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1. Introduction. Let D™ be the unit polydisc in C™ and let ¢, be analytic
functions defined on D™ such that p(D™) C D". Then a weighted composition ope-
rator W, 4 is defined as Wi, (f)(2) = ¢¥(2)f(¢(z2), for all f € H(D™), the space
of holomorphic functions on the unit polydisc D™. For composition operators on
spaces of analytic functions one can refer to [1], [6] and [20], whereas for weighted
composition operator we refer to [4],[5],[7],[14],[17],[21] and references there in. The
weighted composition operators appears naturally in the study of isometries on most
of the function spaces, see [9] and [19]. Operators of this kind also appears in many
branches of analysis; the theory of dynamical systems, semigroups, the theory of
operator algebras and so on.

Let T™ denotes the distinguished boundary of D™, and we use m,, to denote the
n—dimensional Lebesgue area measure on T, normalised so that m,,(T™) = 1. Also
we use the notation f, for the function f,.(z) = f(rz), where z = (21,29,...,2,) €
T™. Take p > 0. Then f € H(D") is said to be a member of the Hardy space H?(D")
if and only if

sy = (sup [ |17 dma)? < oc.
o<r n

<1
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For p = 0o, H*(D") is the set of bounded analytic functions on D™ with the supre-
mum norm.
If f € HP(D"), then the limit function f* defined as
f(z) = lim1 f(rz) exists a.e.
on T™ and f* € LP(m,,), the space of measurable functions f on 7™ for which

/ | £(2) | dmy, < oo.

Let o, denote the volume measure on D", so that a@) =1 and o,  given by
[T, (1= | z [*)®0, denotes the weighted measure on D", where z = (21, 22, ..., 25)
€ D”. Then f € H(D") is said to be in the weighted Bergman space AP (D™) if and

only if
1
)
|\f|Ag(Dn>=(/D 7(2) |Pdan,a) < .

It is well known that the spaces HP?(D") and AP (D"™) are Banach spaces with the
above norms,see [18] and [6].
Also, any mapping ¢ : D™ — D™ can be described by n functions @1, o, ..., ¢, as

©(2) = (p1(2), 02(2), ..., on(2)),

where z = (21, 22, ..., 2,) € D™. The mapping ¢ will be called holomorphic if the n
functions 1, @, ..., @, are holomorphic functions in D™.

If R is a rectangle on 7™, then let S(R) denotes the corona associated to R. If
R=1 x1Iyx...x1I, CT", where I; is the interval on T of length §; and centre
ei05+33/2) for ji=12,...,n, then

S(R) = S(I1) x S(I2) x ...S(1I,),

where

SI)={re® €eT:1-6; <r<land 6 <0 <6 +5;}
If V is any open subset in 7™, then S(V) is defined as S(V) = U{S(R) : R is a
rectangle in V'}.

For a € D, let ¢, be the linear fractional transformation on D given by

a—z
#al2) = l-az
Then each ¢, is an automorphism on D and ¢! = ¢,. For w = (wy,ws,...,w,) €

D", let v, (2) = (Puw,(21), Puws(22)s -+ s Pw, (2n)). Then ¢, is an automorphism on
D" that exchanges 0 and w. Since every point evaluation is a bounded linear func-
tional on A%(D"). So, for every a € D", there exists a unique function K, in
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A% (D") such that f(a) =< f, K, >, fAZ(D"), where () denotes the inner product
in A2 (D™).. The explict formula for the reproducing kernel in A2(D") is given by

n

(1 1 n
K; Hil—az)W?’ZQED
=1

Also, using the reproducing property of K&, we have
n

1
K33 =< K5 K> = Kol) = [ 7oy
i=1 ’

Thus the normalised reproducing kernel £ is given by

O L e

H (1 —a; z)et2

=1

Also, we know that A2,(D") = H?(D"), see [12]. Then, for « = —1, k2 is the
normalised reproducing kernel for H?(D"). For an holomorphic self map ¢ on D"
and a function f € L'(D"), the weighted ¢— Berezin transform of f is defined as

n 1— i 2\a+2
Boat@ = [ 50T o fratones

for « > —1 and

Boa(N@)= | F)]] =

ot 11— ai pi(2) 2
If ;(z) = 2;, then By 4 is just the usual Berezin transform.

2. Boundedness. In this section, we characterize the boundedness of W,
using the Carleson measure criterion.

DEFINITION 2.1 Let 1 < p < oco. A finite, non-negative, Borel measure 1 on D™ is
said to be a p-Carleson measure if (S(V)) < Cmy, (V)P for all connected open sets
V C T™ and p is said to be a compact p-Carleson measure if

1))

lim sup =0.
mn(v)—’o vcrn mn(v)p

DEFINITION 2.2 Let 1 < p < oco. A finite, non-negative, Borel measure p on D™ is
said to be a (p, @) - Carleson measure if u(S(R)) < C [], 67 ) for all R C T
and (4 is said to be a compact (p,a) - Carleson measure if

. S(R
lim sup 75( ((2)3(1) =
§;—0 ocTn Hi:l 6{7
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Take ¢ € HY(D"). Define the measure v, on D" by

vu(E) =/ 1610 dima,
o1 (B)NT"

where E is a measurable subset of the closed unit polydisc D™.
Again for ¢ € AZ(D™), let the measure v, o on D", be defined by

un,a(E>:/ 1617 dopa,
e~ H(E)

where E is a measurable subset of the unit polydisc D™.

Using Halmos [10], we can easily prove the following Lemmas.

LEMMA 2.3 Suppose p, ¢ € HI(D™) be such that o(D™) C D™. Then

/7gd7/n = / | ﬁ) |q (g ° 4,0) dm'm
n TTI,

where g is an arbitrary measurable positive function in D™.

LEMMA 2.4 Suppose ¢, € AL(D") and let p(D™) C D™. Then

/ gdvp,o :/ [ ]9 (g0¢)don.a,
n D'rL

where g is an arbitrary measurable positive function in D™.

We will need the following results

THEOREM 2.5 ([11], [12]) Let p be a nonnegative, Borel measure on D™. Then the
following statements are equivalent:

i) The inclusion map I : HP(D™) — LP(D", 1) is bounded.
@
(1) The measure p is p - Carleson measure.

(i31) There is a constant M > 0 such that, for every a € D",

n

sup/ | ko |P dpe < M < o0,
a€Dn JDw

where kq is the normalised reproducing kernel function for HP(D™)

A similar result holds for the weighted Bergman spaces A (D").

COROLLARY 2.6 ([12]) Let u be a finite, non-negative, Borel measure on D", and
[ > 1. Then the following statements are equivalent:
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(i) The identity map I : HP(D™) — LP3(D", 1) is bounded.
(i) There exists C > 0, such that the measure p satisfies

p(S(V)) < Cmu (V).

THEOREM 2.7 ([11] THEOREM 2.5) Take 1 < p < ¢ < oo,a > —1 and let p be
a finite positive measure on D™. Then the identity map I, : AL (D™) — Li(u) is

bounded if and only if p is (%,a) - Carleson measure, that is, there exists C > 0

such that .
u(S(R)) < CTJoserre,
=1

for all connected open subsets V' in T™.

COROLLARY 2.8 Let i be a finite, non-negative, Borel measure on D". If there exists
C >0 and 8> 1 such that u(S(V)) < Cm,(V)P, then u(E) = 0 for all measurable
subsets E of D™.

In the following theorem we obtain a lower bound for the norm of weighted
composition operator by using the reproducing kernel function .

THEOREM 2.9 If W,y is the weighted composition operator on HP(D™), then

| 9(2) |< [Wenllp

PrOOF For the sake of convenience, we shall prove the theorem for the case p = 2.
For z € D", let K. be the reproducing kernel in H?(D"). Also, we have

n
1
IK-]5 = < K., K. >= K.(2) =[]

peR e K

Again, we have

A T ez T P P
10V U1 = 1) Ko = 1T =
Further,
(Wo) EDIZ = 16() | [ Kooy
= 16(2) | Koy (0(2)
= 19() | o o9)(2)
< (WK o) (2) |
< Wi (Kl ([ —p) 2.

il L
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In the above expression the last inequality holds, since | f(2) [< || f]l2 (ITi-, ﬁlzlg)lﬂ,
for every z € D"

Hence for every z € D™, we have

n

(W) (K15 TTO= 12 1)

=1

We w3

Y

n
1— | Z5 |2
= iz lve) .
| o 2
o)
Taking supremum over all z € D™, we have

2 7o (== )
Weullz = ZSGI}DP"E (1= | i(2) 2) | ¥(2) | -

COROLLARY 2.10 Forl < p < oo, W, y induces an unbounded weighted composition
operator on HP(D™) if

| 9(2) [= oo

THEOREM 2.11 Let 1 < p < ¢ < oo. If ¢ € HP(D™) is such that p(D™) C D™ and
¢ € HY(D"), then Wy, : HP(D") — H9(D") is bounded if and only if vy, is 1 -
Carleson measure, that is there exists C > 0 such that

Va(S(V)) < Oy (V)97

Proor By Corollary 2.4, the measure v, is % - Carleson if and only if there is a
constant M > 0 such that

/7 | f17 dv, < M||f||7 for all f € HP(D")
DTL
Again by using Lemma 2.3 with g =| f |, we have

Lot = [ 1w gt dm, = W u)1

n

Hence v, is % - Carleson measure if and only if there is a constant M > 0 such that

Wi (F)llg < MY £, for all f € HP(D™).
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Now, we give a characterization for the boundedness of W, , on H?(D") by
using the weighted ¢ - Berezin transform of the function | ¢ |P .

THEOREM 2.12 Suppose @, € HP(D™) be such that o(D™) C D™. Then the weigh-
ted composition operator W, is bounded on H?(D™) if and only if the weighted ¢ -
Berezin transform of the function | ¢ |P is bounded, that is, By, _1(| ¥ |) € L>°(D™).

PRrROOF The proof follows by using Theorem 2.3 and Theorem 2.9. n

THEOREM 2.13 Let 1 < p < ¢ < 0o, and ¢ € AE(D") be such that o(D™) C D".
If v € AL(D™), then W, : AL(D") — AL(D") is bounded if and only if vy o is

(%, «)) - Carleson measure,that is, there exists C > 0 such that

va(S(R)) < CT[ 6227,
=1

PrOOF Using Theorem 2.5, vy, o is (2

5 «) - Carleson measure if and only if there is
a constant C' > 0 such that

/f | £ 1 dvy < C|[ ]2 for all f € AZ(D").
D

Again by Lemma 2.4 with g =] f |7, we have

Loismdn = [ 1w ot dona = WDl

Hence vy o is (1, ) - Carleson measure if and only if there is a constant C' > 0 such
that
IWew(Hllg < C/2£llp, for all € AE(D").

COROLLARY 2.14 Let 1 <p < q < 00, € HP(D"™) be such that o(D™) C D™ and
¢ € H1(D™). If the operator W, , : HP(D™) — H(D") is bounded, then

mn({z = (Zl,ZQ,... ,Zn) S ™ I‘ (pJ(Z) |j=1 ,,,, n— 1}) =0.

PROOF By Theorem 2.9, the measure v, satisfies v,(S(V)) < Cm,,(V)4/? in D7,
Since % > 1, by Corollary 2.6, the measure v,|T™ = 0. Take

E={z=(21,22,-..,2n) €T" :| j(2) |j=1,...n=1}.

Then

o:un«o(E)):/ |w|qdmnz/ |w|qdmn:/\w|qdmn.
o= 1(p(E)NT™ ENT™ E

Thus | ¢ |= 0 almost everywhere on E. Since ¢ € H; ,we have m,(E) = 0. ™
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THEOREM 2.15 Let ¢ € H?(D") be such that o(D™) C D". Then

(7) Suppose 1 < q < oo and p € H(D™). Then W, : H*(D") — HI(D") is
bounded if and only if ¢ € H1(D™).

(#7) For 1 < p < oo and ¥ € HP(D"), we have W,y : HP(D") — H>*(D") is
bounded if and only if

wp T 1) |
B S P S IEEE

< 0.

PRrROOF Proof (i) is obvious .
(#4) For any z € D", the reproducing kernel K, can be considered as an element of
the dual of H?(D"), given by < K., f > = f(z). If W, : H?(D™) — H>(D")
is bounded, then there exists a constant M > 0 such that |[(W, ) K. |(gr)» <
M ||K.||(z)- = M , for all z € D". Again, W ,(K.) = ¢(2)Ky(), so we have

- | ¥(2)

. o _ |
||(W<P,w) KZ”(HP)* - H (Z)KLP(Z)H(HP)* - Zzl_Il (1_ l SD'L(Z) |2)171/p

< M, for all z € D™,

Conversely, suppose M = sup,cpn [ [y % < oo. If f € H?(D™), then

Won(DE) | = [6()F(0() |
< [ 9R) K p)llaey- I f 1l
ey

e pe !
< MY,

|
In the following theorem we give a necessary condition for the boundedness of
W, on HP(D™).

THEOREM 2.16 Suppose o, € HP(D™) be such that o(D™) C D™. If the weighted
composition operator W, is bounded on H?(D™), then

(A== )P
sup i/
zepn - (1= [ wi(2) [2)1/P

We can easily prove the following characterization for the closed range of W, 4.

| 9(2) |< o0

THEOREM 2.17 Take 1 < p < q < 0o Let ¢ € HP(D™) be such that o(D™) C D"
and ¢ € H1(D™). Suppose W, : H?(D™) — H?(D") is bounded. Then W has
closed range if and only if there exists a constant M > 0 such that

/7 | 17 dvn > M||f||} for all f € HP(D")
Dn
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The following theorem shows that the question of studying the composition ope-
rators between H2(C,; x C4) can be reduced to study the weighted composition
operators between H2(D?).

Take W = H?(C, x C;) — H?(D x D) given by

(W) w) = 1) (o) (), m(w)),
where 71(z) = i1%2 and
—1 1 1
(W9)(z,0) = 77 (=) () f(m(2),ma(w))

zZ—1

“++- Then clearly W and W1 are isometries [8].

where 79(2) =

THEOREM 2.18 Let ¥ : C; x C; — C4 x C4 be holomorphic mapping. Then
Cy : H*(Cy x C1) — H?(Cy x Cy) is unitarily equivalent to the operator Lg
defined by
d .
e [ LV 1
where ®(z,w) = (P1(2), Pa(w)), P1(2) = 71 0 U1 0 12(2) and Pa(w) = 71 0 ¥y 0
To(w).

Lo = (

PrROOF We have

(WoCyoW L f)(z,w)
1 1

= 71'_1(

) (Ca o W) (), )
W@ (ra(z), ()

= )W 0o (2), Wy 0 ma(w))

N ”71(z’iz)(z’+1w)(1—\1;12272(10))(1—\1:22272(10))
flr10Wy 015(2), 7 0 ¥y 0 To(w)).

Hence )
i+ P1(2)

1+ 2z

i+ w

Lo =( )( ) o Bz, w).

For more examples of weighted composition operators, see [14] and [21].
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3. Compactness. The following lemma is easy to establish.

LEMMA 3.1 Let 1 < p,q < oo and W, : H?(D") — HY(D"™) be bounded. Then
W w is compact if and only if whenever {f,} is a bounded sequence in HP(D")
converging to zero uniformly on compact subsets of D™, we have ||We, 4 (fn)|lg — O.

The above lemma is also true for the weighted Bergman spaces
THEOREM 3.2 [11], [12] Take 1 < p < oo. Let ju be a nonnegative, Borel measure
on D™. Then the following statements are equivalent:
(i) The inclusion map I : HP(D™) — LP(D", ) is compact.
(#9) The measure p is a compact p - Carleson measure.

(ti1) For every a € D™, we have

lim / | ko |P dp = 0.

||la||—1 n

A similar result holds for the weighted Bergman spaces A? (D").

THEOREM 3.3 Let ¢ € HP(D") be such that o(D™) C D", and ¢ € H*(D"), and
1< p < oo Then W, : HP(D") — H*(D") is compact if and only if either
[elloe < 1 or

N B RO
o U aoem -

PROOF Suppose the operator W, 4 is compact, ||¢||e < 1 and
. T ) P
lim ————#0
\w(z)\ﬂg (=T wi(2) I?)

So we can find a sequence {z,} in D™ and € > 0 such that | ¢;(2,) |— 1 and
e[T7 (1= | pi(zn) |*) <] ¥ (2n) |P for all natural number n. Let us define a function
fn in HP(D™) by

i=1 (1 - ‘Pi(zn)z)2/p .
Then f, is a bounded sequence in H?(D™) and tends to 0 uniformly on compact
subsets of D™. So, by Lemma 3.1 ,||Wy 4 (fn)|lcoc — 0. Also, we have that

n 1 L on(a) )1/

IWew(Fullloo 21 $(za) | falpi(za)) 1= [T 19(z0) | (1= | @iza) )77 2 €77,

i=1

for all n, a contraciction.
Conversely, suppose that

o v
11 (= lei(2) )

i 1
i ()17
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Let {f»} be a bounded sequence in H?(D") that tends to 0 uniformly on compact
subsets of D”. Also , take C' = sup,, || f»||, and € > 0. Again by hypothesis, we can
find ro < 1 such that if | ¢;(2) |[> ro, then | ¢i(2) P< (55)7 [Tieq (1 | @i(2) ?).
Also, there is a natural number n, such that if n 2 N, then

sup | fn(2) |<
|25 <ro 2W”oo

Then for n > n,, we have

[Wew(fillle < sup [ 9(2)falpi(2)) |+ sup [ ¥(2)falpi(2)) |

lpiz)|<ro lei (2)[>70
€
< Wllee sup | fu(w) | +55  sup | fuli(2)) |
wil<ro 20 |, <z>|>ro}_[1
(1=l @i(z ) |2)1/”
€

If we assume that ||¢]|oc < 1 the compactness of W,y follows from the fact that
©(D™) is a compact subset of D® and ¢ € H*(D"). n

In the following theorem we give a characterization for the compactness of W, ,, on
AL (D)

THEOREM 3.4 Suppose ¢ : D™ — D™ be such that o(D™) C D" and 1 is bounded.
Then the weighted composition operator W, 4 is compact on A2 (D™), if and only if

n

|Zz |2 2
1) i, H A e -0,

PROOF The proof follows on the similar lines as in [16, Corollary 1, page-75]. n

THEOREM 3.5 Let 1 < ¢ < oo, ¢ € HP(D™) be such that o(D") C D" and
¢ € H1(D™). Then the operator W, : H*®(D"™) — H?(D") is compact if and only
ifma({z€T™ ;| pi(2) |=1, fori=1,2,...,n}) =0.

PROOF Suppose that m,({z € T™ :| ¢;i(z) |= 1, for i = 1,2,...,n}) = 0. and
take a bounded sequence f, in H*° that converges to zero uniformly on compact
subsets of D". Fix z € T™ such that | ¢;(2) |< 1. Then f,(¢i(2)) — 0 and so
P(2) fn(pi(2)) — 0 almost everywhere in T™. Moreover,

| 9(2) fuli(2) 17<[ 9(2) |* [l fullSs < C7 [ 9(2) %
where C = sup || f||oo- Since | ¢ |2€ L (D", m,,), we have that

lim | Yfnopl|? dmn, =0

n— oo
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LEMMA 3.6 Let 0 < r <1 and let DI = {z = (21,22,...,2,) € D" : | 2z; |< 1,i =

1,2,...,n}. Supppose p is a positive Borel measure on D™ and let p, denotes the
restriction of measure i to the set D). Take
n(S(R)) n(S(R))
[pll = sup Tn p(2ta) and [[pl, = sup n wwta)
RcT™ [, 0; M, si<i—r I, 6;

Then if p is Carleson measure for the weighted Bergman space AP (D™), so is pu.
Moreover ||p|| < K ||ull, where K > 0 is a constant.

LEMMA 3.7 Let 0 < r < 1. Take

lull? = sup / | K2(2) [P du(z).

lal=r

If p is a Carleson measure for the weighted Bergman space AP (D™), then ||u,| <
M g%, where M is an absolute constant.

Any holomorphic function f on D™ has a power series expansion f(z) = Y C(«a)z%,

where the sum is over all multi-indices &« = (a1, s ..., ay) of non-negative integers

and z® denotes the monomial 27, 252, ..., z%". The series converges absolutely and

uniformly in every compact subset of the plydisk D".
For s = 0,1,..., let Fs(z) be the sum of those terms C(«)z* for which | a |=

a1+ as + ..., = s. Then Fy is a polynomial which is homogeneous of degree
s.Thus we can write f(z) = > oo Fs(z), where F is the homogeneous polynomial

2 laj=s Cla)2.

For a positive integer n, define the operators Ry, (f) = Rn (> e Fs) = > oe i1 Fs
and Q,, = I — R, acting from A2 (D") to A2(D"), where I is the identity map.

Recall that the essential norm of an operator T is defined as :
IT||e = inf{||T — K|, where K is a compact operator}.

Now we have the following lemma.
LEMMA 3.8 Suppose W,y is bounded on AZ%(D™). Then
[We,plle = nlgr;o [WepRnll2.
The proof is similar to the proof of Lemma given in [6, page-134].

In the following theorem we give the upper and lower estimates for the essential
norm of a weighted composition operator.
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THEOREM 3.9 Let ¢ be a holomorphic self-map of D™ and 1 € A%(D"). Suppose
Wy is bounded on A%(D™). Then there is an absolute constant M > 1 such that

limsup By o (] ¥ ‘2)(‘1) < HW%ng < M limsup B, o] ¥ |2)(a)

llall—1 llall—1

PRrROOF First we find the upper estimate.
Upper estimate: By Lemma 3.8, we have

W2 = lim |[WoyRallz = lim S 1(We Fn) 2

Also, by using Lemma 2.1, we have

(W) £ 13

[ 196 PL @) P o
[ 1 @n)@) P (o).

/ | (Raf)(@) ? dvn a(w) + / | (Raf)(@) 2 dvma(w).
D"\D"

Dy

(2)

I + Is.

Also, the measure v, , is a Carleson measure, because the operator W, 4 is
bounded on AP (D™). Again by using [6, page—133|, we can show that, for a fixed r,

sup / | (Rof)(@) 2 dim o (@) — 0 a5 1 — oo,
[Ifll2<1 /D7

Let vy,q,r denotes the restriction of measure v, o to the set D” \ D!. So by using
Lemma 3.7 and Theorem 3.2, we have

IN

K [vnarlll(Ba I3 < K Ml[vn,orl711£113

Lo | B P s ()

IN

K M ||vp,a.rlr,

where K and M are absolute constants and ||y« || is defined as in Lemma 3.7

Therefore,

lim sup [[(WeyRn)fll2 < lim K M [[vnarll; = K M |[vnarl;

Thus, |Wel|?2 < K M ||Vya. |7 Taking r — 1, we have

||W%¢

2 < KM lim|[vna.
’V‘*}l

KM limsup/ | k(W) |? dvna(w)

llall—1

= K M limsup By (| ¥ *)(a)

flal—1
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which is the desired upper bound.

Lower estimate : We know that ||k%]] = 1 and k2 — 0 uniformly on compact
subsets of D™ as ||al| — 1. Also, for a compact operator K on A2(D"), | Kk%|s —
0 as ||a]| — 1. Therefore,

W = Kl > IiHmHSHF (W = K)kZl2)
> IiHmHSHF W)k ll2 — 1K kg l2)
al|—

= limsup||[(Wyu)ks |2

flal—1

Thus,

Wewll2 > W — K3 > linmusuf [(We,p)k2 |3 = limsup By o (| ¥ [*)(a).
al|—

llall—1

and hence the proof. n

COROLLARY 3.10 Suppose @, € A2(D"™) be such that p(D™) C D". Then the
weighted composition operator W,y is compact on AZ(D™) if and only if the the
weighted ¢ - Berezin transform of the function | v |? tends to zero as ||a|| — 1, that
18,

lim Bl 2)(@) = 0.

lla

REMARK 3.11 All the results in the paper which we have proved for the weighted
Bergman spaces are also true for Hardy spaces and vice-versa. Also all the results in
this paper after slight modifications can also be proved for Hardy spaces and some
weighted Bergman spaces of the unit ball in C™.
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