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Abstract. This paper is a sequel to [2]. Throughout this paper, entries of double
sequences, double series and 4-dimensional infinite matrices are real or complex num-
bers. We prove the Schur and Steinhaus theorems for 4-dimensional infinite matrices.
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1. Introduction and Preliminaries. This paper is a sequel to [2]. Through-
out the present paper, entries of double sequences, double series and 4-dimensional
infinite matrices are real or complex numbers. If A = (@, n,k¢) iS a 4-dimensional
infinite matrix, and m,n,k,¢ = 0,1,2,..., by the A-transform of a double sequence
x={xke}, k,£=0,1,2,..., we mean the double sequence A(z) = {(Az)m.n},

o
(Ax)mn = E Qmon,k 0Tk, 1,1 = 0, ]-7 27 SERE)
%o 0=0

where we suppose that the double series on the right converges. The double sequence
x = {xk} is said to be summable A or A-summable to s if
lim (Az)mn = s.
m-+n—oo
Let cgs,¢3 denote the spaces of convergent double sequences and bounded double
sequences, respectively. If A = (ap, pn k¢) is such that {(Ax)m,.n} € cqs whenever x =

{zke} € cas, A is said to be convergence-preserving. If, further, _&im (AZ)mpn =
m-r+n—oo
lim xj ¢, we say that A is regular.
k+0—o0

Natarajan proved the following result.
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THEOREM 1.1 ([2]) A = (@mn.ke) is regular if and only if

(1) lim ampre=0, k,€=0,1,2,...;

m-+n—oo

(2) lim > appke =1

m-+n—oo
k,0=0
oo
(3) lim > ampre =0, £=0,1,2,...;
m-+n—oo
k=0
oo
(4) lim Y ammke =0, k=0,1,2,...;
m-+n—oo
£=0
and
oo
(5) sup Z | @ ko] < 00
m,n fe.f=0

A is called a Schur matriz if {(Az)mn} € cqs whenever x = {0} € €55, The main
object of this paper is to get necessary and sufficient conditions for A to be a Schur
matriz and then deduce Steinhaus theorem.

DEFINITION 1.2 The double sequence {,} is called a Cauchy sequence if for
every € > 0, there exists N € N (the set of all non-negative integers) such that the
set

{(m,n), (k,£) € N*: |2, — Th| =€, m,n,k, >N}

if finite.

It is now easy to prove the following result.

THEOREM 1.3 The double sequence {xy, »} is Cauchy if and only if

(6) lm  |Zmtun — Tmal =0, u=0,1,2,...;
m—+n—oo

and

(7) lim  |Zpmn4o — Zmn| =0, v=0,1,2,....
m-+n—oo

DEFINITION 1.4 If every Cauchy double sequence of a normed linear space X
converges to an element of X, X is said to be double sequence complete or ds-
complete.
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Note that R (the set of all real numbers) and C (the set of all complex numbers)
are ds-complete.
For o = {zpn} € €32, define ||z|| = sup |z »|.- One can easily prove that £3 is

m,n

a normed linear space which is ds-complete. With the same definition of norm for
elements of cqs, cqs is a closed subspace of £32.

2. Main Results. Schur’s theorem and Steinhaus theorem for 2-dimensional
infinite matrices are very well-known (see, for instance, [1]). In this section, we
obtain these results for 4-dimensional infinite matrices.

THEOREM 2.1 (SCHUR) The necessary and sufficient conditions for a 4-dimensional
infinite matric A = (Gm,n ke) to be a Schur matriz, i.e., {(Ax)mn} € cas whenever
= {xpe} € L3 are:

00
(8) Z |@mn. kel <00, mn=0,1,2,...;
k.0=0
00
(9) m-&lnn—l»oo Z |am+u,n,k,€ - am,n,k,d =0, v=0,L2,..;
k,0=0
and
00
(10) m—&lnn—lwo Z |am,n+v,k,€ - am,n,k,€| =0, v=0,1,2,....
ke,0=0

ProoF Sufficiency part. Let (8), (9), (10) hold and = = {zx ¢} € £33. First, we note
that in view of (8),

%)
(A(E)m,n = E Amn,k Tk, M1, T = 07 17 27 v
Je =0

is defined, the double series on the right being convergent. Now, for u = 0,1,2, ...,

oo
[(AZ)myun — (AT)mn| = At mokeot = Qmn, ko 0) Tt

(
k,0=0
o0

< M g |am+u,n,k,€ — Omn,k L
k,£=0

— 0, m+n— oo, using (9),
where |2 | < M, k,0=0,1,2,..., M > 0. Similarly it follows that

[(AZ)m ntv — (AZ) | — 0, m+n—o00, v=0,1,2,...,
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using (10). Thus {(Az)mn} is a Cauchy double sequence. Since R (or C) is ds-
complete, {(Ax)m .} converges, ie., {(Az)mn} € c4s, completing the sufficiency
part of the proof.

Necessity part. Let A be a Schur matrix. For m,n = 0,1,2,..., consider the
double sequence {xy ¢}, where zx ¢ = Sgn amn ke, k, € =0,1,2,.... Then {zy ¢} €
% so that, by hypothesis,

o0

(Ax)m,’l’b = Z |am,n7k7€|7 m) n= 07 1a 27 e
k,£=0

is defined. Since the series on the right converges, (8) holds. Suppose (9) does not
hold. Then there exist £y, up € N such that

oo

> @ pugn koo — Gmon i o] =0
m-+n—oo Pt

does not hold. So there exists € > 0 such that the set

o0
{(m,n) S N2 : Z |am+u0,n,k,€0 — am,n7k7gg| > 26}

k=0

is infinite. Thus we can choose pairs of integers m,,n, € N such that m; + n; <
Mo +ng <--<mp+np<... and

o0

(11) Z ‘amPJruO!nPsk)ZO - ampanp7ka‘€0| > 267 p= 17 27 R
k=0

Using (8), we have,

oo

E |am1+u07’ﬂ1;’f,fo - aml,ﬂhk,fo‘ < o0.
k=0

Consequently there exists r; € N such that

oo
(12) kg; |@my tug.m1 el — Gmyona kito] < i
In view of (11) and (12), we have,

ol Te
(13) kZ:o |Gy o mn ko — Gma ko] > 7€
By hypothesis, (1) holds so that we can suppose that

-1

(14) 3" gt uoz oto — Gmanzntol < 2

k=0
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Using (11), we have,

o0
(15> Z |am2+u07n27k,fo - am2,n2,k7£o| > 2e.
k=0
Using (8),
oo
Z ‘amz-‘ruomz,k,fo - am2,n27k750| <0
k=0

so that there exists o € N, r9 > rq, such that

oo
€
(16) Z ‘a’m2+u0,n2’k750 - am2,n27k,fo| < 4
]i):TQ

From (14), (15), (16), we have,

ro—1 36

Z |am2+uo/ﬂ2,k,fo - amzmz,k,fo‘ > 9 > €.

k=rq

Inductively, we can choose a strictly increasing sequence {r,} such that

'r’p_lfl
€
(17) Z |amp+uo,np,k,€o - ampmp,klol < Z?
k=0
> €
(18) Z |amp+uo,np,k,fo - amp,np,k,€o| < 15
k=rp
and
rp—1
(19) Z |amp+uo7np,k,€o - amp,np,k,fo| > €.
k=rp_1

Now, define {z ¢} € €52, where

Sgn(amp—i-uo,np,k,fo - amp7”p7k7eo)7
Tho = ifl="Ly,rp_1 <EkE<rp,p=12,...;
0, otherwise.
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Then,
oo
(Ax)meruo,np - (Ax)mp,np = E (amp+u07np7k7£ - aﬂ”bp,np,k,f)mk,Z
k,6=0
oo
= @y tugmy o = Gy iy o) Tk o
k=0
’r‘p_l—l
= (@mptuo,np ksbo = @,y kil ) Tyl
k=0
rp—1
D (@mptuomp.ilo = Gy ki ko )Tk o
k‘:’l'p71
oo
D (@ tuoimp koo — Gy o) Th b
k=r,
’[‘p,171
= (amp"l_u(hnpykv[o - ampunp7kaé())xk7£0
k=0
rp—1
+ Z |amp+u07npvk7é0 - amp7np7k7€()|
k:rp_l
oo
D (my o koo — Gy ko) Th b
k=rp
so that
rp—1

Z |amp+u0)np7k)‘€0 - amp7”p,k7@0| = {(Ax)mp+u0)np - (Am)mpﬂlp}

k=7'p71

rp—1—1
= D (G tugimg bibo — Gy k) Tk g
k=0
o0
- Z (amp+u07np)k7£0 - amp,np,k,io)mk,fo-
k=r,
In view of (17), (18), (19), we have,
rp—1
€< Z |amp+u0,np,k,£0 - amp,np,k,fo|
]C:’I‘p71
€ €
< |(Ax)mp+m,np - (Ax)mp’ﬂp’ + Z + Zv
from which it follows that
€
|(Ax)mp+uo,np - (Ax)mp,np| > ia p=12
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Consequently{(Az)m n} & cas, a contradiction. Thus (9) holds. Similarly (10) holds
too. This completes the proof of the theorem. n

We now deduce the following result.

THEOREM 2.2 (STEINHAUS) A 4-dimensional infinite matriz A = (Gmn k) cannot
be both a reqular and a Schur matriz, i.e., given a 4-dimensional regular matriz A,
there exists a bounded divergent double sequence which is not A-summable.

ProoOF If A is regular, then (1) and (2) hold. If A is a Schur matrix too, then,
{@m.n.ke} o n=o is uniformly Cauchy with respect to k,£ = 0,1,2,.... Since R (or
C) is ds-complete, {am n ke }mmn—o converges uniformly to 0 with respect to k,¢ =
0,1,2,.... Consequently, we have,

o0
lim E Am,n ke = 0,

m-+n—oo
k,6=0

a contradiction of (2), completing the proof. =
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