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Difference methods for nonlinear
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Introduction. The problems of finite difference approximation to initial
boundary problems for parabolic equations were considered by many
authors and under various assumptions. Numerical treatment of the Cauchy
problem is found in [17], [2], [8], [10], [24]. In [1], [8] the approximated
solutions are assumed to be bounded. In [2], [24] the solutions are allowed
to belong to a natural class of fast increasing functions. Difference methods
for nonlinear parabolic differential equations with initial boundary condi-
tions of the Dirichlet type were considered in [4]-[6], [11], [14], [15]. An
error estimate implying the convergence of difference schemes is obtained in
these papers by difference inequalities methods. Numerical treatment of the
initial boundary problem of the Neumann type is found in [13], [16]-[19].
The method of lines for nonlinear parabolic equations is considered in [10],
[241-[27]. By using a discretization in the spatial variable, the parabolic
equation is replaced by a sequence of initial problems for ordinary differen-
tial equations. In [10], [24]-[27] the question of under what conditions the
solutions of ordinary equations tend to a solution of the original problem is
investigated.

In [12], the author studies the error due to the discretization in time of
a nonlinear parabolic problems by a multistep method. Error estimates are
obtained if the method is of the order p > 1 and is strongly stable. Paper [7]
discusses Runge-Kutta methods for stiff differential equations of high dimen-
sions. A second order method is constructed and numerical results of stiff
problems originating from linear and nonlinear parabolic equations are
presented. Paper [3] deals with a linear parabolic equation and with a
method, which is founded on linear multistep methods. The author studies
the stability and the convergence for this method.

The methods mentioned above have an extensive bibliography. For
further information see the references in [201-[23], [28] and in the papers
cited above.
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In the present paper we consider parabolic differential-functional sys-
tems with initial boundary conditions of the Neumann type. We consider
general one-step methods for this problem. We introduce some general
difference operators which enable us to get new difference schemes which are
convergent to the exact solution of the differential-functional problem. In the
first part of the paper we give some estimates of the difference between
solutions of recurrent equations. We apply these estimates in the investiga-
tion of the stability of difference methods.

1. Estimates of the difference between solutions of recurrent equations. Let
us denote by # (X, Y) the set of all functions defined on X taking values in
Y; X, Y being arbitrary sets. Let d = (d,, 44, ..., d,)eR"*! where d; > 0 for
i=0,1,...,n and I, =(0, d]. For each h =(hy, hy, ..., h,) €l; detine the
sets N, ={—no(h), ..., —1,0, 1, ..., n*(h)}), N9 ={—ny(h), ..., —1, 0} and
Ny =1{0,1,...,n*(h)—1} where ny(h), n*(h) are integers and ny(h) >0,
n(h) > 0. In the sequel we write ny, and n* instead of ny,(h) and n*(h)
for hel,. Suppose that © is a given set and Q, = Q for hel,. Let I', <
F (N, xQ,, RY and F,: Nf xI', = F (Q,, R*) where hel,.

Suppose that Q¥ < Q, is a given set and Q,\Q? # @, hel,. For each
(i, ) eNF x 8, we define the set V(i, t) in the following way. If (i, t) e N}
x(Q,\2Y), then V(i, t) = {(j, ) €N, xQ,: j <i}. For (i, ) eNJ¥ x Q¥ we set
V(i,t)={(j, )eN, xQ: j<i}U{(j, 1) eN, x(2,\2): j =i+1}. The func-
tion F, is said to satisfy condition (V) with respect to Q2 if for each
(i, )N} xQ, and for u, vel, such that u(j, t) = v(j, 7) for (j, 1) eV (i, t) we
have F,(i, u)(¢t) = F,(i, v)(1).

Assume that ieN,, ze #(N,xQ,, R and z is a bounded function.
Then we define

2l = sup {liz(, Dll: ~—no <j < i, t€Qy}

where ||]] is a norm in R If (i,1)eN,xQ, and z=(zq,...,2)€
F (N, x8,, RY, then we write

sup z(j, ©)=( sup z;(j, 1), ..., sup z/(j, 7))
U,eVii,n U,n) eV (i,t) U,0eV(i,b
Suppose that (i, z), (i, 2) eN* xI', and F,: Nf xI', > % (Q,, R*). Then we
write F,(i, z) < Fy(i, 2) if for each t €Q, we have F,(i, 2)(t) < F4(i, 2)(t). For
p=(ps,..., ) ER* we write |p| =(Ipl, ..., Ipl)-

Let Fo(N,xQ, RY) < F(N,xQ,, R'ﬁ,) be the class of all functlons
defined on N, xQ, taking values in R% which depend on the first argument
“only. Suppose that U,: #,(N, xQ,, R") % (N,, R%) is an operator de-
tined by (U,z)(i) =z(i, t), where (i, t)eN,,xQ,, and zeFy (N, xQ,, R,).
It is seen at once that the mapping U, is bijective. Elements of the sets

Fo(N,xQ,, R%) and .7 (N,, R%) will be denoted by the same symbols.
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‘We consider the initial problem for the recurrent equation
z(i+1,0)=F,(i, 2)(1), te€, ieNjy,

z(i, ) = w,(,t) for (i, ) eN xQ,,

(1)

where w,: N? x9, > R* is a given function.
Let #%(N,xQ,, R%) < #,(N, x®,, R%). In the further parts of the

paper we introduce additional assumptions on %3 (N, xQ,, R%).

If we assume that F, satisties condition (V), then problem (1) has exactly
one solution. ‘

Let us consider two problems, the initial problem (1) and the following
one:

z(i+1,1) =F,(i, 2)(t), teQ, ieN},
)

2(i, ) = @,(i, t) for (i, )N xQ,,

where F,: N¥ xI'y = F(Q,, R¥) and @,: N xQ, — R*. We are interested in
finding an estimate of the difference between the solutions of (1) and (2).

Lemma 1. Suppose that:

(@) F,, F,: N} xI'), » 7(2,, RY, w,, &,: N xQ, - R,

(b) I'y = F (N, xRy, R is such a set that if zel', and 7€ F% (N, xQ,,
R%) then z+Zzel,,

(c) for each hel; the function F, is nondecreasing with respect to the
" functional argument and satisfies condition (V),

(d) for each hel, there exists a function Q,: N¥ xR% — RY such that

(i) Q. is nondecreasing with respect to the second argument and
Qu(i, p) = p for (i, ppeNF xR,

(i) for zeTl,, z€ F7%5(N,xQ,, R%) we have

Foli, z+2) ()= F,(i, () < @i, sup 2(,7), (i, ) eNF x,,

U,DeV(i,b)

(e) u, and v, are solutions of (1) and (2), respectively, and there exists
va: N¥ > R% such that
IFuli, ) ()= Foli, v) @1 S 94 for (i, ) eNF xQy,
) ﬂh,,,ﬁh € FE(N, xQ,, RX) are functions such that

Q) Bo() = Bu)) for ieNY and |wul, )~y O < Bu() for (G, 1)
eN© xQ,,
(ii) for ieN}¥ we have

Buli+1) = Q,{i, Bh(i))'f“?’h(i)a Buli+1) = Qu(i, Buli+ 1)+, 0).
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Under these assumptions we have

Iuh(i9 t)—U;,(i, t)l ﬁh(l), i= 0’ 19 sy n*’ tEQh\Q(hO),

<
|uh(i’ t)_vh(is t)l S Eh(l)a i= 09 11 LERE) n*a teQLO)-

3)

Proof. It follows from as§umptions (d) and (f) that ﬁ,,(i) = B,(i) for
i=0,1,...,n* and B,(i+1) = B,(i) for ieN}. Estimation (3) is equivalent |
with W, (i, ) S u, (i, ) <w,(i,t), i=0,1,...,n% 1€, vghere wi(i, t)
= Uh(i, t)+ﬁh(l) fOf (l, t)ENh X(Qh \leO)), Wh(i’ t) = vh(i, t)+ﬁh(l) for (l’ t)
eN, x QY and W, (i, t) = v,(i, )= Bu()) for (i, ) eN, x(Q\2”), Wi, 1)
=v,(i, )= B, (i) for (i, )eN, x QY.

If (i, ) e N¥ x(2,\2) then

woi+1,0)=v,(i+1,0)+B,(+1)
= F,(, Wh)(t)_"ﬁh(i’ ) (8) — F (i, v,) (1)
—[Fu(i, 04+ B ()= F4 (i, v) ()] +Buli+1)
= Foli, wp) =) — Quli, Ba()+ Bi(i+1) = Fo(i, wa) (0).
For (i, t)eN¥ xQ\® we have
wi(i+1,0) =v,(i+1, )+, +1)
= F(, Wh)(t)+ﬁh(ia v (8)—F, (i, v,) (1)
—[Fy(i, va+ By ()= Fui, vp) 0]+ Br(i+1)
> Fy(i, wo) (0= () — Qu (i, Buli+ D)+ Bu(i+1) = F, (i, w) (1).

Thus we see that recurrent inequalities
(4) Wh(l+13 t) > Fh(i, Wh)(t)’ (l’ [)GN:‘ Xth

uy(i+1,0) < Fy(i, up) (1), (i, )eEN) xQ,,
and the initial inequality . -
(5) Wh(i’ t) ? uh(i’ t)’ (la t)ENXO) >A<‘(2h

hold. Relations (4), (5) imply u,(i, ) < w,(,t)fori=0,1,...,n*teQ,. Ina
similar way we prove that w,(i, t) < u,(i,t) for i=0,1, ..., n* teQ,. This
completes the proof.

ExampLE 1. Suppose that assumptions (a)—(c) of Lemma 1 are satisfied
and u,, v, are solutions of (1) and (2), respectively. Assume that

(o) there exists a matrix A = [A;];j=1,.x With 4;> 0 such that for
Ze F%(N, xQ,, R%) we have
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LFali, z+2) ()= Fu(i, 200017 S T +ho A)[ sup  Z(j, 7)]"
(,DeV i,

(here I denotes the k xk unit matrix and T means transposition of the
vector or matrix),

(B) there exist vectors C, =(Ci, ..., C¥), a0, = (0%}, ..., 0% such
that
IFy(i, 0 ()= Fo(i, 0) (0] S hoChy (i, ) ENF xRy,

and
|, (i, t) =@, (i, D)) < 00, for (i, )N x Q.

Then we define B,,5,: N, — R¥ by the formulas
Bu(@) = Bu(i) = o, for ieN{?,
B+ 1) =T +ho A) B, ()T +hoCI  for ieNE,
Bui+1)T = (I +hoA)B(i+ 1) +ho CT for i eN}.

The above relations lead to formulas

22
Br()" = (I +ho ¥~ 1o 4+ hy Z (I+ho AY CF,
©) 2:’—11:0
Bu()T = (I + ho H* aontho Y, (I+hg AY CY,
: o

where i =1, 2, ..., n. Assertion (3) has now the form
lu, iy, ) —v, (i, )] < B, i=1,.. , tEQ\QD,
Iuh(i’ t)_vh(i’ t)l < Bh(l)a = la s n*, tegz(hm

™

with the above given B, and J,. Let ||-|| be the norm in R* defined by ||p||
= max |pl, p=(py, ..., p) €R" If ||4]| > 0, where

1<isk

k
Il = max } |4,

1Si<kj=1
" then (6), (7) lead to
®) N, )=, DIl < A +ho 14D~ |loo,ull
HICH AN [+ ho llAINF 1 =1], e\,
and
O luy (i, ) —ow(, DIl
< (L+ho IADEHICAIANT A +ho 14D =11, e,
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where i =1, ..., n*. If ||A]| = 0 then (6), (7) lead to
llun (s ) =04 (i, O < looull +ho(i=DIC, ¢ €Q\Q2,

luy (i, )~ v, (i, Ol < lioo,ull + Ao 2i|Cill, teQi?,

where i =1, ..., n*,

2. The convergence of one-step methods for differential-functional prob-
lems. We will denote by C(X, Y) the set of all continuous functions defined
on X and taking values in Y; X, Y being arbitrary metric spaces. Let E
= (0, a] x(—b, b), where a >0, b=(by,..., b,), b; >0 for i=1,...,n and
EO® =[—14,0]x[—b,b], 16=0. If w: EQUE —»R is a function of the
variables (x, y), y =(y1,..-, yu), and there exist derivatives D, w, D,,.w
for i,j=1,...,n, then we writte Dw=(D,w,...,D, w), Dyw
= [D,;,; W) j=1,...n. For a function z =(z,, ..., zy): E©UE —R of the vari-
ables (x, y) we write D,z = (D24, ..., Dyz) and D,z =(Dy,z, ..., D, z),
Dy‘,yjz = (D,,iyjzl, . ijzk), where i, j =1, ..., n. In a similar way we define
D,,, 52 if z has the adequate derivatives of the third order. Let us denote by
OE{™) and OE{" the sets

OE}™ = {(x, ) €(0, a] x[~b, b]: y; = ~b}},

ESH = {(x, y) €(0, a] x[—b, b1: y; =b;}.

Let T =ExR*xC(E®UE, RY x R"xR"™ and assume that f = (fi, ..., fi):
I >R ¢ =(¢,..., »): E® — R* are given functions. Suppose that

g;i=9j1>---»9;0): ExCEPUVE,RY)—>R* j=1,...,n,

and

§i=@Gi1rr G EXxC(E9OUE, R) >R%, j=1,...n
(E is the closure of E). For z =(zq, ..., z): E@UE —>R* write
e,y 2(x, ¥), 2, Dyz(x, y), Dy 2(x, y))
= (fi(x, ¥, 2(x, 1), 2, D,z (x, 3), Dy 24 (x, 3), ...
o fill%s ys 2(x, ), 2, Dyzk(;;, ¥, Dy, z(x, y))).

We consider the differential-functional problem
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sz(xa )’) = f(xa ys z(x, }’), Z, D,,z(x, y)’ Dyyz(xs Y)), (X, .V) EE,

(10 Dng(x, y)=g;(x,y,2) for (x,y)€dE”), j=1,..,n
D, z(x,y) =g(x,y,2) for (x,y)€dE”, j=1,...,n

z(x, y) = @(x, y) for (x, y)€E©.

We define a mesh in EQUE in the following way. Let I, =
th =(hg, hy, ..., h;): there exist natural numbers 7, n¥, j=1,..., n, such

that a+to = fihy, by = hyn} for j=1,...,nl. For hel, we write x' """
J J -] ]

= —1o+ihy, i=0,1, ..., np+n* where n, and n* are natural numbers"

such that a+to—(no+n*)h0 x? <0 <xP, and y;mj)=mjhj for m; =
0, £1,..., &nf where j=1,..., n Form—-(mo, ml,...,m,,) we write m' =
(my, ..., m,,) and Y = (4, ‘"’) Let M =i{m: m =0, +1,. +(n* 1),
j=1,...,n} and M*—{m m,—O +1, +n* for ]——1 ,n}. We
define E, = {(x"0, y™): mo =1, ... n* m'eM! and E® = {(x"0 ym).
my= —ng, —ho+1,..., —1,0, m’eM*:. Let

1 - I”L ”1) S ”11) < n k3 m 61‘4 K 1 = I”l- 1 < ”10 S n » m EM

and for i=1,...,n
T ={meT m = —n¥ if 1 <j<ithen m;# —nf and m; # n}},
T ={meT: mi=n¥ if 1 <j<ithen my# —n* and m;# n}}.

Put 27 = {(x™, y™): meT ™)} and Z{H = ("9, ym™Y: me T, where
i=1,...,n If 0<j<n then we define j(m)=(my,..., mj_,, m+1,
Mjs1, ..., m,) and —j(m) = (my, ..., mj_y, mj—1, mj,y, ..., m,). For a func-

tion w: EQUE, =R we write w™ =w(x", ™ ’) meT* and z™
=@M, ...,z™ for z: EQUE, >R  Let = {(x "0 ). o
=0,1,...,n% m EM*}

Let j° (m) —j%(m) =m and j* ! (m) = j(j’ (m), — Jt = —j(=j (m)) for
i=0,1,2,... In a similar way we define j(m) and —j (m’), 1<j<n
i=0, 1, 2,

If xe[—14,a] then we write H,= & =, 11y ..., 1) eEQUE:
¢<x}. For p=(p,, ..., pJeR* we define ||p|| = max |p). If zeC(E® UE, RY

1<i<k

then |[izl|l, = max [|z(&, n)ll, xe[—1¢, a]. Assume that the differential-
(&meHy

functional problem (10) is of the Volterra type, ie., if xe(0,a], z, 2z

eC(E@UE, R and z(&, n) =zZ(&, n) for (&, n)eH,, then f(x,y, p, z, q, )
=f()lc’ Y, p,z_, q, r)forye('—b, b)aPERkaq=(ql" 5‘In)eRn [rlj:]i,j=l ..... n>
reR™ and g;(x, y, z) = g;(x, y, 2) for (x,y) €E, §;(x, y, 2) = §;(x, y, 2) for
(x, y)€E, where j=1,...,n

For —ng<my<n* we define T, = {(j, m)eT* S<moj and E, .,
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= I(xD, y") e EQ U EF: j<mgyl. If z: E92 UE¥ > R* then we define the
norm ||z||§,’,‘z) = max ‘.Ilz"""’ll. (, m) €Ty} For —ng<my<n* and z=
(z1, ..., z): ES® UE¥F - R* we write
max z(x?, y™) =( max z,(x?,y™), .., max z,(x?, y™)).

G eT gy Gom)eT Gom)eT

Let S={s=(s1,...,8,): s5;€{—1,0,1} for j=1,...,n}. If seS and
1<j<n then we write j(s) =(sy, ..., Sj—1, S;+1,8;41,...,5,) and —j(s)
=(S1, .- Sj—1, Sj— 1, 8;44, ..., 5,). We define the following operators A
= (Ah cevy Ak) B(l) = (B(l) B;ci))9 C(i) = (C(li)9 ceey Cg))’ D(i) = [Dg)l]j,l=l,.‘.,n
where i=1,..., k. If we.Z (E(O’UE;',‘, R), my=0,1,...,n*~1, meM then

: _ (i) ., (mg,m’ +5)
Aw™ =% adw ,

seS

i i ,m’ +5) s .
BOwm = 3 p@ ™o =1, Lk,

seS

(11

where a¥, b¥, eR and

COwm — Z 1 c“) (mo.m’ +s),
seS h

(12)

D&? wm = Z

(mo.m +5) . . T
h ’ﬂ N l=l,...,k,_],l=1,
S&S 1

where ¢, d®. eR. For z = (zq, ..., z) € F(E{? U E¥, RY) we write

$,J% *Ss,)
AZ™ = (A, 2, ..., Agzi™), BYZm = (BO ™, . BY M),
where i=1,...,k my=0,1,...,n* =1, meM. If we 7 (E? U E}, R) then
COWm = (CHW™, ., COWm),  i=1,..k,
and

DOW™ = [DYw™Y, o\ i=1,...,k

where mg =0, 1,...,n%*~1, meM. Let E,={x"%, y™): me=0,1,

,n*—1, meM), X, = E, x R*x F(E® UE¥, R xR" x R"*. Assume that
for each hel, we have ®,=(®,..., W) ¥, »R" If z=(zq,...,2)
eF(E® U EF, R*) then we write

(mg) '
@, (x 0,y Bz™ z, Cz™, Dz'™)
(mg) 4
= (¢§11)(x o , y(m), B(”z("’), z, C(”Z(lm), D‘”z(l""),
(m@) , k k
, B ("0, i, BRIz, 7, CW M, D (),

me=0,1,...,n*=1, meM.
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In a similar way we define f(x", ™), z™ z Cz™ Dz™) for m,
=0,1,...,n*=1, meM, zeC(E® UE, RY.

Suppose that hel,, moeil, ..., n}. We define V, . : 7 (E{ U E¥, R
— 7 (E{® U E¥, RY as follows:
(Vaimg2)™ =29 if mg =, and there exists j such that me T/,
(Vg 2)™ = 279 if mq = i, and there exists j such that meT(™®,.

(Vg 2)™ = 2™ for all the rest of meT*.

Assume that, for each hely, g,;; Ef x F(E® UE}, RY) >R, §,;
Ef x. Z(EQ UEf,RY) ->R*, j=1,...,n are given. Suppose that
ze F(EQ® U Ef, RY. We define

(mq) fimn) *
Z ﬂﬁgh,j(x ° ’ y(J (m)), I/h,moz)’

s
i

( Lj Z)(m) = Z aj; ZUm) _ hj

i [

n
i=1 i=

meT{ 7, j=1,...,n,

and

3 ~ (mg) -
ﬁjigh,j(x 0 ’ y( I‘(m))a Vh,moz)’

D=

ﬁ :
( Lj z)"”) = Z &'ﬁ Z(—Fm) hj
i=1 i=0

meT D, j=1, cn,
1

Where 0(}-,-, &'ﬁ’ Bﬂ’ ﬁﬂGR, j=1,..., n, i=1,..., n, l=0, 1,..., ﬁ,

< min n}.
1<j<n

We consider the following difference method for the problem (10)

(mg+1,m) .
M0 = gam g p &, (X, Y Bz g CZ™ ) Dz™),

<n

meM, my=0,1,..., n*—1,
(13) 2™ =(L;2)™, meT ), j=1,...,n,
zZ™ = (f,jz)‘"", meTP, j=1,...,n,

zm — (p(m)+5(m) on an)’

where 8 = (8, ..., 6): E® - R*

Assume that u, is a solution of the difference-functional problem (13)
and v is a solution of (10). We give sufticient conditions for the convergence
lim [uf™ —v™|| =0, meT.
h| =0
" The function @,: X, — R* is said to satisfy the Volterra condition if for
meei0,1,...,n*—1}, z, Ze F(EY UE}, RY) such that z[Eym, = Z|Epm,

we have ¢h(x("'0), y("{)’ p,2,4, r) = ¢h(x("'0), y(m'), D, 29 q, r) for m EM,
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(,q,7) eR** "+ In a similar way we define the Volterra condition for g, ;
and g~h,j’ .} = 1, ceey MG Let p =(pl’ (RS pk)’ 5=(ﬁ1’ ey ﬁk)’ P, i)‘ERk' FOf the
index i, 1 <i <k, being fixed, we write péﬁ if p;<p;jforj=1,...,k and
p=pi. Let F (E® UE,, R%) be the class of all functions defined on

E{® U E, taking values in R which depend on the first argument only. For
a function z: EQ UE — R* we also use the symbol z for the restriction

ZlES,O)uE,,'
Our basic- assumptions are the following.
AssumprioN H,. Suppose that

(i) the function @,: X, = R* hel,, of the variables (x, y, p, z, g, 1) is
nondecreasing with respect to the functional argument and satisfies the
Volterra condition,

(i) for each i 1<i<k if p<p then &P(x,y, D, 2 4,7
< OP(x,y, P, 2,4, 1) on Z,, '

(iii) for each hel,, (x,y,z)€E,x #(EQUEf, RY) the function
&, (x, ¥y, 2z, -): R*xR"xR"—R" is continuous, ‘

(iv) the derivatives D, @}, qudiﬁ,i’, D,, oV, i=1,..,k jl=1,...,n
hel,, exist on X, and for each

(xa Vs P1s o+es Pi—15 Pi+1s -5 Pr> Z)GE(hXRkP1 X'F(EEO)UEIT) Rk)a

hel,, the functions

D, (X, Yy Prswevs Picts ' Pivts -5 Do 25 %5 ),
qu‘p(hi)(x, Vs P1sevos Pim1s s Pit1s +oos Di» Z5 %5 *)s
D,y P (X, ¥y Py ooos Die1s s Piv1s +oos Pis 255 )
i=1,..,k, j,l=1,...,n,
of the variables (p;, q, r) are continuous on R xR” xR",
W) D,ﬂcbﬁ,‘" =D,lj<15£f’ fori=1,...,k j,l=1,...,n hel,,

(vi) for P=(x, y,p,z,q,r)€Z,, hel, and for se€S we have

n

. . . .
(149 aP+hbeiD, P (P)+hy Y, h_ ¥ qu P (P)

j=1"j

S : ,
thy ¥ podDy #P(P) 20, Q=1 k,
J

Ji=1

(vii) there exists a matrix A = [4;];j=1,..x With 4; > 0 such that for
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hel, we have
(mg) ’ - - (m m'
(15)  [2u(x", Y™, p+p, 2+, 4, )~ (x"®, ¥, p, 2, g, )"

< A[p+ max zU™T,
(}',m')eT

(MO)a y(m), b, z, 4, r)ezh’ze O(E(O)UEh,R ) pERk

where (x

AssumpTioN H,. Suppose that

(i) for each hel,, j = 1, ...,n, we have g,;: Efx.7(E{UEF, RY
-R*, Gu;j EXx xF(EP UEf, RY) —»R* and the functions g,;, §,, satisfy
the Volterra condition,

(i) for each hely, j=1,..., n, the function g, ; is nonincreasing with
respect to z and the function g, ; is nondecreasing with respect to z,

(i) oy, &, B, BueRy forj=1,..,ni=1,..,/,1=0,1,..., 7 and

22&'},:1, j=1,...,n,
i=1

M=
R

1

it

(iv) there exists a matrix A = [Iu]i,j=l ,,,,, », With Z;> 0 such that for
hel,,j=1,...,nand for ze #(E{® UE}, RY, Ze F,(E{Y UE,, R%) we have
m ho ~ i
(16) [g,.,,-(x‘ Oy, 2) =gy ; (X", y, 2+ 51T <> A[ max FOmT,
hj (i,m')sTmO
where (x™, y™) eE¥ and

m ’ — i~ m ’ h
A7 G, ", y™, z42) =, (X0, ), z)]T<h—°A[ max zw)]r
j Um)Ty,

) ,
where (x™%, y™)) e EX.

AssumpTION Hj. Suppose that the operators 4, B9, C9, D9 i =1, ...k,
satisfy the conditions
() YaP=1 for i=1,...,k and b¥ >0 for se§, i,j=1,...,k

seS

YO =1fori,j=1,..,k

se§

() Y% =0and Yy d¥%=0fori=1,...k jl=1,...,n

seS seS

(iii) co > max [ max Z Bji, max Z Bi]-

1<jSni=0 1<jsni=0

At first we state a result on the stability of method (13).
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THEOREM 1. Suppose that
(A) Assumptions H,—H; are satisfied,

(B) veC(E® UE, RY, vl o = @ and there exist functions
F=F1s - W Lo —R%
such that '

(18)

and  y* =t ..., [p > RY

+1,m’ g ~
o0 " " — Ap™ — ho @, (x70, Y™, Bo™, v, Co'™, Du™)| < ho F(h),

my=0,1,...,n*=1, meM
and

(19 I(L; )™ —v™| < hoy* (),

<
[0 —(L; 0)™| < ho y* (h),
(C) u, is a .solution of (13).

meT 7, j=1,...,n,

+ .
meT}Y, j=1,..,n,

Under these assumptions we have

2m0—2
U™ — o™ < (T+ho A% V6, +he Y (I+ho A¥Y y (BT,
j=0
(20)

me=1,...,n* meM,
Zmo—l
) — 0| < (I+ho A% 6T+ hy Y (I+ho A*¥Y (W),

J

me=1,...,n%, meM*\M,
where Y= (YI’ "'9.yk): IO —)R’f{-a Y:(h) = maX(')‘;i(h), ?x*(h)), i= 1a [ERX) k9 Oo,n
= max |6Y"™| and

~ng<$js<0,meM*

2y

=1,..., k.

Proof. We apply Lemma 1 for to prove (20). Let €, = M* and
N,, N\, N#¥ are sets defined in Section 1 with n, and n* given in 2. Put

QO = {m’:' (L,me[U 70 U T
j=1 Jj=1

To each function z: E{® uE;f) — R* there corresponds a function Z: N, xQ,
—R* given by 7™ =z(x",

y™)). We will use the same notation for
elements of .#(E® U E¥, R and .#(N, xQ,, RY. Detine I', = F (N, xQ,,
R% and

F,=(F", ..., F{): N} xI), =7 (&, RY,
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where »

(22  F,(mg, 2)(m) = Az™ +h, ¢h_(x(m°), y™, Bz™ z, Cz™ Dz™),
moeN¥, meM,

and

F,(mg, 2)(m) = (sz)(moﬂ’m,) for (me+1, m)eT7),

Fy(mo, 2)(m) = (L;2)™" ™ for (mo+1, m)e T},

where j=1, ..., n. Then we have
(mg+1,m’)
Uy,

(23)

= Fy(mo, u)(m),  moeNj, m e,

It follows from Assumptions H; and H, that F, satisfies condition (V) with
respect to 2{”. Now we prove that F, is nondecreasing with respect to the

functional argument. Suppose that z, Zel', and z < Z. Then we have for
m’EM, mgo EN:

FP (mo, 2)(m)— F{ (mq, 2)(m)
— Ai z,(""——A,. f}m)-i—ho [¢§Ii)(x("'0)’ y(vn’), B® z("'), z, c® Zg"'), pw ZEM))
— (x('"o)’ ym) B0 Fm O Zm D my]
< A4z = A7
+ho [#P (x0, y™), BPZ, ..., BO, 7™, , B (™,
‘ B, Zm, ... BPzm 7 COZm DO zm)_
— PP (x("'"’, y('”", BO#m 7 COFm Do zm)]
= A;2{™ — A, Z™ + ho D, @ (P) [BY 2™ — B ]
n
+ho 3. Dy @R (PYLCP 2"~ CP 2]

j=1

tho 3 D, ()[04 ~ DY)

Jl=1

=Y [ -g"") [a9’+ho b D, & (P)

seS —
1
+Z ™ D tD"’(P)c"’—f—hO Z HD,I@“’(P)d?’,,J,
i=1%j ii=1
i=1,...,k,
where P, are intermediate points. The above estimation and (14) imply
(29) Fy(mo, 2)(m) < Fy(mo, 2)(m), moeNF,

where m' e M. It follows from Assumption H, that (24) holds for meQ,\M
and for z,zel,, z< Z.

5 —~ Commentationes Math. 28.2
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Let ¥, =", ..., i): Ni xT, > F (&, RY) be the function given by
(25) ¥, (mo, 2)(m)
L l,m’)_Az(m)—ho <Ph(x(mo)’ Y Bzm 7 Czm Dym)
for myeNy, m'eM,

and _
Y. (mgy, z)(m') = z('”0+1'"")_(sz)(m0+ 1,m)

for myeN¥, (mg, m)eT} ™),
B,y 2) () = 270" (L "0

for moeN¥, (mg, m)e T,

(26)

where j=1,...,n Let F,=(F, ..., F®): N} xI, - F (@, R*), where

(27) Fy(my, 2)(m) = Fy(mg, 2)(m)+ ¥, (mq, z)(m).
Then
(28) p ™ = B (mg, 0)(m),  moeNE, m'eQ,

and
(29) |Fy(mg, v)(m)— Fy(mo, 0)(m)| < hoy(h), moeNE, meQ,.
For each meN} xQ, we define the set V(m) in the following way. If
meN}¥ x(2,\Q) then V(m) = T,,,. For me N} xQ” we set
V(m) = Ty U (, 1) €Ny x(Q\Q): j = mo+1}.
It follows from (15)<(17) and from (22), (23) that
(30)  [Fy(mo, z+Z)(m)—Fy(mo, 2)(m)]" < (I+ho A¥)( max z0¢™)T,

U,m’)eV(m)
where mo e N¥, m' €Q,, zel',, Ze F,(E UE,, R%). Since
[ufpm — o™ < 64, for (j, m)eNY xQ,,
we obtain estimation (20) from Lemma 1 (see Example 1).

Remark 1. If the assumptions of Theorem 1 are satisfied and L
= ||A*|| > 0, then we obtain from (20)

B Hun—oll® < (1+ho L)*™llooull+ L7 [(1+ o L™ =171l (W),

my=1,2,..., n*,
If ||A¥|| then

”uh““vllgx% < |looull +2mo holICHll,  mo =1, ..., n*.
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AssumprioN H,. Suppose that
(i) the operator A defined by (11) satisfies the conditions:

Ys5;a? =0, Ys;5af=0, j,I=1,..,ni=1,..,k,

seS seS

(ii) the difference operators C?, DY i =1, ..., k, detined by (12) satisfy
Yosic® =6, j,l=1,..,ni=1,..k,

seS

where J; is the Kronecker symbol and

Z Sj' d(sl,?ﬂ = 0, Z Sj' sl' dg,)]l = 5J}' 5,1’ for j # l,
se§ seS
Z Sj' Sy dg,}l = 25”' 6[[' for J = l,
seS
where i=1,...,k j,j,LI'=1,...,n
(iii) there exists ¢ >0 such that h;jh7'<¢ for i,j=1,...,n, and
h,hJ Saho, l,j = 1, ...y R,
Now we prove a theorem on the convergence of the method (13).
THEOREM 2. Suppose that
(A) Assumptions H,—H, are satisfied, B _
(B) feC(I', R")_, 9eC(E® RY) and g¢;eC(ExC(E®UE, RY, R,
g,eC(ExC(E® UE, RY, R*) where j=1,...,n,
(©C) v=(vy, ..., v, ) eC(E® UE, RY is a solution of (10) such that v|; is of
class C3,
(D) there exist functions B, By: 1, = R% such that
(32 19, (x™?, pm) ym y Cym | pytm)
—f ("0, Yy, ym y, Com, Du™)| < B(h),

my=0,1,...,n*—1, meM, hel,,

and
m ’ m g \ h -
195 Y™, Vimg ) =g, 3, 0) < 22 olh),  me TS,

33) !

~ m - ~ m N h

'gh,j(x( 0)9 y(m), Vh,mo v)_gj(x( 0), y(M), U)l < h_oﬁo (h), m€7}(+),

j=1,...,n,

where
(34 ' lim B(h) = lim o (k) =0,

|} -0 |hj —0

(E) there exists a function By: I, = RY such that
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)T iom i ey e 3
IZ & ji Vi »_hj Z .Bjigj(x o, y(;'(m}), v)— vt )l < ho By (h),

i=1 i=0
- meT 7, j=1,...,n,

|5 o Em ey 3 B (6, Y F o) ] < o By (),

i=1 i=0

mE7}(+), j = 17 <.es B,
and
(36) lim B,(h) =0,
|k —~0 ’
(F) 6: E® >R* and g5, =  max 16(m), lim g, =0, -

-ngSmy<0,meM* k| ~0
(G) u, is a solution of (13).
Under these assumptions there exists a function y: I, = R*% such that
lim y(h) = 0 and estimates (20) hold with A* given by (21). In particular the

|nf 0
estimates
B Nup—oll) < e*Ellogull+ L7 [e**E =11y,  me=0,1,...,n%,
where L =||A*|| >0 and for L=0 v
38) luw—vllo)) < e**Ellooull+2ally(WIl,  mo=0,1,..., n*,
hold.
Proof. Let C > 0 be such a constant that
floCx, Y, 11Dy, 0(x, P, Dy, v(x, P 1Dy 4,0 (%, PN < C
i,j,l=1,...,n, (x, y€E.
Using for v; the Taylor expansion of the third order with respect to y we get
for some 6; (0, 1)

1 ;n m’ ; mq,m’ m ’
iz—[v: o+t )—Z ag"vg o +S)] =vai(x( °)+6,-h0, y™)+ R (h),
0 seS
v me=0,1,...,n%*~1, meM,
where i =1, ..., k and
ROM <),  i=1,...,k, meNFxM, hel,,

where
79 () =4en CIh) . laf).
seS

Let o(h) = (GO, ..., 7 (), helo, and
R(O"‘)(h) ( ("') 1(h), ..., RGH (h))
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We detine for my =0, 1, ..., n*~1, meM, hel,,
R () = @,(x™, y™), Bu™, v, Co™, Dy™)
-, (x""o” Py Cym | pym)
R (1) = @, (x™, y™), o™y, Co™, Dv'™)
— f(x("'o), Pyt Cytm | Dyt
RO (h) = (X", ytm)_ ym 4 Cytm | pyim)
— f(x(m°), Y™, o™ v, D o™, D ™),

and

R&m) (’79 h) ( (M) (nla h)s R&M)Z ("Za h)a .. ‘"l) (nka h))
where
REY s B = £, y™, o™, 0, D, 1™, D, of")—
—f( o 0)+7], h09 ) U(X( O)+’1£ hOs ,V(m')),
v, Dyvi(x( 0)+rli hOs ,Vm )a Dyyvi(x( 0)+ni hOs y(’nl)))s- i= 1, ey k
Then we have
(39)  o"OTI™M gy po p, (X0, ym, By™ b, Co™ | Dytm)
= —ho[— R (W + R (h)+ RSP () + R§” (W) + R{Y (6;, h)],
' my=0,1,...,n*—1, hel,.

Since |[BOv™ —p™|| < Clhl, i=1,...,k for my=0,1,...,n*=1, meM it
follows that there exists a functxon ylz I, = R% such that |R{™(h)| < 7, (h),
my=0,1,...,n*~1, mMeM and lim 7, (h) = 0. Let y,(h) = B(h) for hel,.

jhl ~0
Then |R§(h)| < 7,(h) for my=0,1,...,n*—1, mMeM and lim y,(h) =
{h| =0

Put C;v™ = (C{Pv{™, ..., CP ™), D;; o™ = (D o™, . ., DY v('”’) It fol-
lows from Assumptions H;, H, that for j=1,...,n my= 0 1 n‘ -1,
meM :

|C;v™ — D, v™| < $enC |k max ) |c¥)
J 1<isk seS
1€j<n

and

h .
IID;v"™ =D, , v™]|| < Ll C(cn)* max ) d%.,
i 6 1<i<k sc§
1<, §n
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where j,I=1,...,n my=0,1,...,n*—1, meM. The above estimations
imply the existence of a function 73: I, — R% such that |R{” (h)| < 75 (h), mg
=0,1,...,n*=1, mMeM and lim y5(h) =0. Let

{h] 0

Jai(= max  max [RY(n;, W), hel,,
0$m0$n"*-‘ 1 n;e[0,1)
m'eM

and

Ta(W) = (Fai (W), ..., Tau (h))’ hel,.

Then |R{(n, Wl < 7,(W) for me=0,1,...,n*~1, meM, n€[0,1],
=1,...,n and lim 5,(h) =0. Let '

|h| =0

4
F =3 Fi(h), hel,.
i=0

It follows from (39) that estimation (18) holds true with the above given 7
and lim y(h) =

tol ~0 .
With the notation

3 [
i (mg) i
ngl) (h) - 2 @ pU (M))_hj Z Bﬁ gj(x 0. , y(J‘(m)), v)_v(m),
i=0

i=1

. d M) (mt MY (jim
”(h) h'z 5ji[gj(xm0,y(” », ) —gh,;(x o, yuem, Vh,mov)]a

i=0
where meT}™), j=1,..., n, we have
40 I(L;0)™ — o™ < ST (W] +IST3 ()] < ho(1+co) By (R,
meT 7, j=1,...,n
In a similar way we prove that
(L o)™ = 0'™) < ho(1+¢o) B (h).

Thus we see that estimation (19) holds true with y*(h) = (1+c¢) B, (h) and

lim y*(h) =
4] ~0
Now we obtain the estimation (20), (21) and (37), (38) from Theorem 1

(see Remark 1).

Rermark 2. In Theorem 2 we assume that the consistency condition
(32)(34) is satisfied on the solution of (10). Theorem 2 remains to be true if
instead of (32)(34) we assume one of the conditions
' (i) the consistency condition (32)(34) holds for each function
veC(E® U E, RY such that vl is class C3,

(ii) there exist functions B, By: I, = R% such that for hel,
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|Pu(x, ¥, P, 2,4, = f(X,y,p, 2,9, < B(W), (x,y,p, 2,9 rerl,

h _ _
lgn;(x, ¥, 2)—g;(x, y, 2)| < fﬁo(h), (x, y)€E, zeC(E® UE, RY),
J

~ - h _ _
Igh,j(xa ,V, Z)_gj(xa ,V, Z)I S 719130(’1)) (X, y) GE’ z EC(E(O) o E’ Rk),
J

where j=1,...,n and lim B(h) = lim B,(h) = 0.

Ih} 0 |8l ~0

3. Examples of difference methods. Let J = {(j, [): j,I=1,...,n, j# 1.

Suppose that for each i, 1 <i <k, we have defined sets J{7), J{*) = J such
that SO UJP =Jand JI) NI =@, i =1, ..., k (in particular it may be
JT =0 or J{P = Q). Assume that if (j, [)eJ{™) then (I, j)eJ{™). Suppose
that A =AY, ..., 4D) and 4D = [A%7), o, ., i=1,...,k are differ-
ence operators defined by

(41)

and

(42)

AD W = (AW AD W) ACD D < [AGD

A&l)w("’) —- (2hj)— 1 [WU(m)) _W(—j(m))], j=1,...,n,
AGD W = (2h; )~ WD gy (= o)
4w ) 9y, m) G Hm))) w(—j(l(m)))]
for (j, )eJ{™) and for j=1=1,...,n,i=1,...,k,
4 }12,1’) wm — (2h,~ h)~ 1 [ — wlm) _yym) _ (= jtm) _ (= Wm) 4 9yy(m

+w(j(l(m)))+w(—j(--l(m)))] for (j, 1) EJEH, i=1,..., k.

Let 1 < ko < k. The difference method

(43)

(mg+1,m’) 0, (mg) ' .
2" 2 g g @ (X, Y, 2, 2, AW 7, A 7).
i=1,..,ky, my=0,1,....,0% =1, mMeM,
n
(mgp+1,m") 1 i = iy 7. (mg) g
270 < 4l 3 (@ 42T o B (<7, 0, §2
j=1

n
+ Y (290D 4 I )= 7, AW 7 A@D Zm)
j=1 .

i=k0+1’ ey k’ m0=07 1’ Tt n*_l’ m’EM’
Z™ = (L;z)™, me’I}("),j=1,.-.,n,
2™ = (L™, meTM,j=1,..,n,

2™ = p(m)+6™ for —ny < my <0, meM*,
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can be obtained from (13) by specializing the operators 4, BY, C%, D9,

THEOREM 3. Suppose that

(A) conditions (iy{v), (vii) from Assumption H, and condition (iii) of
Assumption H; are satisfied, '

(B) Assumption H, and conditions (iii), (iv) of Assumption H, hold,

(C) conditions (BYHG) of Theorem 2 are satisfied,

(D) for each P =(x, y, p,z,q,r)e€Z, and for i =1, ..., ko we have
1tho Dy, O (P)—2hg Y. D, @0 (P)+ho

=1% s=1 b
A

(44) 1 )
—4ID,, @R (P)|+-D,, & (P)— Z —lDr PP(P) = 0,
J hj ij 1h1
I#J

j=1,...,n,

(E) for each PeX, and for i = ky+1, ..., k we have

n

4[1+ho D, B (PY]—2ho ¥ hlp 0P+ Y

j=1"j jl=1
Jj#l

1D, o (P >
1

1 ; Lh ;
(45)  o-(1+ho Dy, @ (P)—5=1Dy, & (P)
]

v O (P)— Z——h—lD (P20, j=1,..,n,
1

l#;

(F) for PeX, and for i =1, ..., k we have
D, #(P)>0 for (, )eli,
D,ﬂtbﬁ,"’(P) <0 for (j, DeJ.

h2

(46

Under these assumptions we have

lim |juf®—v™|| =0
{h] =0

Proof. The difference method (41){43) satisfies all the assumptions of
Theorem 2. In particular, conditions (14) for the method (41)+43) are
equivalent with (44)+(46). This completes the proof.

Remark 3. If we assume in (41)«43) that ko = k and @, = f, g, ; = g;,
gnj=4g; for j=1,...,n then we obtain the method considered in [13],

[16]-[19].
Remark 4. We define F%(E\® UE,, R%) c F,(E® UE,, R%) in the
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following way: z € #§ (E{® U E,, R%) iff there exist constants K (z), M (2) R,
such that :
Z(M)SK(Z)Go,h+M(2)?(h), mo = -nOa'“,n*, m'EM’

where o, and y(h) are defined in Theorem 1. It is easy to see that Theorems
1 and 2 hold if we assume estimations (15)«(19) for Ze F%(E® UE,, R").

4. Difference methods for almost linear problems. In this section we
consider the differential-functional problem (10} with

(47) L yp oz, 8,0 =Ff(x, 9,029+ Y al(x, )ra,

=1
| i=1,..,k
where f=(fi,...,f): ExR*xC(E®UE, R)xR" > R", A® =[aD];,=y, .
A9: E >R, Let
2, = E,xR*x 7 (E® U Ef, RY xR".
Suppose that
&, =B, ..., d%): £, >R* and §: E{¥ -R*
where hel,. Define difference operators 4 =(4,,...,4,), A4%™ =
[4%™]j1=1,... as follows
A;w™ = (2h) ™ [wlm) — Wi =,
A;_i,,m) wm = (2’1,- h)~ 1 [_ WUy (Hm)) _ (= jOm))
— WA I 4 D4y ) g (= (= Koy
48) if j#1and af (", y"™) >0, j,1=1,...,n,
AG™ W™ = (2h, )~ [ 4 0 gy i)
WK Dy tm) ) (= ) |
if j=1or a®(x™, ym) <0, j,I=1,...,n,

where w: E® U E}f —R. Consider the difference method

n
(mg+1,m’) o, (mg) , .
z; 0 =A;zM+hy Y a(x70, y) AG™ 2™
Mi=1

~ ) , N
+hy PP (x("'o , Y™, BO Mz AZ™),

i=1,..,k, my=0,1,...,n*=1, meM,
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N 2™ = (L™, meT",
(49 z"”’:(i,-z)""’, me']"-“r j=1,...,n,
2 = M 4+ 5™  for —ny, <my <0, mMeM.

In Theorem 3 we assume that the derivatives D,ﬂ OV, i=1,...,k j#l
satisfy (46). Now we omit this assumption for method (48), (49).

AssumptioN Hs. Suppose that
(i) the function @, = (P, ..., ®P) given by

(50) &V (x, y, p, 2, 4, 1) = DV (x, y, p, 2, @)+ Z a$) (x, yry,

Ml=1

i=1,...,k,

satisfies conditions (i}{v) and (vii) of Assumption H,,

(i) Assumption H, holds,

(iii) condition (iii) of Assumption H; and conditions (iit), (iv) of Assump-
tion H, are satisfied,

(iv) for Q =(x, y, p, z, gy €%, hel,, and for i =1, ..., k we have

; ; = 1
@i’ +ho bl Dy, B (Q) =2k ¥ 37} (%, W +ho X 1
ji=1 j:il:ll ™

(51) )
afdn+ho bl Dy, B () +5,- Dy, B (Q)
J

+h0hz af) (x, y)—ho Z 7|a“’(x, =0, j=1,...,n,
]

l¢}

where 6 = (0, ..., 0) €S and

a? 0+ ho bj,: D, B (Q) —_71_1) $9(0)

J

n
=1 hihl
L#£j

a®+hob® D, $P(Q) >0 for seS,

j=1,...,n,

(52) +ho F af} (x, y)—ho

where 8@ = {seS: s# 0, s#j(0), s# —j@®) for j=1,..., n},
(v) the operators A and BY, i =1, ..., k, satisfy condmon (i) of As-
sumption H; and condition (i) of Assumption H,.
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THEOREM 4. Suppose that

(A) Assumption Hs is satisfied,

(B) veC(E@ UE, RY is a solution of (10), (47) such that vlg is of
class C3,

(C) there exist functions B, By, Bo: I, = R* such that the consistency
condition (32)+36) is satisfied with f and ®, given by (47) and (50), respectively,

(D) the functions f, g;, Gjsj =1, ..., n, @, A%, i =1, ..., k, are continuous
on their domains and u, is a solution of -(48), (49),

(E) conditions (E), (G) of Theorem 2 are satisfied.

Under these assumptions there exists a function y: I, = RY such that

lim y(h) = 0 and estimates (20) hold with A* given by (21). In particular we
|hl =0
have estimates (35), (36).

Proof. There exists a function y* = (y¥, ..., y¥): I = R% such that
(@ fori=1,...,k my=0,1,...,n*—1, m"eM we have

v:'”0+ l’m')—Ai vg'm- hO 5?? (x(MO)a ,V(m'), B(i) v(m), v, Av(m))

- i) (mo) m i,m) ,.(m '
~ho Y, aQ(x"%, ym) AG™ ™| < hy y¥(h),
Jl=1

(b) estimates (19) hold.

The proof of the existence of y* is similar to that used in the proof of
Theorem 2. We omit the details. Now we apply Lemma 1 for the proof of
our assertion. Let Q, = M*, Q(® is the set given in the proof of Theorem 1
and N,, N N¥ are the sets defined in Section 1 with n, and n* given in
Section 2. Let I', = .# (N, x9,, R*) and

Fh =(F£ll), veey Fglk)): N: XQh _‘)-77(9;', Rk)
is defined by

(53)  FP(mo, 2)(m) = Aizf™+hy Y af (x", ym) 4G 2
Jl=1

+hy B9 (X0, ym) B Zm 2 AZM) e N¥F x M.
If myeN¥, m eQ,\M then we detine F,(my, z)(m’) by (23). Then
w"t ™) E(mg, u)(m),  moeNE, m €Q,.
Let V(m) = T, if meN} x(2,\2) and
Vim)=T,,v G, M) eN, x(2,\2): j =my+1}

for meN¥ x Q. It follows from Assumption Hj that F, satisfies condition
(V) with respect to Q.?. Now we prove that F, is nondecreasing with respect
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to the functional argument. Suppose that z, Zel', and z < Z. Let
I =16, D, lell, oy, j# 1, a@(x™, y™) > 0,
J =10, D g, 1ell, o), j# 1, a® (<", y™) <0}

Then, using the mean value theorem we have for m e M, m,e N}
F) (mg, 2)(m')— F} (my, 2)(m)

) 1 m .
< (z™ —zim) [a$’+ho b“’ D, 4,(-) (Q)—2h, Z hz aﬁ'} (x( o),' ym)

+h0 Z h hl Ia(!)(x(mO)’ y(m ))l]

Jll
j#l

+ 5 =80y + o b, Dy 801

j=1

1 - 1 mo)
+ho 35Dy B Q)+ ho g ) (7, )

J

n

1 (mg)
—h aff (<", ym ’n]
° lzl h} ht

+ Z (Z( Jm) __ 5( 3t (m»)[ (i’j(a) + ho b(i)z(ﬂ) ; D gp( )(Q)

i=1

o 3, Doy B @)+ ho g ) ("0, )

(mg) g ( m+s) ._(m ,m’ + s)
hoZ la“’(x'"°,y‘"'))|]+ Y @ R B

l l J seS(0)

(mg) .
x[a+ho b D, P (Q)]+ho X af) (x™%, y™)(2h )"
G.oesf?)
x [Zm) _ ZGUmY) g (= J(= Um) _ = (= Lom)]

i (.m0 / -1
—hg Z a‘~',’(x s .V(m ))(2hj hy)
u.nes()
x [24(= l(m)»_fo( Hm)) 4 = ;(l(m)»_f( ‘(l(m»)], i=1,.., k.

These estimates and (51), (52) imply
(54) Fy(mo, 2)(m) < Fy(mo, 2J(m),  mo €N,
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for m" e M. It follows from the definition of F, and from Assumption H, that
(54) holds true for meQ,\M, z,z€rl,, z < Zz. Let

.8

o =W, .., Ui N¥ xTyy = F (2, RY)

be a function given by

- ( + l, ') -~ ( ) ’ .
Ws:) (mO’ Z) (m’) = zimo " Ai ZEM) - hO (Dg) (x "o ] ,V(m )’ B(l) z(’")a 2, Azg"‘))

n
D MO mny 4G
~ho 3. a0,y 4 o,
Jl=1

i=1,...,k, myeN¥, meM.

If myeN} and m eQ,\M then we detine ¥,(m,, z)(m’) by (26).

For F,: N} xI', = .7 (2,, R¥ given by (27) we have (28) and (29). Since

F, given by (53), (23) satisfies (30) then using Lemma 1 (see also Example 1)
we obtain the assertion of our theorem.

Remark 5. A theorem on difference-functional inequalities related to

(10), (47) can be proved without assumption (46) (see [9]).
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