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Non-squareness, B-convexity and flatness of Orlicz space
with Orlicz norm

Abstract. This paper investigates the properties mentioned in the title under the case of
finite atomless measure when the Orlicz spaces are generated by N-functions (for definition of
V-functions see [8]). It is shown here that Orlicz spaces of this kind are locally uniformly non-
square "and therefore are not flat. Another main result is that uniform non-squareness, uniform
non-I'Y property, B-convexity and reflexivity coincide.

Introduction. Non-squareness, B-convexity and flatness are important
geometric properties of Banach spaces, which expose the intrinsic construc-
tion of the spaces according to the ‘shape’ of the unit ball of the spaces.
Therefore, it is interesting to investigate those problems in classical Banach
spaces, for example, Orlicz spaces.

Let X be a Banach space, S(X) the sphere of X. X is said to be
uniformly non-I (n > 2) if there exists § > 0 such that for any x;, x,, ..., X,
in S(X) with {|x; +x,+ ... +x,|| < n(1—4) for some choice of signs. X is said
to be B-convex if, for some integer n > 2, X is uniformly non-I{"’. Particular-
ly, a uniformly non-I{" space is called uniformly non-square [5].

Schoffer [11] introduces another definition of uniform non-squareness
and other geometric concepts. X is called uniformly non-square if there exists
I'> 1 such that for any x, y in S(X) we have max {||x+ |, [x—y|l} = ; X is
called locally uniformly non-square if for each x €S (X), there exists [, > 1 such
that for any yeS(X), we have max {|ix+ |, [lx—=¥I! > I..

The two definitions of uniform non-squareness coincide (see Lemma 1).

X is called flat if there exists a curve on S(X) with antipoints and length
two. )

Non-squareness, B-convexity and flatness of Orlicz spaces equipped
with Luxemburg norm have been exactly examined in papers [1]-[4], [9],
[12], [13].

Let (G, X, ) be a finite atomless measure space. By M (u) we denote an
N-function [8] and by N (v) the complementary N-function to M (u). M (u) is
said to satisfy condition A, for large u if there exist u, > 0 and K > 2 such
that M(2u) < K-M(u) for all u>u,. The functional Iy (x)= [ M(x(t))dt

G
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defined on the set of all measurable functions x: G+ R (real line) is a

pseudomodular. This functional defines the modular spaces called the Orlicz

space and usually denoted by L,,. The norms introduced in L,,, the so-called

Luxemburg norm and Orlicz norm, are defined respectively as follows:

(1) ixllgpny = inf{2 > 0: Iy (/) <1}, lixlly = sup [x(@O)y(@)dr,
INO)S1 G

where x is a function belonging to L.

It is well known that the two norms are equivalent, nevertheless, the
corresponding geometric properties between the two norms are perfectly
different.

Without any confusion, throughout this paper we denote by L,, the

space (Ly, |l -1Im)-
I. Lemmas.

LemMA 1. Let X be a Banach space. Then

(i) if X contains a subspace isomorphic to c, or ly, then X is not B-
convex;

(i) if X contains a bounded sequence not containing any weak Cauchy
subsequence, then X contains a subspace isomorphic to l;;

(iii) if X is locally uniformly non-square, then it is not a flat space;

(iv) if X is uniformly non-I'¥ |, then it must be uniformly non-IV (n > 3);

(v) there exists 6 >0 such that for any u, veS(X) with

(*) min {Jlu+ |, lu—vll} <2(1-9)
if and only if there exists 1 > 1 such that for any x, yeS(X), we have
(%) max {||x+yll, lIx—yll} > 1.

Proof. (i) (see the proof of Theorem 2.2 in [5]). (ii) (see [10]). (iii) (see
17H in [11]).

(iv) If X is uniformly non-I?, (n > 3), then by definition there exists
do >0 such that for any xy, Xj,..., X,—;, X,€(S(X)) there exist n—2
numbers &,, &3, ..., -1 (&= *+1, i=2,..., n—1) with

Xy + &3 X2+ ... +&5-1 Xy qf] < (n—1)(1—=3p).
Let

6=n—1

60, Ep = 1,
n
then we have
X1 +€3 X3 +83 X3+ ... +8m 1 Xpe 1 T8, X,|
SlxgFe X+ oo Femo 1 X gl FlIx S (n—1D)—(n—1) 6o+ 1 = n(1-9);

hence, X is uniformly non-I! (n > 3).
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(v} Necessity. If (xx) is not satisfied, we can choose x,, y,eS(X)
(n=1,2,...) with

IXa+yall =1, lixg=pill =1 (n—0).

Let u, = (xn+yn)/”xn+yn”9 v, = (xn_yn)/“xn_yn” (n =1, 2’ ) By the in-
equality

Q) 2xnt yll =l = yall - [1l1x0 = yll = 1l1x0+ ll |
= |21+ yalll| = |06 = 720 (1110 = Yall = 1/l + plD)|
< [[2x 11+ pull + (tn = ya) A/ = yoll = 110+ yalD|
= {|(%n+ Y%+ Yall + = Yl l1n = Yall]] = lltn+ 0,
< 2%+ yull + 110 = yull [ 17110 = yall = 111+ vl |]

we immediately obtain

4

3) llup+vall =2 (n — c0).
Almost the same proof as that of (3), we have
(4) lup—vall =2 (n = 0);
this contradicts (x).
Sufficiency. If () is not satisfied, we can choose u,, v,€S(X)
(n=1,2,..) with
(5) lup+oall =2, Nup—vlll =2 (n > 0).

Let x, = (u, + v)/lluy+ v,ll, Yo = (Uy—va)/llu,— vl (n =1, 2, ..); similarly as in
the case of (3) and (4), we have ||x,+y,|l =1, ||x,—y.l ?1 (n = o) contra-
dicting (*%).

LemMma 2. (a) Let x be in Ly, x # 0; then there exists a ko > 0 such that
.1 1
[Ixllae = mf£[1+lu(kx)] = "'c—[l"'IM(kox)]'
k>0 0

(b) Ly is weakly sequentially complete iff no closed subspace of Ly is
isomorphic to c,.

(c) Let M(u) satisfy the condition A, for large u; then for any ¢ >0
and ¢ >0, there exists a 6 >0 such that I(x) <c and I,(y) < imply
Hpx+y)— Iy < e

Proof. (a) (see Theorem 10.5 in [8] and Theorem 1 in [15]). (b) (see
Chapter 10 in [7] or [14]). (c) (see [6]).

Lemma 3. If x,, y,€S(Ly) with max {||x,+ yulls, 1%, =Yalln} < 14+1/n
(n=1,2,..), then
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k,+h k,h
n n n''n _ - O - )
(6) kn ”l,, IM kn + hn (Ixnl Iynl)_ (n @)

where k,, h, > 0 satisfy

1 1
”xn+y'n”M = _k—'[]' +IM(kn(xn+yn))]’ ”xn—yn“M = ~h—[l_!-IM(hn(-xn—yn)):l

Proof. By (6) and the convexity of M (u), we have {

(M) 242/n > xu+ Yallsg + 11X = Villas

k. +h h
= n n n M k 3
i {1+ ! Py (ku (X (D) + ya (1) +

G

ky
+k,,+h,, M(hn(xn(t)ﬁyn(t))) ldt$

k,+h Kn Pt
>t "{IHM(/( T 2"n)%>H2x,.|lM=2 (n=1,2,..).

n

Similarly,

@) 2+2/n > lixy+yallm + %0 = yillm

k,+h il h k
— n n 1 n Mk n Mh _ d
B | M0 30 e M =30 (0) e
G
k,+h k,h
>z 1" 2y 1 = 120l = =1,2,..).
(e o =2 =12,

Therefore, by (7), (8) and M (u) satisfying the condition M (ju|—|v))
< lM(2u)—M(2v)}, we have

kn,+h,
ky b,

(- ),

knhy kn by
Th ,,(t)) (kn+hn 2y,,(t))!dt <4/n -0

¢ (n — o0).

Lemma 4. If N(v) satisfies the condition A, for large v, then the set

1
K= {k: il = 1+ L ()}, @ < lixlye < b}

is bounded for any b>=a> 0.
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Proof. Write u, = M™'(1/2u(G)). By Theorem 4.2 in [8], N(v) satisfies
the condition 4, for large v iff there exists / > 1 such that

9) M(lu) = 2IM(w) for all u = u,.

For given b>a >0 and xeL, with a<||x|, = (1+1y(kx))/k <b, since

IXllagy = $1Ixlly = $a, by the definition of |-|lny, we have I,(3x/a) > 1,
therefore

M (3x(t)/a)dt

G(13x(l/a=ug)

= Iy (3x/a)— | M (3x(1)/a)dt = 1,4 (3x/a)— M (ug) 1(G) > 3.
G(|3x(t)l/a <ug)
Now, suppose k > 3l/a, so we can select a positive integer i such that
I' <iak < I'*'. By repeatly utilizing (9), we get M (Fu) = 2'I' M (u) (u > ug).
Hence
1
[

1 3
b lixlly = 1+ L (k) > M(%akax(t) )dt

G(3/alx(D] Z ug)

L M(liz.x(t))dt
k k a
G(3/alx(t)] Z ug)
2 i 3 2l
Z-k— ! M(ZX([) )d[>T 2

G(3/alx(t)| > u)
> (2 /‘)/(g et ) = a2'/6l;
therefore, i < log, 6/b/a. Thus,
k < max {é I, 21“'0826"’/'1} _ 311 +log361b/a
a’ a a

LemMMA 5. Let xe€Ly, € > 0. Then there exists 6 > 0 such that ||Xyg\|lm
2 |Ix]lp—¢ for any e = G with u(e) <.

Proof. Since xeL,,, by the definition of ||-|{,,, we can select yeLy
such that Iy(y) <1 and [ x(t) y(t)dt > ||x||y—¢/2. By the absolute continuity
G

of the integral, there exists 6 > 0 such that for any e < G, if only u(e) <9, we
have (x(t)y(¢)dt < &/2. Therefore,

IXxcelly = | x(@Oy(t)dt = [|xllp—e.
G\e

LemMma 6. The following properties are equivalent.
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(I) N(v) satisfies condition A, for large v;
(IT) there exist ¢ > 0 and vy > 0 such that N((1+¢)v) < 2N(v) for all v
2 g}
(III) there exist 6 > 0 and uy > 0 such that M (2u) = (2+6) M (u) for all u
2 Uy,
(IV) there exist 1 >1 and uy >0 such that M(u) < M(lw/2! for all u
= Uu,.

Proof. (I)=>(II). Let K > 2, v, > 0 with N(2v) < KN (v) for all v > v,.
Taking ¢ = 1/(K —1), by the convexity of N(v) we have

N((1+&)v) = N(e2v+(1—¢&)v) < NeQv)+ (1 —e) N (v)
S[I+(K—-1)e]N@®=2N[@®) (v =vo).

(IT) = (I1I). Write N, (v) = $ N((1 +¢)v) and denote by M, (u) the comple-
mentary N-function to N, (v). By (II), Ny (v) < N(v) (v > v,), therefore there
exists uo >0 such that 3 M (2u/(1+¢)) = M, (u) = M (u) (u > uo). Taking &
= 2¢, for all u > uy, we have

M(u) < 3M(2u/(1+¢) < S MQuw/1+¢) = M(2u)/(2+9).

(IIT) = (V). For given é > 0 in (III), select a positive integer n such that
ndé = 2. Let 1 =2" u, =uy; then for all u > u,, we have

M(lu)=MQ2"u) > (2+8)"M () > (2"+n2"" 1 5) M (u) > 2IM (u).
(IV) =(I). See Theorem 4.2 in [8].

II. Main theorems.

THEOREM 1. The following conditions are equivalent.

(A) L, is reflexive;

(B) L,, is uniformly non-square;

(C) L,y is uniformly non-IV (n > 2);

(D) L, is B-convex;

(E) noclosed subspace of Ly, is isomorphic to ¢ or l;;

(F) M(u) satisfies condition A, for large u, and there exist 6 >0 and
ug >0 such that M(2u) > (2+0) M (u) for all u = u,.

Proof. The implications (B) = (C) = (D) = (E) are evident by (i) and (iv)
of Lemma 1. Also (A)<>(F), by Lemma 6. So, to complete the proof it is
sufficient to show the implications (E)=(A) and (A) = (B).

(E) = (A). Since noclosed subspace of L,, is isomorphic to ¢y, by (b) of
" Lemma 2 L, is weakly sequentially complete. Let |x,] be an arbitrary
sequence in the unit ball of L,,. Since noclosed subspace of L, is
isomorphic to [;, by (i) of Lemma 1 we can choose a weak Cauchy
subsequence {x, | of {x,}; therefore, in virtue of the weak sequential com-
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pleteness of L, there exists x; in L, such that Xny 5x (k > o). By the
lower semi-continuity of the norm || ||, we have

lIXollar < Lim||x,,[Iy <
k=
It follows from the famous Eberlein—-Smulian Theorem that L,, is reflexive.
(A) = (B). If (B) does not hold, we can choose x,, y, in S(L,,) such that
max Hlxn+yn||M> ”xn—yn”M} < 1+ l/n (n = 1; 27 )

By (a) of Lemma 2, there exist k,, h, > 0 such that

15+ Vallse = 7 {1+ Ty (ki (x4 y2))

k l

1
”xn_yn”M = il— {1 +IM(hn(xn_yn))}’

n

n=1,2,... Therefore, by Lemma 3,

k,+hy,
Iy = 00).
0 s (k (bl mn)—»o (n )
Observe that $ < 1—1/n < ||x,+ y,lln < < 1-=1/n <|x, = y,llp < 2 for all

> 2; by Lemma 4, the set |k, h,} 2, is bounded Without loss of generality
let h,>k, (n=1,2,..). Write H, =suph, and K, = infk,.

Since ||x,+Villu <2 (n=1,2,..), it is obvious that K, > 0 and
Ko _ kil _Ho

Hence, by (9), we obtain

2
TR ( (1 —ly.,l)> =0 (n—w).

Remembering that M (u) satisfies the condition 4, for large u and supk,
< oo, we have

(10) Iy (ko (1, =1y)) =0 (n —00)

and ‘IM(2k,, x)<c (n=1,2,..) for some positive constant c.
By (c) of Lemma 2, there exists > 0 such that for any x, y e Ly, if only
I(x) <c and Iy, (y) <0, we have

By (10), there exists an integer n, such that
(12) Iy (kn (X, = ya)) <6 for all n 2= ne.

1t — Roczniki PTM — Prace Matematyczne XXVUI
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A

Let G,=teG: x,()y,(t) =20} (n=1,2,..). Since M(uy)/u,
M (u,)/u, whenever u, < u,, by (11) and (12), we have

2+ 2/" > “xn+yn”M + ”xn—yn”M

11t 1
>——g - | M(k,(x, R (0)))dt
L J (kn (10 0+ Lya ) e+
Gn
1 .
- f M (1 0+ [y (0))) de
nG\,G,,
> L ke + 1)
Z 1y T3 n{1Xn "
T M Y
Loty (2K, 13l + Ky 1yl —1x,)
= —— - T X X
Ho kn k,, M nin n yn n
] 1 [ 1 Ko
A+ T 2k X)) —
7 Hy iy e,

= |12x,lu+1/2Hy = 2+ 1/2H,
for all n > n,. This contradiction shows condition (B).
THEOREM 2. (o) Ly, is locally uniformly non-square; (B) L, is non-flat.

Proof. By (iii) of Lemma 1, we only need to show (x). If L, is not
locally uniformly non-square, we can choose x, y,€S(L,) with

max \[[x+yllms [X=yilla} <1+1/n (n=1,2,..).

By (a) of Lemma 2, there exist k, and h, with

1 1
”x+yn||M = k’ {1 +IM (kn(x—l_yn))}a “x_ynHM = '}_1_ {1 +IM(hn(x_yn))}y

n=1, 2, ...; therefore, by (7), we have

2 k,+h k,t
2+~>»lt--—"{l+IM(~-—" b 2x>}>2 (n=1,2,..).

n- kyh, k,+h,
Since x(t) is a fixed function, it is obvious that L
b=sup-———<oo and a=inf———>0.
Lk, +h, s k,+h,

Hence, by Lemma 3, we obtain Iy (a(lx|—|y,))/b =0 (n —cc). Therefore,
[y, ()] & ]x(1) (n — o) (where % denotes the convergence in measure).
Without losing the generality, let h, >k, (n=1,2,..), limk, =k,

n—+o
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lim h, = hy and |y,(t)] = |x(t)] (n = ©) a.e. on G (otherwise, we may select

subsequences with those properties). It is obvious that kg > 0, hy > 0. Let us
consider a few cases.

(A") ko = hy = +o0. In this case, k, h,/(k,+ h,) = + 00 (n = o), a contra-
diction.

(B’) kg < hg < + 0. By Lemma $, there exists 6 > 0 such that for any
e = G with u(e) <4, we have

(12) 12xxg el < 2—1/2h.

Choosing G, < G such that u(G/Gg) < é and |y, (2)] = 1x ()] (n = o©) uniform-
ly on Gy, by M (uy)/u; < M(uy)/u, (u; < u,) we have

2+2/n > “x+ynnbl+”x_yn“M

1 1 1
>Lebid f M (o (%) + v, ) de +

G o(x(2)y (1) 2 0)

1
. f M (b (x(0)— ya(0)) dt

n
Go(x(Dy (1) <0)

hl {1+ J M (k,( |x(t)|+|y,,(t)|))dt}

Let n —=o0; by (12) we obtam a contradiction:
1 1 1 1
2= 2 = —_— =24
h0+“ XXGollm = ho —+2 g +2h0
(C) ko <hg=+o0. For any n>0, write G,=G(x(®>1n), G,
=G(x(@)y.(t) <0) (n=1,2,..); then

(13) #(G,nGy) =0 (n—00).
In fact,
1 ¥ 1
22 |Ix—yllm 2 > J M (B, (1x (0] + |ya () dt > M j M (h, x(t))dt
GGy " Gy Gy

1
2 h_M(hn ”)#(Gn ﬁG”).

Hence, we have

w(G,NG,) < -0 (n- ).

2h,
M (h,n)
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For any ¢ > 0, by Lemma 5, there exists § > 0 such that ||2xyg\ll» > 2—¢
whenever e < G satisfies pu(e) < 9.
By (13), there exists a subsequence {G,} of {G,} such that, for each m,
we have
u(Gn, NG, < f2m+t,

Choose G, =G such that u(G,) <46 and such that |y,(®)] —|x ()|
(n = o) uniformly on G\G,. Then u(G’) <d, where

G'=Gou U (G,NnG)=GoU[( U G,)NG,].
m=1 m=1

Noticing that

a0

6\ =(6\ U Ga)ul( U Gu\(Gou Gl

m=1

we obtain

"l

1+— L 1x + Vil = *[1 + f m (1% O+ [Vm (t)l))dt]
o 0,

Gy

[1+ J M (ko (1 ()] + |ym (0)])) dt —

G\G’

1
> —
Ky

= f M (ko (1% (91 + lym (@)])) dt]

G \(GgUGy)

—~
-3
s
[

[1+ JM (1% O+ [ym ©)])) dt —

G\G’

1
k

- J M (K (1% @)1+ |ym (r)l))dt]
G\(G UGy
(n=1,2,..). Let m —>o0c; we get

(14) 1>£—[1+ JM(kOZx(t))dt— j M(k02x(t))dt]
0]

G\G' G\(Go UG,
1 1
> IlzxXG\G’”M"k_M(sz e pu(G) 2 2—¢ +E)~ M (2ko &) u(G)-
0

Since ¢ is arbitrary, (14) gives a contradiction, completing the proof.
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