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Difference methods for nonlinear 
parabolic differential-functional systems 

with initial boundary conditions of the Neumann type

Introduction. The problems of finite difference approximation to initial 
boundary problems for parabolic equations were considered by many 
authors and under various assumptions. Numerical treatment of the Cauchy 
problem is found in [1], [2], [8], [10], [24]. In [1], [8] the approximated 
solutions are assumed to be bounded. In [2], [24] the solutions are allowed 
to belong to a natural class of fast increasing functions. Difference methods 
for nonlinear parabolic differential equations with initial boundary condi­
tions of the Dirichlet type were considered in [4]-[6], [11], [14], [15]. An 
error estimate implying the convergence of difference schemes is obtained in 
these papers by difference inequalities methods. Numerical treatment of the 
initial boundary problem of the Neumann type is found in [13], [16]—[19]. 
The method of lines for nonlinear parabolic equations is considered in [10], 
[24]-[27]. By using a discretization in the spatial variable, the parabolic 
equation is replaced by a sequence of initial problems for ordinary differen­
tial equations. In [10], [24]-[27] the question of under what conditions the 
solutions of ordinary equations tend to a solution of the original problem is 
investigated.

In [12], the author studies the error due to the discretization in time of 
a nonlinear parabolic problems by a multistep method. Error estimates are 
obtained if the method is of the order p > 1 and is strongly stable. Paper [7] 
discusses Runge-Kutta methods for stiff differential equations of high dimen­
sions. A second order method is constructed and numerical results of stiff 
problems originating from linear and nonlinear parabolic equations are 
presented. Paper [3] deals with a linear parabolic equation and with a 
method, which is founded on linear multistep methods. The author studies 
the stability and the convergence for this method.

The methods mentioned above have an extensive bibliography. For 
further information see the references in [20]-[23], [28] and in the papers 
cited above.
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In the present paper we consider parabolic differential-functional sys­
tems with initial boundary conditions of the Neumann type. We consider 
general one-step methods for this problem. We introduce some general 
difference operators which enable us to get new difference schemes which are 
convergent to the exact solution of the differential-functional problem. In the 
first part of the, paper we give some estimates of the difference between 
solutions of recurrent equations. We apply these estimates in the investiga­
tion of the stability of difference methods.

1. Estimates of the difference between solutions of recurrent equations. Let
us denote by X , Y) the set of all functions defined on X  taking values in 
Y ; X, Y being arbitrary sets. Let d = (d0, d1, ..., dn) e R n+1 where d{ > 0 for 
i = 0, l , . . . ,w  and 7d c:(0, d]. For each h = (h0, hx, .., hn) e ld define the 
sets Nh = <1 - n 0(h), ..., - 1 ,  0, 1, ..., n*(h)\, N[0) = { - n 0(h), ..., - 1 ,  0} and 
N* = 0̂, 1 , ..., n*(h) — 1 ] where n0(h), n*(h) are integers and no(h)^0 ,  
n(h) > 0. In the sequel we write n0 and n* instead of n0(h) and n*(h)
for h e l d. Suppose that Q is a given set and Qh c:Q for h e ld. Let r h a

Nh xQh, Rk) and Fh: N% x T h Rk) where h e ld.
Suppose that Q(h0) с: £2Л is a given set and Qh\Q(h0) Ф 0,  h e l d. For each 

(i, t)eN% xQh, we define the set V(i, t) in the following way. If (i, t)eN% 
x(Qh\Q(h0)), then V(i, t) = {(/, T)eNh xQh: j  ^  /}. For (i, t)eN% xQ(h0) we set 
V(i, t) = {(j, t) e N h xQh: j  < /} u  {(j, T)eiVh x(Qh\Qi0)): j  = / + !}. The func­
tion Fh is said to satisfy condition (V) with respect to Q(h0) if for each
(i, t)eN% xQh and for u, v e T h such that u(j, t) = v(j, t) for (j, t)eK (i, t) we 
have Fh{i, u){t) = Fh(i, v){t).

Assume that i e N h, z e ^ ( N hxQh, Rk) and z is a bounded function. 
Then we define

M \ h) = sup{||z(/, Oil: - r i o ^ j ^ i ,  t<=Qh}
where Ц-Ц is a norm in Rk. If (i , t ) e N hxQh and z = (zl5 ..., z*) e 
F(Nh xQh, Rk), then we write

sup Z (j, t) —1 ( sup Zj[ (j, t) , ..., sup Zk(j, T)).
C/',T)6V(i,t) C/,t)eF(i,t)

Suppose that (i, z), (i, z)eN* х Г к and Fh: N% x T h ->3F{Qh, Rk). Then we 
write Fn(i, z) ^  Fh(i, z) if for each t eQh we have Fh(i, z)(t) < Fh(i, z)(f). For 
P = (Pi, ..., pk) e R k we write \p\ = (!Pil, ..., Ы).

Let ^ 0(NhxQh, R \ )  c &{Nh xQh, R\)  be the class of all functions 
defined on Nh x Qh taking values in R \  which depend on the first argument 
only. Suppose that Uh: & 0{Nh xQh, Rk+) -+ .f (Nh, Rk+) is an operator de­
fined by (Uhz)(i) = z{i, t), where (i , t ) e N hxQh and z e  &o(Nh x &h> 7?+). 
It is seen at once that the mapping Uh is bijective. Elements of the sets 
/ / 0{Nh xQh, R \ )  and /s{Nh, Rk+) will be denoted by the same symbols.
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We consider the initial problem for the recurrent equation 
z(i +1, t) = Fh(i, z)(f), teQ h, i e N t ,

(1)
z(i, t) = (Of, (i, r) for (i, t) eiVj,0) x £ fc,

where coh: N (k ] xQh -+Rk is a given function.
Let J*%(NhxQh, Rk+) cz ^ 0(NhxQh, Rk+). In the further parts of the 

paper we introduce additional assumptions on $(NhxQh, Rk+).
If we assume that Fh satisfies condition (V), then problem (1) has exactly 

one solution.
Let us consider two problems, the initial problem (1) and the following

one:
z{ i+l , t )  = Fh(i,z){t), t eQh, ieN%,

(2)
z(i, t) = coh(i, t) for (i, t)eN[0) xQh,

where Fh: JVjf х Г к -+^(Qh, Rk) and coh: N(k ] xQh ->Rk. We are interested in 
finding an estimate of the difference between the solutions of (1) and (2).

L em m a  1. Suppose that:

(a) Fh, Fh:_Nt xF h Rk), coh, œh: M 0) x£>„ - Rk,
(b) Гк c= ,^{Nh xQh, Rk) is such a set that if z e T h and ze,i^^(Nh xQh, 

R +) then z + z e r h,
(c) for each h e l d the function Fh is nondecreasing with respect to the 

functional argument and satisfies condition (V),
(d) for each h e ld there exists a function Qh: N* x R k+ -+Rk+ such that
(i) Qh is nondecreasing with respect to the second argument and 

Qh{i, p)7zp for (i, p)eN* x R k+,
(ii) for z e r h, z E ^ $ ( N hxQh, Rk+) we have

Fh{i, z + z ) ( t ) -Fh(i, z){t) ^ Q h(i, sup z(j, t)), (i , t )eN%xQh,
U,r )eV(i, t )

(e) uh and vh are solutions of (1) and (2), respectively, and there exists 
yh: N* -+Rk+ such that

\Fh(i, vh)(t) — Fh{i, iy(0l «  Уi,(0 for (i, t) s N t  xQh,

(f) Р н Л е - П ^ х С } , , , ^ )  are functions such that
(0 /0,(0 = Й,(0 for i s N (hm and \a>h (i, t ) - â h (i, t)| «  for (i , t ) 

gNJ,0> xQh,
(ii) for i eN* we have

M + l )  =  Qh(U Дл(0) +  У/>(0, Ph(i+ !)  =  Qh(b Ph(i + l)) + yh(i)-
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Under these assumptions we have

\uh(i, t) — vh(i, t)\ ^ Ph{i), i = 0, 1, n*, te(2h\Q(h0),
(3)

\uh(i, t ) - v h(i, 0| ^  ДА(0, i =  0, 1, . .. .  n*. teaX».

Proof. It follows from assumptions (d) and (f) that ph(i) ^ ph(i) for 
i = 0, 1, n* and fih{i+ 1) ^ ДА(0 for t'eiVJ. Estimation (3) is equivalent 
with wh(i, t) ^ uh(i, t) < wh(i, t), i =  0, 1, . . n*, t eQh, where wh(i, t) 
= vh(i, t) + ph(i) for (i, t ) e N h x(Qh\Q[0)), wh{i, t) = vh{i, 0 + ДйО) for 0, 0 
e N h xQ[0) and wh(i, t) =  vh(i, for (i, t ) eN h x(Qh\Q(k0)), wh(i, t)
= t>fc0, 0-Дл(0 for O', 0 £NhxQ[0).

If (i, t)EN*h x(Qh\Q[0)) then

wA( i+ l ,  0 = vh(i+ 1, 0 + ̂ 0'+1)

^ EA(i, ^й)(0 +  Ёа0, ^ )0 ) -E A(i, ^)0)

-  [Ей 0, vh + Дл) (0 -  EA O', »й) (0] + Дй 0 + !)

^  Ей 0 , ^ А)(О -?йО )-0 й0 , Дй0))+Дй0 + 1) = Е*о, w*)0).

For (/, t )eN*  xOj,0) we have

wfc0 + l ,  0 = vh( i+ l ,  0 + Дй0+1)

^ Ea(ï, wa)(0 + Fa(ï, vh) (t) —Fh (i, vh){t)

- [ E a(i, vh + Ph) { t ) -F h{i, иА)0)] + Дй0+1)

^ ЕйО, vvA)(0 —MO —0 й0> Дй0+1)) + Дй0+1) = Ea0, wa)(0-

Thus we see that recurrent inequalities

wh 0 + 1 , 0 ^  Fh 0, Wfc) (0, 0, t)eN% X Qh,
(4)

щ (i +  1, f) ^ Fh (i, uh) (t), 0, t)eN%x Qh,

and the initial inequality

(5) wA(/, f) ^ uA(i, 0, 0, 0 e M0) ><

hold. Relations (4), (5) imply uh(i, t) <  wh(i, t) for i =  0, l, n* t e ü h. în a 
similar way we prove that vvA(i, t) ^ wA(i, t) for i =  0, 1, . . . ,  n*, t eQh. This 
completes the proof.

E xample 1. Suppose that assumptions (a)-(c) of Lemma 1 are satisfied 
and uh, vh are solutions of (1) and (2), respectively. Assume that

(a) there exists a matrix Л =  [Я;Д->7= lf_>k with Я0-^ 0 such that for 
ze$r$ (N hxQh, R+) we have
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lFh{i,z + z ){ t ) -Fh{ i , z ) ( t )Y^{ I  + h0A)[ sup z(j, т)]г
Û )eva,t)

(here I denotes the к x к unit matrix and T means transposition of the 
vector or matrix),

((3) there exist vectors Ch = (C[l), Cf),  <т0,й = « L  • ••, <л) such
that

\Fh(i, vh)(t)-Fh(h vh)(t)\ ^  h0 Ch, (i, t)eN% xQh, 

and
\coh{ i , t ) - œ h{i,t)\^<T0>h for {i, t)eN[0) xQh.

Then we define ph,ph: Nh by the formulas

= Phi0 = <4 * for i e N (h0),

h  (i + l)r = (/ + Л0 Л) Д„ (0Г + Л0 Cl  for i eN*,
Дл (i + 1)т = (/ + Л0 Л) ph (i + 1)т + h0 Cl  for ieN*h.

The above relations lead to formulas

(M0r = ( /■+ h0A)2i~l o l h + h0 \ \ l  + h0ЛУ Cl,
(6) 2i_ f °

Ph(ï)T = (I + h0A)2ia l h + h0 £  (I + h0AYCl,
j -  о

where i = 1, 2, n. Assertion (3) has now the form

K (i, 0 -  vh(i, 01 ^ Ph O'), / = 1 t eQh\Q[0),

Iuh{i, t) — vh(i, 01 ^  Д*(0 , i = 1 , n*, teQ[0)

with the above given ph and Дл. Let Ц-Ц be the norm in Rk defined by ||p||
= max |pi|, p = (pu  рк)еЯ*. If ||Л|| > 0, where 

1

|| Л|| = max £  I Ay I,
1 j= 1

then (6), (7) lead to

(8) ||uh(i, t ) - v k{i. Oil <  (1 + Й 0 ||Л ||)2' - 1 I K , /,11

+ IICJIЦЛЦ-1 [(1 +h0 ||Л||)2' - 1 - 1 ] ,  t 

and

(9) I M ' \  0 -» * (« .  Oil

< (1 + A„ ЦЛЦ)21 -Н|СЛ|| ЦЛ1Г1 [(1+ A0 ||Л||)2' - 1 ] ,  tefiï»,
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where i = 1, . . n*. If ||Л|| = 0 then (6), (7) lead to

IK (i, r)|| SS IK *ll + Ao(2/-l)l|Cb||, teQh\C2i°\

I I M ' ,  011 <  l|o'o,»ll +  A o2i||C J |, t e £ 2 ^ \

where i = 1, . . n*.

2.  The convergence of one-step methods for differential-functional prob­
lems. We will denote by C { X ,  Y ) the set of all continuous functions defined 
on X  and taking values in Y ;  X ,  У being arbitrary metric spaces. Let E  

= (0, a ]  x( — b, b), where a  > 0, b =  (b1, . .., b„), bt >  0 for i = 1, n and 
E (0) =  [ — t0, 0] x [ — b, 6], x0 ^ 0. If w: E ( 0)u E - + R  is a function of the 
variables (x, у), у =  (yb y„), and there exist derivatives D y. w, D y.y j w  

for i , j  =  \ , . . . , n ,  then we write D y w  =  (Dy, w,.. . ,  D ynw),  D y y w  

=  [ D y.y j w ] iJ==1 For a function z =  ( z l9 ..., z k): £ (0)u £  - * R  of the vari­
ables (x, y) we write D x z  =  ( D x z l9 ..., D x z k) and D y. z  = ( D y. z l , D y. z k), 

D y.y . z  = (D y.y . z x, D y .y j z k), where i , j  = 1, n. In a similar way we define 
D y.y .y i z  if z has the adequate derivatives of the third order. Let us denote by 
d E {j ~ ] and d E (j + * the sets

Щ  > = {(x, y) e(0, a] x [ - b ,  b]: y, = -b,},  

ô E (j +) = {(x, y) e(0, a] x [ —b, bj: y } = fy}.

Let Г  =  E  x R k x C ( E {0) v  Ё ,  R k) x R n x R " 2 and assume that /  = (Л , . . . ,Л ): 
Г  - > R k9 q> = (</>!,..., <p*): F(0) are given functions. Suppose that

9 j  =  (9 j . i>  Ë x C { E ( 0 ) v Ë ,  R k) - ^ R k, ; =

and

й  = (й .ь Ë x C (£(0) u Ë, Rk) -*Rk, j  = 1, n

( Ë  is the closure of F). For z = (zls ..., zfc): E (0} ( j  Ë  - * R k write 

/(x , y, z (x, y), z, D y z ( x ,  y ) ,  D yy z  (x, y))

= (/i(^> У» *(x, У), z ,  D y z i (x, y), D y y Z ^ x ,  y)), ...

•••»/*(*» У, z ( x ,  y ) ,  z ,  D y z k (x, y), D y y z k( x ,  y))).

We consider the differential-functional problem
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Dxz(x, y) = f ( x ,  y, z(x, y), z , Dyz(x, y), Dyyz(x , y)), (x, y)eE,

Dy.z(x, y) = gДх, y, z)
(10)

Dy.z{x, y) =gj{x, y, z) 

z(x, y) = (p{x, y)

for (x, y)edE(j~\ j  = 1, n,

for {x, y)edE]+), j  = 1, n,

for (x, y )e£(0).

We define a mesh in Ei0) и  E in the following way. Let I0 =  
\h = (h0, ht , ..., h„): there exist natural numbers n, = such

that я +  т0 =  п7г0, bj = hjnf  for j  =  1, ..., n|. For h e l 0 we write x ( "0+,) 
= — t0 +  z7i0, i = 0, 1 , . . n0 + n*, where n0 and n* are natural numbers
such that a + z0 = (n0 + n*)h0, x(0) ^ 0 < x(1), and y p ) = mj hj for m7- = 
0, ± 1 , ... ,  ± n f  where j  = 1, n. For m = (m0, m1, mn) we write m' = 
(m1, m j  and y(m'] ={yT°, •••, yP)- Let M = 'm': rrij =  0, ± 1 , ±(nf - 1), 
j = i , . . . , n ]  and. M* = {mr: mf = 0, ±1 , ±nf  for j  = l , . . . , n } .  We 
define Eh — ((x(w°*, y(m)): m0 =  1, n*, m’ e M\ and E(h0) = J(x(mo>, y(m)):
mQ = —n0, — n0+ 1, . . —1,0,  rri eM*\. Let

T* = \m: —n0 ^ m 0 ^  n*, m' e M *}, f  — \m: 1 ^  m0 <  n*, m! e M*\

and for i = 1 , . .., n

T f ~ ) =  { m e f :  щ  — — nf if 1 ^7 < i then m7 Ф - n f  and m, Ф n f } ,  

7f +) = { m e f :  m { = nf if 1 <7 <  i then ntij Ф - n f  and m7 Ф n f } .

Put Z[-> = {(x(mo), y(m,)): m e 7f-)| and Z<+) = {(x<mo), y(m,)): m €7/+)}, where 
i = 1, ..., n. If 0 ^  j  ^  n then we define j(m) = (m0, ..., m7_ x, m7- + 1, 
mJ+1, ..., m„) and —j(m) =(m0, Wj-i, Щ— 1, ..., m„). For a func­
tion w: £j,0) u  -> Æ we write w(m) = w(x(mo>,y(m)), meT*,  and z(m)
= (z?0, • • -, 4 m)) for z: E(h0) d'Eh -^Rk. Let Ef = {(x(mo), y(w,,)): m0 
= 0, 1 , ..., n*, m'eM*}.

Let y° (m) = -y°(m) = m and /  + 1 (m) = y ( / (m)), ~ /  + 1 = - ; ( - / ( т ) )  for 
i = 0 ,1 ,2 , . . .  In a similar way we define /(m ') and —j l(m'), 1 ^  7 ^  n, 
i =  0 , 1 , 2 , . . .

If х е [ - т 0, a] then we write Hx = {(£, q) = (Ç, rju  rjn)EE(0)y  E:
Ç < x}. For p ={pu ..., Pk)ERk we define ||p|| = max |p,|. If zEC(Et0)uE, R1*)

1
then ||z||x = max ||z(£, p)||, х е [ - т 0, 4  Assume that the differential­

' s # *
functional problem (10) is of the Volterra type, i.e., if xg(0, a], z, z 
e C(E(0) u Ё , R*) and z(^, p) = z(£, p) for (<̂ , )̂ eHx, then /(x , y, p, z, r)
= / ( 5 » У> Ру z , q, r)fory e ( - b ,  b),p ERk,q = {qlz . . . , q n) eRn,r = [r,7]lJ= t... „,
r eR" and p;(x, y, z) = gj(x, y, z) for (x, y) eE, p7(x, y, z) = gj{x, y, z) for 
(x, у) е Е ,  where j  = 1, ..., n.

For - n 0 ^ m 0 ^ n *  we define Tmo = {(/, m') eT*: ; ^  m0} and Eh>mQ
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= !(x0), yim )) еЕ{°} u  E*: j ^ m 0\. If z: E(h0) и  E* -» Rk then we define the 
norm Hzlffijj = max i||zü’M')||: (j, rn’)eTmo\. For - п 0 ^ т 0 ^п*  and z =  
(zi, zk): E[0) u £* -* Rk we write

max z{xiJ), y{m )) = ( max z x (x0̂ , y(m )), . . max zk(x(J), Ум ))).
U ,m ')eTmo U ,m ')eTmQ 0',т')бГт()

Let S = {s =  (s1? s„): Sj e { — 1, 0, 1} for ; = If s e S and
l ^ j ^ n  then we write j(s) = (sl5 Sj-lt S j+l ,  sj+ l , sn) and - j{s) 
= (sl5 Sj-i, Sj— 1, sj+ l , s„). We define the following operators A
= (At , . . . , A k), B" = ( & [ > , . C" = ( Cf , . . . , Cy ) ,  Z>(i> =  [!$];,/= i... „
where i — 1, . . . ,  k. If we  //• (£j,0) u  E*, R), m0 =  0, 1, ..., n* — 1, m! e M then

( 11)
seS

В ? " ,т’ =  1 М !!У "0'’”' +Л, i,J =  1, k,
seS

where <4°, e £  and

c 5')„,<”> = £ i c a w <"°-",+si,
( 12)

sts h.j

seS П] П1

(m.Q,m' +s), i = 1, k, j,  l =  1, n,

where cJJ, dJJj e R. For z = { z x, zk) e / s  (E{h0) u  £*, Rk) we write 

Az(m) = ( A 1z\m), Akz{m)), ■ £ (i)z(m) = ( B f z \ m), B^z[m)),

where i — 1, . . . ,  к, m0 = 0, 1, ... ,  n* — 1, m' eM.  If w e^(£j,0) u  £*, R) then 

C(i)w(m) = (C?w(m), . . . ,  C f  w(m)), i =  1, k,

and
Dm Ww  = [Z)w w(-)]. |= lf i = k,

where m0 = 0, 1, n*~ 1, m'eM. Let Éh =  {(x(mo), y(m)): m0 = 0, 1, ...

...., n* — 1, m' eM}, Xh =  Ëh x Rk x ^  {E^ v  E%, Rk) x Rn x R"2. Assume that
for each h e / 0 we have Фк =(Ф(к ), Ф(к)): I h -*Rk. If z = (zl5 zk)
e & (£j,0) u  EX, £*) then we write

<M*(mo), / и'\ £z(m), z, Cz(m\  Dz(m))

= (Ф11)(х<м°), y(m,), B(1)2(m), z, C(1)z(r \  D ^ z?0), .. .

ф%)(х т°\ y{m'\ Bik)z, z, Cik)z ^ \  D{k)zim))),

m0 = 0, 1, . . n* — 1, m'eM.
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In a similar way we define / (x(mo), y(m ), z(m), z, Cz(m), Dz(m)) for m0 
= 0, 1, n * - 1, m'eM, z eC{E{0) u  Ë, Rk).

Suppose that h e l 0, m0 e |1, . . nj. We define Vh^Q: u  Et, Rk)
-> -^ (E ^  u  £*, i?k) as follows:

(f*,m0z)(m) = 2r0(m)) if m0 = m0 and there exists j  such that meTj~), 

(**,m0z)(m) = z (~j(m)) if m0 = rh0 and there exists j  such that me7}(+),. 

( K , m 0 z ) im) — z(m) f°r afi the rest of meT*.

Assume that, for each h e l 0, ghJ: Et  x / 7 (£j,0) u  E t , Rk) -* Rk, ghJ: 
££ x (£(й0) u  £*, £ k) -> £ k, j  =  1, . . . ,  n, are given. Suppose that 
z e /7 (£(л0) и E t , £ k). We define

( V ) «  = £  yu'"n',l>' W > ’
i=l i= 0

meT}~\ j  =  1, n,

and

(Ljz)'”» = £  S f i z ' - f ^  + hj £  ? j,âu (x<"0\  Ffc,„0z),
i= 1 /=0

meT}+), j  =  1, n,

where лп, Sfi, f3jh Д,, e£ , j  =  1, . . n, t = l , . . . ,w,  / = 0, l , . . . , n ,  l ^ n
^  min nj.

1
We consider the following difference method for the problem (10) 

z(w° + 1 Ж) = Az(m) + /i0^ ( ^ (M0), Ут\  5z(w), z, Cz(m), Dz(m)),

m'eM , m0 =  0, 1 , л* —1 ,

(13) z,">=(i.Jz)<"1, m e 1 J - \ j  =  l , . . . , n ,

z(m) = (Ljz)(m), m eT}+), j  = n,
z(m) =  ф(т) + (5<M) on E{0),

where £ = ( ^ , ..., <5k): £ („0) -> £ k.
Assume that uh is a solution of the difference-functional problem (13)

and и is a solution of (10). We give sufficient conditions for the convergence
lim H m)- v {m)\\ = 0, m e t  

\h\ - o
The function <Ph: I h -*Rk is said to satisfy the Volterra condition if for 

mo e\0,  1 , ..., n * - l | ,  z, г e / ( Ê ()I0, u  Et, Rk) such that z\EhtmQ = z\EKmQ 
we have Фи(х(т°\ y(m'\ p, z, q, r) = Фк(х{т°\ y(m,), p, z, q, r) for m'eM,
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(p, q, r)eRk + n+n2. In a similar way we define the Volterra condition for gh j 
and ghJ, j  =  1, n. Let p = (pu  ...» pk), P = (Pi, • ••, pk), P, p e R \  For the

i _
index i, 1 <  i < k, being fixed, we write p < p if p} < py for j  =  1 , . .., к and

Pi —Pi. Let ,^o(£40) u  £ A, R+) be the class of all functions defined on 
n 0> u  Eh taking values in R+ which depend on the first argument only. For 
a function z: £ (0) K j E ^ R k we also use the symbol z for the restriction
zk o)̂ n-

Our basic assumptions are the following.

Assumption Suppose that
(i) the function Фи: I h ->Rfc, h e l 0, of the variables (x, y, p, z, q, r) is 

nondecreasing with respect to the functional argument and satisfies the 
Volterra condition,

(ii) for each /, 1 <  i < k, if p ^ p  then Ф(и{х, y, p, z, q,r) 
^ Ф)?(х, y, P ,  Z ,  <7, r) on I h,

(iii) for each h e l 0, (x, y, z) eËh x . ^{E^  vj Et, Rk) the function
Фк(х, у, -, z, -, •): Rk x R n xR n ^>Rk is continuous,

(iv) the derivatives Ф(А°, Dq̂ \  Д^Ф1'\ i = 1, ... ,  k, j, l =  1, ... ,  n, 
h e l 0, exist on I h and for each

(x, У, Pi, . . . ,  P i - i ,  Pi + i ,  Pk, г ) е £ л x R ‘ -1  x.^(E[0)u E t ,  Rk),

/ i e /0, the functions

Dp. Ф\j (x, y, Pi, ... ,  Pi— i, , Pi + i , • • •, Pk, z, , ),

Dq̂ { x ,  y, P i ,  . . . ,  Pi — ! ,  -, Pi + 1 , Pk,  2 ,  -, •)>

D'fji Ф^(x, y, Pi, .■ ., Pi — i, , Pi + j, . . Pk, z, , ),
i 1 , ...,/c, y, / 1 , . . . ,  n,

of the variables (p,, g, r) are continuous on R xR”xR",
(v) Drjl Ф^ = for i =  1, . .., k, j , / =  1, ..., n, h e l 0,

(vi) for P = (x, y, p, z, <7, г) h e /0 and for s eS we have

(14) a® + h0 ЬЦ Dp. Ф£> (P) + eg  Dqj Ф<‘> (P)
j= i Р/

+ ô £  Ф11)(Р )^ 0 , ; = l , . . . , / c ,
j .Uibjhi  Jl

(vii) there exists a matrix Л = [Я,-Д^= 1>. . with Ai y 0 such that for
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h e l0 we have

(15) [Ф„(х("0\  У"'», p + p, z + z, q, г ) -Ф л(х,т°', p, z, 9> г)]7,

^ Л [р  + max z°’m)] r , 
0,m)6rmo

where (x(mo), y(m'\ p, z, q, r) e l h, z e /Â0(E{̂  u£jf, Я+), реЯ*+ .

A ssu m pt io n  H2. Suppose that
(i) for each h eI0, j  =  1, . . n, we have gh j : E* x {E^ и  E*, Rk) 

~+Rk, ghyj\ E* x ÿF(E ^  u  E*, Rk) -* Rk and the functions ghyj ,g hj  satisfy 
the Volt erra condition,

(ii) for each h e l0, j  = 1 , n, the function ghJ is nonincreasing with 
respect to z and the function ghyj is nondecreasing with respect to z,

(iii) otji, Z#, ftp, Jffl eR + for j  = 1, . . n, i = 1, . . n, l = 0, 1, . . n and

n n
У. У &ji 1 j j  1 > ■ • • »  ̂>
i=l t=l

(iv) there exists a matrix Л = [ХгД ^ =1> „ with 0 such that for 
hEl0, j  = 1, n and for z.E&(Ép  u E%, Rk), z e ^ 0{EP u  Eh, Rk+) we have

««) [ЯнАхт°\ ytm\  z ) - g Kj(xin° \  y(" \  z + f ) ] r max
hi  <J.*>eTmo

where (x(mo), yim,)) eE% and

(17) [gh,j(x{mo), y(m'>, z -b z ) -^ j( x (mo), y(m'\  z)]T ^  ^ Л  [ max z UM)Y ,
hJ U ,m ')TmQ

where (x(mo), y(m )) e E% .

Assumption H3. Suppose that the operators A, B(t), C(l), D(l), i =  1 ,  k, 
satisfy the conditions

(i) У et'* = 1 for i = 1, . .. ,  к and ^  0 for s eS, i , j  = l , . . . , k ,
seS

У bÿj = 1 for i , j  = 1 , k,
sçS

(ii) У c^j = 0 and £  d% = 0 for i = 1 , ..., k, j, l = 1 , ..., n,
seS seS

. n n
(iii) С о р тах  [m ax У Д/ь max X -ftJ.

At first we state a result on the stability of method (13).
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T heorem 1. Suppose that
(A) Assumptions Hj-Нз are satisfied,
(B) veC(E(0) и  E, Rk), u| (0) = (p and there exist functions

y =  { П ,  I o ^ R +  a n d  У* =  (У*’ •••’ У*)' !о  - + R  +

such that

(18) \vim°+Um,)- A v im)- h 0<Ph(xlm°\ ÿ m'\ Bvim), v, Cv(m), Dv(m))| ^  h0y(h),

m0 = 0, 1, . . n* — 1, m' eM

and

\(Lj v)(m)-  v(m)\ ^ h 0y*(h), m e 7? j  = 1, ..., n,
(19)

| ^  h0y* (h), ш еТ} + \  j  = 1, n,

(C) uh is a .solution of (13).

Under these assumptions we have

К » - 1)« " 'К ( /+ л„л *)2"0" ‘ < *+ А о I  (i + h0A*Yy(h)T,
2nt(\~ 2

j=0

( 20)
m0 — 1, . . . ,  n*, m' e M,

2mg— 1
|M(«) _  v(m)I ^  (/ + h0 Л *)2m° o \ h + h0 X (I + ho Л*У У (h)T,

j — о

m0 = 1, ..., n*, m' eM*\M ,

where у = (ylt . . . , y k): I 0 Rk+, У,{h) = max(yt(h), yf (h)), i = 1 , ..., k, o0>h 
= max |<50,m)| and

— ngO.m'eAf*

(21) A* = [Щ и= i Xfj = max [2Я0-, c0I j ,  i, j  = 1, ..., k.

Proof. We apply Lemma 1 for to prove (20). Let Qh = M* and 
Nh, N[°\ N t  are sets defined in Section 1 with n0 and n* given in 2. Put

G<°>={m':(l,m)e[Ü 7?->u Ü 7?+)]}-
j= i j=i

To each function z: £ (л0) и£,* there corresponds a function z: х£?л
given by z(m) = z(x(wo), y(m )). We will use the same notation for 

elements of . ¥ (£j,0) u  , Rk) and ^ { N h Rfc). Define Гй = ,^{Nh xQh, 
Rk) and

Fh =  (F{h1], П к)): N Î  x - . ^(f i *,  Я‘),
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(22)
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Fh(m0, z)(m') = ,4z(m) + /!0<f>„(x(mo), y(m'\  Bz(m\  z, Cz(m), Oz(m>),
m0eiV£, m'eM,

for (m0 + 1 , m')eTj~), 

for (m0 + l, m')eT}+),

и™0+1,т) = Fh(m0, uh)(m'), m0eN%, m' eQh.

It follows from Assumptions I-^ and H2 that Fh satisfies condition (V) with 
respect to Q(h0). Now we prove that Fh is nondecreasing with respect to the 
functional argument. Suppose that z, г е Г к and z ^  z. Then we have for 
m'eM, m0eN*

Fh* (m0, z)(m') - F f  (m0, z)(m')

= Atzjm)-A ,z lm) + h0№P(x(mo), yim,), B(i)z(m), z, C(i)z|m), D(i)zjm))

-Ф Р(х(т°\ y(m'\ B(i) z{m), z, C(i)z\m), D(i) z|m))]
^  At z\m) — A{ z\m)

and

FhОЩ , z) (m') =  (LjZ)im° +i,m) 

Fh(m0, z)(m') =  (LjZ)(mo + Um) 

where j  = 1, ..., n. Then we have

+ /10[Фг'(х("0,1 У"'', B V z Ÿ > .......B f l  Bf’z!"”,

Bft ! z j?i, ..., B<‘> zjr>, 2, C(i| zj">, O® z!”') -

-<Н»(х(”0>, y m,), Bu,ztm\  2 , c,:lzj”1, D®2Î”’)]

/4, z|m) -  Л, zj”> + h0 Dn <Pf (P,) [B?1 zj"1 -  Bf1 zj”1] 

+ A„ Î  А,, Ф? (P.) [С"» z<”> -  C f  z!"»]
2=1

+ a0 I

= I  и

м- l
(mQ,m' + s) -4mQ,m'  +  s)

seS
а«' + А0ЬЙВп ФР(Р,)

+ î  ^-D  ^ ( P ^ Ü  + ho £  - L d
j= 1 hJ ' j,l= 1 hj kl J

i = 1 , k,
where P, are intermediate points. The above estimation and (14) imply

(24) Fh (m0, 2) (m') < Fh (m0, z) (m'), m0eN t,

where m'eM. It follows from Assumption H2 that (24) holds for meQh\M  
and for z, z еГк, z ^  z.

5 — Commentationes Math. 28.2
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Let Fh = (ф(н \  •••, Vh]Y N f  x Th -* & (Ùh, Rk) be the function given by/
(25) Vh(mo, z)(m')

= z mo+1'm,)- A z {m)- h 0<Ph{xm°\ ÿ m’\  Bz(m\  z, Czim), Dz(m))

for m0eN%, m'eM,
and

П (т„ , z)(m', = zl"

for m0eN*, (m0, m')e7^-),
,г/ / w /4 (m0+l,m') v(m0+l,m')^ h(rn0, z)(m) = z 0 -(£ /*)

for m0eN*, (m0, m')eT/+), 

where j  = 1, и. Let F„ = (Fj,1*, /?>): JVjf x Г„ ^  ^ (О л, Rk), where

(27) F*(m0, z)(m') = Fh(m0, z)(m')+4'h(m0, z){m’).

Then

(28) р(и° + 1 ,я ) = Fh(m0, u)(m'), m0e N t ,  rri eQh, 

and

(29) |F*(m0, v)(m') — Fh(m0, y)(m')| ^  /i0y(^), m0eN t,  meQh.

For each т еЩ  xQh we define the set F(m) in the following way. If 
meN% х(Ол\О(л0)) then V(m) = TmQ. For m e N f xQ(h0) we set

V(m) = TMou {(/, m')eiVh х(Йл\ ^ 0)): У = m0 + l}.

It follows from (15)~(17) and from (22), (23) that

(30) [Ffc(m0, z + z)(m')-F^(m0, 2)(m')]r ^  (f + h0/l*)( max f<J’*r>)r ,
О 'Ж ) е К ( т )

where m0 eN%, m'eQh, z e T h, z e,;F0(£j,0) u  Eh, Rk+). Since

^  for (/, m') e!Vi0) x Gfc,

we obtain estimation (20) from Lemma 1 (see Example 1).

R em ark 1. If the assumptions of Theorem 1 are satisfied and L 
= ||Л*|| > 0, then we obtain from (20)

(31) I k  -  «11% < (1 + Ao L )2” 0 IK  J  + L - 1 [(1 + к  Z.)2"0 - 1] ||у(й)||,

m0 =■• 1 , 2, . . n*.
If ||Л*|| then

lk-y|imo < lko.fcll + 2moh0||Ch||, m0 = 1, n*.
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A ssu m pt io n  H4. Suppose that
(i) the operator A defined by (11) satisfies the conditions:

£ s ; 4 ° = 0, £  = 0, j, l = 1 , n, i = 1 , k, *
seS seS

(ii) the difference operators C(,), D(i\  i = 1, k, defined by (12) satisfy

У. Cg,j ^ji, j , l \ , ..., n, i l , . . . , /c ,
seS

where ôjt is the Kronecker symbol and

X Sf dgji = 0, £  sr sr d^jt = ôjr Slv for j  ф l,
s e S  seS

У sr Sr d{sjt = 2ôjj’ ôir for j  = l,
seS

where i = 1 , k, j , f ,  /, /' = 1......... n,
(iii) there exists c > 0 such that h j h r ^ c  for i , / = l , . . . , n ,  and 

h hj ^  ch0, i , j  = 1 , n,

Now we prove a theorem on the convergence of the method (13).

T heorem  2. Suppose that
(A) Assumptions H i-H 4 are satisfied,
(B) / е С ( Г ,  R% tp eC(£(0), Rk) and д} eC(Ë xC(Ei0) u  Ё, Rk), Rk),

gjeC{E xC(E<0) u  E, Rk), Rk) where j  = 1, ..., n,
(C) v = (rl5 . vk) eC(E(0) и  E, Rk) is a solution of (10) such that v\ë is of 

class C3,
(D) there exist functions P, P0: I0 -+Rk+ such that

(32) \<Ph(x m°\  Уж'\  vim), v, Cv(m\  Dvim))

- f ( x im°\ yim\  v(m), v, Cv(m\  Dv(m))I ^  P{h),

and

(33)

where

(34)

m0 = 0, 1, n* — 1, m'eM, h e l 0,

19hj (x mo), Уm#), VhtmQ v) -  g j {x(mo), Ут<), r )K  y  Po (h), meT} \

19h,j(xm°\ У(т\  Vh,mov)-gj(x{mo\  v)\ < ^ p0(h), meTj+\
hi

lim P (h) = lim p0 (h) = 0,
\h\ -О |Л| -о

(E) there exists a function Px: I0 ->Rk+ such that
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I £  aji vu4m)) -  hj £  pji gj ( x m°\ y ^ m'», v) -  v(m)\ ^  /i0 jff, (/1),
i=l i=0

m e7}~\ j  = 1 , n,

| î  + £  ^ e j ( x m°\  «  АоД>№),
i= 1 i= O

meT}+), j  = 1, n,

lim (h) = 0,
IM -o  /

(F) S: E(h0) -+Rk and o0th = max |<5(m)|, lim a0th = 0,
— n Q ^ m g ^ O ,  m’eM* |A| -*0

(G) uh is a solution of (13).
Under these assumptions there exists a function y: I0 -> Rk+ such that 

lim y(h) — 0 and estimates (20) hold with Л* given by (21). In particular the 
1*1 -o
estimates

(37) I k - tC ! ,  < e ^ W a ^ W  +  L - '  [e2*1-l]||y(A)||, m„ = 0, 1 , и*, 

where L = ||Л*|| > 0 and for L = 0

(38) I k - t C o  < e2aL\\o0>h\\ + 2a\\y(h)\\, m0 = 0, 1, n*,

hold.

(35)

and
(36)

Proof. Let C ^  0 be such a constant that

IM*, y)II, \\Dyiv(x, у)II, \\Dy.y. v(x, y)II, IIDy.yjyiv(x, y)\\ < C,

i ,j, l = 1 , ..., n, (x, у)еЁ.

Using for vt the Taylor expansion of the third order with respect to у we get
for some в(ф ,  1)

f t *
(m0 + £  ^(i) +s)] = Dxvi(x(m°) + ei h0, y(m■>) + K0 (A),

ho seS

o'IIо5 , л* —1 , m 'eM ,

where i -= 1 , . . . , к and

i — 1, ..., k, m eN% xM, h e l0,

where
Й‘»(А )=^и2С |Л |Х к ')|.

seS

Let y 0 (h) = (Й 1,(А).......7o*'(A)), A e/0, and

Л Г ( Л )  = № ( * ) . " • .  * 83(A ))-
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We define for m0 = 0, 1, n* — 1, m' eM, h e l0,

RW(h) = <Ph(x m°\ y(m'}, Bv(m), v, Cvim\  Dv(m))

-<Ph{x(m°\ yim’\  vim\  v, 0 (m), Dv(m)),

R(F}{h) = Фн(х т°\ y(m'\ v(m), v, Cv(m), Dv{m))

- f ( x imo), y(m'\ v(m), v, Cv(m), Dv{m)), 

RM(h) = f ( x im°\ yim’\  v(m\  v, Cvim), Dv(m))

- f ( x m°\ y(m'\ v(m\  v, Dyv(m\  Dyyv{m)), 

and

Rÿ’Cî, A) = W i( 4 . ,  A), « $ ( 4 2 , A ) , A ) ) ,  
where

K m!(rit, h ) = f  (xim°\ y'm\  v<"*>, v, Dy уИ Dyy v ^ ) -

~ f i ( x mo) + rji h0, у(т'\  v(x(mo) + rji h0, y(m>)), 

v, Dy Vi (x(mo) + yji h0, Dyy Vi {x(mo) + rji h0, / m'))), i = 1, ..., k .

Then we have

(39) v mo + l’m,)- A v (m)- h 0<Ph(x mo\  Уж'\  Bv(m\  v, Cv(m), Dv{m))

= - h 0l - R (o ](h) + R\m)(h) + R(2m)(h) + R{3m)(h) + (0,, /i)],

m0 = 0, 1 , n * - 1 , h e l 0.

Since ||B(i)y(m) —t?(m)|| ^  C\h\, i = 1, к, for m0 = 0, 1, n* — 1, m! eM  it 
follows that there exists a function I0 ~^Rk+ such that |jRiw)(̂ )I < 7i{h), 
m0 = 0, 1 ,... ,  n* — 1, m' eM  and lim ÿi (h) — 0. Let y2 (h) = /?(h) for h e l0.

|/i| -o
Then \R(F}(h)\ ^  y2{h) for m0 = 0, 1, . . n* — 1, m' eM  and lim y2(h) = 0.

|h| - 0
Put CjV(m) =(c]l)v\m), C f  4m)), Dji v(m> =(D<J )v[m), D fv[m)). It fol­

lows from Assumptions H3, H4 that for j  = 1, n, m0 = 0, 1, . . w* — 1, 
m'eM

\CjVim)- D y.v(m)\ ^icnC\h\  max £  |c£> |
3 l<i=SfcSeSUZjün

and

l\Djt vlm) — Dy y p(m>|| <  C (cn)2 max £
seS

1
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where j ,  l = 1, . . n, m 0 = 0, 1, . . n*  — 1, m 'e M .  The above estimations 
imply the existence of a function f3: I 0 -+ R +  such that |R(3m)(/i)| ^  y3(h), m 0
= 0, 1 , . . . ,  n*  — 1, m ' g M and lim y 3 (h) = 0. Let

1*1 -*o
y4(,(/i)= max max |ОД(»/,•, Щ, h e l 0>

m’ eM

and

У Ah) = (у м (й)* •••, h e l0.
Then |Я̂ т)(д/, h)\ ^  y4(/i) for m0 = 0, 1 ,..., w* —1, m'eM, rç,e[0, 1], /
= 1, ..., n, and lim y4 (h) = 0. Let

1*1 -о

y(fc) = £  7|(Л), ^ e /o-
i = 0

It follows from (39) that estimation (18) holds true with the above given y
and lim y(h) — 0.

1*1 -o
With the notation

Sftf(A) =  £  £  РцвЛ*"0'’
i= 1 f=0

= hi £  y<j4,mn, V)-ghJ(x(n°\ у Kk,„0t>)],
i = 0

where meT}~), j  = 1 , ..., n, we have

(40) \{LjV)(m)- v (m)\ < \SW(h)\ + \S№(h)\ ^  h0(i+ c0)^(h ) ,
meT}~\ j  — 1, ..., n.

In a similar way we prove that

\(Lj »)<"> - ^ | < h 0( l+  c0) &(*)•

Thus we see that estimation (19) holds true with y*(h) = (1 + c0)/?i (h) and
lim y*(h) = 0.

1*1 -o
Now we obtain the estimation (20), (21) and (37), (38) from Theorem 1 

(see Remark 1).

R erm ark  2. In Theorem 2 we assume that the consistency condition 
(32H34) is satisfied on the solution of (10). Theorem 2 remains to be true if 
instead of (32H34) we assume one of the conditions

(i) the consistency condition (32)-(34) holds for each function
veC(Ei0) Rk) such that v\z is class C3,

(ii) there exist functions j8, fi0: I0 ->Rk+ such that for h e l0



Parabolic differential-functional systems 241

4
where j  = 1 , ..., n and lim fi (h) = lim j80 (h) = 0.

1*1 -0 |fc| -0

3. Examples of difference methods. Let J = {{j, /): j, l = 1, . . n, j  Ф /}. 
Suppose that for each i, 1 ^  i ^  k, we have defined sets J\~}, J\+) <= J such 
that J (_)u J (+) = J  and J\~] n J \+) = 0, i = 1, k (in particular it may be 
J{-) = 0  or J\+) = 0). Assume that if (j, Z)eJ{-) then Suppose
that d(1) = A^)  and d(2,,) = [dj-2 r... i = l,...,fc , are differ­
ence operators defined by

(41) d (1)w(m) = (d ^  w(m), A[l)w(m)), d (2’°w(m) = [d<P w(m)]jjJ=

A\l)w{m) = (2/i7)“ 1 [w0(m)) — vv<“J(m))] , j  = 1, и,

d}?-° w(m) = (2/j. /г() - 1 [wWm)) + w(l(m)) +  w(~j(m))

-  ,(m)) — 2w(m) — w(j( ~ — w( “ 

for (/, and for j  = / = 1 , n, i = 1 , к,

AM) Ww  = (2hj hff~1 [ -  w0(m)) -  w(l(m)) -  w( ”i(m)) -  w( ~l(m)) + 2w(m)
+ wU(«m))) + w(-i(-/(m)))-] for ^  /)e j( + >5 i = 1 ? k.

Let 1 ^  k0 < k. The difference method

and

i — 1, k0, tn0 = 0, 1, . . n* — 1, m' eM,

П
(43) + £  (z°'(w)) + z(_J'(m)))(4n)-1 ,'z, d (1)zjm), d(2’°zjw)),

i = /с0 + 1 , ..., к, m0 = 0, 1 , ..., n* — 1 , m' eM,

z(m) ={Ljz)(m\  m eT j~ \ j  = 1, n,

z™=(Ljz)(m\  m eT j+), j  = n,

z(m) = <p(m) + <5(m) for — no ^ m o ^ 0 ,m 'e M * ,
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can be obtained from (13) by specializing the operators A, B(l), C(l), D<1). 

T h eo rem  3. Suppose that
(A) conditions (i)-(v), (vii) from Assumption Hx and condition (iii) of 

Assumption H3 are satisfied,
(B) Assumption H2 and conditions (iii), (iv) of Assumption H4 hold,
(C) conditions (B)-(G) of Theorem 2 are satisfied,
(D) for each P = (x, y, p, z, q, r) e l h and for i — 1, ..., k0 we have

i*j
j  = 1, ..., n,

(E) for each P e Z h and for i = к0 + 1, . к we have

i U  + hoDPi0t>(P)l-2ho i ~ D l M ( P ) +  £  p r \ D  <Pÿ(P>\>0,
1 hj j,l= 1 П1j *1

(45) ^ (1  + h0Dp. 4 > t (P ) ) ~ ~  \DV Ф1'’(Р)1

+ ! £ d  Ф«'(Р)~ £  p - \ D  Ф?(Р)I 0, J = 1, n,
hj JJ hj ^

i*j
(F) for P e l h and for i — 1, ..., к we have 

Drjl&?(P)> 0 for O',
Dr.,< J f(P K 0 for Ц, I)

Under these assumptions we have

lim ||u(„m)- i ; (m)|| = 0 .
1*1 -0

(46)

Proof. The difference method (41H43) satisfies all the assumptions of 
Theorem 2. In particular, conditions (14) for the method (41)-(43) arè 
equivalent with (44)-(46). This completes the proof.

R em ark 3. If we assume in (41)—(43) that k0 = к and <Ph = f  ghJ = gjf 
ghj = gfj for j  = 1, ..., n, then we obtain the method considered in [13],
[16Н19].

R em ark 4. We define J ^ (E i0) u E h, R \)  c  ^ 0(4°> \ jE h, R \ )  in the
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following way: z e ^ ( £ j ,0)u £ k, Rk+) iff there exist constants K(z), M{z)eR+ 
such that

z*m) ^  K(z)a0?h +M(z)y(h), m0 = — n0, ..., n*, m'eM,

where <j0th and y(h) are defined in Theorem 1. It is easy to see that Theorems 
1 and 2 hold if we assume estimations (15)—(19) for ze«#^(£j,0) u Eh, Rk+).

4. Difference methods for almost linear problems. In this section we 
consider the differential-functional problem (10) with

n

(47) f { x , y , p , z , q , r ) = f i ( x , y , p , z , q ) +  £  a${x, y)rjh
j,i= i

i = It,

where /  = ( /! ,...,/ ,) :  E x R k xC  (£(0) u  £, Rk) x R n -+ Rk, A^ = [a ^ l<l=1_ n, 
A(i): E -+R"2. Let

ï h = Ëh xR k x /s(E{h0) и Et, Rk) x R n.

Suppose that

<ph = (ф[1\  Ф<*>): £ , ->Rk and Ô: £ („0) ->Rk

where h e l0. Define difference operators A = {Au  ..., A„), A(i,m) =
lA(ji'm)lijti=1>n as follows

4 ,w(M) = (2hj)~1 [w0(m)) — w( “i(m))] , j  = 1 , ..., n,
A(i,m) (̂m) _  (2hj w°'(m))-  w(/(M))-  w("Лж))

— w( ~l(m)) + 2w(m) + w(j(l(m))) + w( “ ̂

(48) if ;  ф I and a{j}{x(m°\ y(n,,)) ^  0, j, l = 1, ..., n, 

A(jim) w(m) = (2hj ht) " 1 [w°'(m)) + w(t(m)) + w(~ J(m))
w( ~ Km)) _  2w(m) — m))) — W( ~

if j  = I or -flj? (x(M0), y(M,)) < 0, j, / = 1 , ..., n,

where w: £^0) u  £* Consider the difference method

(m0+ l.in') Л 4 ”’ + /10 Ï  aJ?(x<"0,.y " ' ,) ^ " ,zj->
J./= 1

Ч-ЛоФ̂ 'Ч*"”0’, у1”'1, z, Jzj”>),

i = 1, ..., к, m0 — 0, 1, ..., n* — 1, m! eM,
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meTj \

meT} + ), j  = 1 , л, 

for — no ^ m o ^ 0 ,  m'eM.

In Theorem 3 we assume that the derivatives Dr Фф, i = l,...,& , j ^ l  
satisfy (46). Now we omit this assumption for method (48), (49).

Assumption H5. Suppose that
(i) the function <Ph = •••, #lfc)) given by

П
(50) <Pÿ(x, У, P, г, <?, г) = ФР(х, у, р, z,q)+  £  а(Ц(х, y)rjh

j,i= 1
i = 1 , ..., к,

zim) = (LjZ)(m), 

z(m) = (Ljz)^,
2<m) = Ç)(m) -f-

satisfies conditions (i)-(v) and (vii) of Assumption H l5
(ii) Assumption H2 holds,

(iii) condition (iii) of Assumption H3 and conditions (iii), (iv) of Assump­
tion H4 are satisfied,

(iv) for Q = (x, y, p, z, q ) e ï h, h e l 0, and for i = 1 , ..., к we have

" 1

(51)

+ h0 b% Dp. ФP (Q) -  2Л0 £  TT «S (x, y) + h0 £  —  |flj? (x, y)| ^  0,
j= i "j j,i= ! hj ht

j*i

+ h0 b%,j D„ ( 0  + ̂  Dq. ф/ÿ (Q)

+ hoT2 o4>(x, y) — h0 X -rV laji (*, >’)l > 0, j  = 1 .......n,
/= 1 nj"l
l*j

hf

where в — (0, ..., 0) eS and

+ ho b"m ,, Dp. Ф ?( 0 - ^ Dq. (G)

(52) + ho -K afi (*. У) -  Ao Z  7ГГ W  (л% J")l > 0, j  = 1 .......n,hj l=1nj nl
i*j

4° + h0 bg Dp. ФУ (Q) > 0  for s eS(0),

where S(0) = {seS: s ^  в, s Ф j(0), s #  — ./(0) for j  = 1 ,... ,  n},
(v) the operators A and B(l), i = 1, ..., k, satisfy condition (i) of As­

sumption H3 and condition (i) of Assumption H4.
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T heorem  4. Suppose that
(A) Assumption H5 is satisfied,
(B) v eC (£(0) и  Ë, Rk) is a solution of (10), (47) such that v\g is of 

class C3,
(C) there exist functions fi, j?0: I0 -+Rk such that the consistency 

condition (32)-(36) is satisfied with f  and <Ph given by (47) and (50), respectively,
(D) the functions f  gj, § j,j  = 1, ..., n, (p, A(,), i = 1, ..., k, are continuous 

on their domains and uh is a solution of (48), (49),
(E) conditions (E), (G) of Theorem 2 are satisfied.
Under these assumptions there exists a function y: I0 -+Rk+ such that 

lim y(h) — 0 and estimates (20) hold with A* given by (21). In particular we
|A |-0

have estimates (35), (36).

Proof. There exists a function y* = (y*, ..., y*): 10 ~*Rk+ such that
(a) for i — 1, ..., k, mQ = 0, 1, ..., n* — 1, m' eM  we have

■ - A *  i  / ”° ) Л<jr' и Г ' | <  hoyf (A ) ,
j,l= 1

(b) estimates (19) hold.
The proof of the existence of y* is similar to that used in the proof of 

Theorem 2. We omit the details. Now we apply Lemma 1 for the proof of 
our assertion. Let Qh = M*, f2[0) is the set given in the proof of Theorem 1 
and Nh, Nj,0), Nf  are the sets defined in Section 1 with n0 and n* given in 
Section 2. Let Th = / I {Nh xQh, Rk) and

FH = (П " .......Ft'): N*h xQh -  /7{Qh, Rk)

is defined by

(53) fii’tmo, z)(mr) = А,г\т> + Ь0 £  y ' " ' ' ) z!"1
j,l= 1

+ h0$ÿ{x(mo), y(m,), B(i)zim), z, Az\m)), m eN t  xM.

If т0еЩ , m’ eQh\M  then we define Fh{m0, z)(m') by (23). Then 
M<m0+i,m) = Fh(m0, uh){m'), m0eN*, m! eQh.

Let V(m) = TmQ if meNff x(fih\^i,0)) and

V(m) = TmQ u  <!(/-, m  eN hx (Qh\Q[0)): j  = m0 + l\

for meN% xQffK It follows from Assumption H5 that Fh satisfies condition 
(V) with respect to &j,0). Now we prove that Fh is nondecreasing with respect
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to the functional argument. Suppose that z, z e T h and z ^  z. Let 

= lU, '): j ,  le  1 1 , .... n}, j  *  /, а}?(х(”0’, У"'') »  0}, 

J t t =  Ю, l ) i j , l e \ l , . . . , n } , j * l ,  a#(x°”°’, /"'>) < 0]. 

Then, using the mean value theorem we have for m'eM, m0eN*

F f  (m0, z) (m') -  F f  (m0, z) (m')

^  (z[m)- z |m))

+ £  (zp<m))-zF (m)))

4 ‘» + /10Ь8 Ор.Ф ? ( й ) - 2А0 £  /•"->)
j=  1 "/

+ h0 £
j , l= l h j  Щ 
j * l

am  +  h0b%tJDPj$ 4 > m

+ ft„ L  d , . $ t  m + к  L  ag  (x1”01, /»•>)

1

+ X ( z r j(m»)-zl“j(m)))
J=1

1

- ^ o Z ]rV l 4 )(x(mo), y w'))l
j= i “j щ 
i*j

a~H6) + h0b^m ,lDp.$ f(Q l)

ho ̂ r D q, Ф<‘> (Q.) + h„ L  dfj (x-о», У”'>)
2/ij У

/=i nj ni
+ E  й ш°’

(mQ,m' + s) -(mQ.m'+s)-Z; К) X
S6s(°)

хСаУ + А о ^ ^ ^ ' Ш  + Ао £  4 ’(х,то,) У”’>)(2А,Л,Г1х

x  o p t io n ) ) )  _  ^ ( / ( m ) ) )  _j_ z j -  j(  -  l ( m ) ) )  /(m )))j

~ h 0 Z  aJi (x(M0)’ У *0) (2fy hi)~1 X

x j"zU( -  i(m))) _  -  /(m))) _J_ zj -  J(i(m))) _   ̂ { =  1, . . ., /с.

These estimates and (51), (52) imply

(54) Fft(m0, z)(m') ^  Тл(т 0, z)(m'), m0eN%,
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for m'eM. It follows from the definition of Fh and from Assumption H2 that 
(54) holds true for meQh\M, z , z e T h, z ^  z. Let

■P» = » S,1’, .... №)■ N f  хГ , -  

be a function given by

z)(m') = z‘"° ’ 1 -  A, z|”' -  A0 ФЦ1 (x1"0’, у1"1, B">z("", z, /IzJ”")

- a0 £
j,/= 1

i = I, . . k, m0eN*, m' eM.

If m0eN% and m'eQh\M  then we define ^ (m 0, z)(m') by (26).
For Fh: Njf хГл ->.ÿ~(Qh, Rk) given by (27) we have (28) and (29). Since 

Fh given by (53), (23) satisfies (30) then using Lemma 1 (see also Example 1) 
we obtain the assertion of our theorem.

R em ark 5. A theorem on difference-functional inequalities related to 
(10), (47) can be proved without assumption (46) (see [9]).
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