ωf(z) be given by (2.5) with

m∑
(

i=1
bi − ai) > 1,

m∑
(

i=1
di − ci) > 1, inequality: F1 + |σ|F ′1 ¬ 2 implies that Ωf(z) ∈

S∗H(p, α) (KH(p, α)) (QH(p, α)) .
Let f ∈ TS∗H(p, α) (TKH(p, α)) (TQH(p, α)) and Hpf(z) be given by (2.7) with

c1 > a1 + b1, c2 > a2 + b2, if inequality: Γ(c1)Γ(c1−a1−b1)
Γ(c1−a1)Γ(c1−b1) + |σ|Γ(c2)Γ(c2−a2−b2)

Γ(c2−a2)Γ(c2−b2) ¬ 2
holds, then Hpf(z) ∈ S∗H(p, α) (KH(p, α)) (QH(p, α)).

Let f ∈ TS∗H(p, α) (TKH(p, α)) (TQH(p, α)) and Lpf(z) be given by (2.8) with
c1 > a1 + 1, c2 > a2 + 1, inequality: (c1−1)

(c1−a1−1) + |σ| (c2−1)
(c2−a2−1) ¬ 2 ensures that

Lpf(z) ∈ S∗H(p, α) (KH(p, α)) (QH(p, α)).
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