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1. Introduction. Let Dn be the unit polydisc in Cn and let ϕ,ψ be analytic
functions defined on Dn such that ϕ(Dn) ⊆ Dn. Then a weighted composition ope-
rator Wϕ,ψ is defined as Wϕ,ψ(f)(z) = ψ(z)f(ϕ(z), for all f ∈ H(Dn), the space
of holomorphic functions on the unit polydisc Dn. For composition operators on
spaces of analytic functions one can refer to [1], [6] and [20], whereas for weighted
composition operator we refer to [4],[5],[7],[14],[17],[21] and references there in. The
weighted composition operators appears naturally in the study of isometries on most
of the function spaces, see [9] and [19]. Operators of this kind also appears in many
branches of analysis; the theory of dynamical systems, semigroups, the theory of
operator algebras and so on.

Let Tn denotes the distinguished boundary of Dn, and we use mn to denote the
n–dimensional Lebesgue area measure on Tn, normalised so that mn(Tn) = 1. Also
we use the notation fr for the function fr(z) = f(rz),where z = (z1, z2, . . . , zn) ∈
Tn. Take p > 0. Then f ∈ H(Dn) is said to be a member of the Hardy space Hp(Dn)
if and only if

‖f‖Hp(Dn) = ( sup
0<r<1

∫
Tn
| fr |p dmn)

1
p <∞.
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For p =∞,H∞(Dn) is the set of bounded analytic functions on Dn with the supre-
mum norm.
If f ∈ Hp(Dn), then the limit function f∗ defined as

f∗(z) = lim
r→1

f(rz) exists a.e.

on Tn and f∗ ∈ Lp(mn), the space of measurable functions f on Tn for which∫
Tn
| f(z) |p dmn <∞.

Let σn denote the volume measure on Dn, so that σn(Dn) = 1 and σn,α given by∏n
i=1(1− | zi |2)ασn denotes the weighted measure on Dn, where z = (z1, z2, . . . , zn)
∈ Dn. Then f ∈ H(Dn) is said to be in the weighted Bergman space Apα(Dn) if and
only if

‖f‖Apα(Dn) =
(∫

Dn

| f(z) |p dσn,α
) 1
p

<∞.

It is well known that the spaces Hp(Dn) and Apα(Dn) are Banach spaces with the
above norms,see [18] and [6].
Also, any mapping ϕ : Dn → Dn can be described by n functions ϕ1, ϕ2, . . . , ϕn as

ϕ(z) = (ϕ1(z), ϕ2(z), . . . , ϕn(z)),

where z = (z1, z2, . . . , zn) ∈ Dn. The mapping ϕ will be called holomorphic if the n
functions ϕ1, ϕ2, . . . , ϕn are holomorphic functions in Dn.

If R is a rectangle on Tn, then let S(R) denotes the corona associated to R. If
R = I1 × I2 × . . . × In ⊂ Tn, where Ij is the interval on T of length δj and centre
ei(θ

◦
j+δj/2) for j = 1, 2, . . . , n, then

S(R) = S(I1)× S(I2)× . . . S(In),

where
S(Ij) = {reiθ ∈ T : 1− δj < r < 1 and θ◦j < θ < θ◦j + δj}

If V is any open subset in Tn, then S(V ) is defined as S(V ) = ∪{S(R) : R is a
rectangle in V }.

For a ∈ D, let ϕa be the linear fractional transformation on D given by

ϕa(z) =
a− z

1− a z
.

Then each ϕa is an automorphism on D and ϕ−1
a = ϕa. For ω = (ω1, ω2, . . . , ωn) ∈

Dn, let ϕω(z) = (ϕω1(z1), ϕω2(z2), . . . , ϕωn(zn)). Then ϕω is an automorphism on
Dn that exchanges 0 and ω. Since every point evaluation is a bounded linear func-
tional on A2

α(Dn). So, for every a ∈ Dn, there exists a unique function Ka in
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A2
α(Dn) such that f(a) =< f,Ka >, fA

2
α(Dn), where 〈〉 denotes the inner product

in A2
α(Dn).. The explict formula for the reproducing kernel in A2

α(Dn) is given by

Kα
a (z) =

n∏
i=1

1
(1− ai zi)α+2

, z, a ∈ Dn.

Also, using the reproducing property of Kα
a , we have

‖Kα
a ‖22 =< Kα

a ,K
α
a > = Ka(a) =

n∏
i=1

1
(1− | ai |2)α+2

.

Thus the normalised reproducing kernel kαa is given by

n∏
i=1

(1− | ai |2)1+α/2

(1− ai zi)α+2
.

Also, we know that A2
−1(D

n) = H2(Dn), see [12]. Then, for α = −1, kαa is the
normalised reproducing kernel for H2(Dn). For an holomorphic self map ϕ on Dn

and a function f ∈ L1(Dn), the weighted ϕ− Berezin transform of f is defined as

Bϕ,α(f)(a) =
∫
Dn

f(z)
n∏
i=1

(1− | ai |2)α+2

| 1− ai ϕi(z) |4+2 α
dσn,α,

for α > −1 and

Bϕ,−1(f)(a) =
∫
Tn
f(z)

n∏
i=1

(1− | ai |2)
| 1− ai ϕi(z) |2

dmn.

If ϕi(z) = zi, then Bϕ,α is just the usual Berezin transform.

2. Boundedness. In this section, we characterize the boundedness of Wϕ,ψ

using the Carleson measure criterion.

Definition 2.1 Let 1 ≤ p <∞. A finite, non-negative, Borel measure µ on Dn is
said to be a p-Carleson measure if µ(S(V )) ≤ Cmn(V )p for all connected open sets
V ⊂ Tn and µ is said to be a compact p-Carleson measure if

lim
mn(V )→0

sup
V⊂Tn

µ(S(V ))
mn(V )p

= 0.

Definition 2.2 Let 1 ≤ p <∞. A finite, non-negative, Borel measure µ on Dn is
said to be a (p, α) - Carleson measure if µ(S(R)) ≤ C

∏n
i=1 δ

p (2+α)
i for all R ⊂ Tn

and µ is said to be a compact (p, α) - Carleson measure if

lim
δi→0

sup
θ∈Tn

µ(S(R))∏n
i=1 δ

p(2+α)
i

= 0.
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Take ψ ∈ Hq(Dn). Define the measure νn on Dn by

νn(E) =
∫
ϕ−1(E)∩Tn

| ψ |q dmn,

where E is a measurable subset of the closed unit polydisc Dn.
Again for ψ ∈ Aqα(Dn), let the measure νn,α on Dn, be defined by

νn,α(E) =
∫
ϕ−1(E)

| ψ |q d σn,α,

where E is a measurable subset of the unit polydisc Dn.

Using Halmos [10], we can easily prove the following Lemmas.

Lemma 2.3 Suppose ϕ,ψ ∈ Hq(Dn) be such that ϕ(Dn) ⊆ Dn. Then∫
Dn

g dνn =
∫
Tn
| ψ |q (g ◦ ϕ) dmn,

where g is an arbitrary measurable positive function in Dn.

Lemma 2.4 Suppose ϕ,ψ ∈ Aqα(Dn) and let ϕ(Dn) ⊆ Dn. Then∫
Dn

g dνn,α =
∫
Dn

| ψ |q (g ◦ ϕ) dσn,α,

where g is an arbitrary measurable positive function in Dn.

We will need the following results

Theorem 2.5 ([11], [12]) Let µ be a nonnegative, Borel measure on Dn. Then the
following statements are equivalent:

(i) The inclusion map I : Hp(Dn)→ Lp(Dn, µ) is bounded.

(ii) The measure µ is p - Carleson measure.

(iii) There is a constant M > 0 such that, for every a ∈ Dn,

sup
a∈Dn

∫
Dn

| ka |p dµ < M <∞,

where ka is the normalised reproducing kernel function for Hp(Dn)

A similar result holds for the weighted Bergman spaces Apα(Dn).

Corollary 2.6 ([12]) Let µ be a finite, non-negative, Borel measure on Dn, and
β ≥ 1. Then the following statements are equivalent:
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(i) The identity map I : Hp(Dn)→ Lpβ(Dn, µ) is bounded.

(ii) There exists C > 0, such that the measure µ satisfies

µ(S(V )) ≤ Cmn(V )β .

Theorem 2.7 ([11] Theorem 2.5) Take 1 < p ≤ q < ∞, α > −1 and let µ be
a finite positive measure on Dn. Then the identity map Iα : Apα(Dn) → Lq(µ) is
bounded if and only if µ is ( qp , α) - Carleson measure, that is, there exists C > 0
such that

µ(S(R)) ≤ C
n∏
i=1

δ
q(α+2)/p
i ,

for all connected open subsets V in Tn.

Corollary 2.8 Let µ be a finite, non-negative, Borel measure on Dn. If there exists
C > 0 and β > 1 such that µ(S(V )) ≤ Cmn(V )β , then µ(E) = 0 for all measurable
subsets E of Dn.

In the following theorem we obtain a lower bound for the norm of weighted
composition operator by using the reproducing kernel function .

Theorem 2.9 If Wϕ,ψ is the weighted composition operator on Hp(Dn), then

sup
z∈Dn

n∏
i=1

(1− | zi |2)
(1− | ϕi(z) |2)

| ψ(z) |≤ ‖Wϕ,ψ‖pp

Proof For the sake of convenience, we shall prove the theorem for the case p = 2.
For z ∈ Dn, let Kz be the reproducing kernel in H2(Dn). Also, we have

‖Kz‖22 = < Kz,Kz > = Kz(z) =
n∏
i=1

1
1− | zi |2

.

Again, we have

‖(Wϕ,ψ)∗(Kz)‖22 = ‖ψ(z) Kϕ(z)‖22 =
n∏
i=1

| ψ(z) |2

1− | ϕi(z) |2
.

Further,

‖(Wϕ,ψ)∗(Kz)‖22 = | ψ(z) | ‖Kϕ(z)‖2

= | ψ(z) | Kϕ(z)(ϕ(z))
= | ψ(z) | (Kϕ(z) ◦ ϕ)(z)
≤ | (ψCϕKϕ(z))(z) |

≤ ‖Wϕ,ψ(Kϕ(z))‖2 (
n∏
i=1

1
1− | zi |2

)1/2.
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In the above expression the last inequality holds, since | f(z) |≤ ‖f‖2 (
∏n
i=1

1
1−|zi|2 )1/2,

for every z ∈ Dn

Hence for every z ∈ Dn, we have

‖Wϕ,ψ‖22 ≥ ‖(Wϕ,ψ)∗(Kz)‖22
n∏
i=1

(1− | zi |2)

=
n∏
i=1

1− | zi |2

1− | ϕi(z) |2
| ψ(z) | .

Taking supremum over all z ∈ Dn, we have

‖Wϕ,ψ‖22 ≥ sup
z∈Dn

n∏
i=1

(1− | zi |2)
(1− | ϕi(z) |2)

| ψ(z) | .

. �

Corollary 2.10 For 1 < p <∞,Wϕ,ψ induces an unbounded weighted composition
operator on Hp(Dn) if

sup
z∈Dn

n∏
i=1

(1− | zi |2)
(1− | ϕi(z) |2)

| ψ(z) |=∞.

Theorem 2.11 Let 1 < p ≤ q < ∞. If ϕ ∈ Hp(Dn) is such that ϕ(Dn) ⊆ Dn and
ψ ∈ Hq(Dn), then Wϕ,ψ : Hp(Dn) → Hq(Dn) is bounded if and only if νn is q

p -
Carleson measure, that is there exists C > 0 such that

νn(S(V )) ≤ Cmn(V )q/p.

Proof By Corollary 2.4, the measure νn is q
p - Carleson if and only if there is a

constant M > 0 such that∫
Dn

| f |q dνn ≤M‖f‖qp for all f ∈ Hp(Dn)

Again by using Lemma 2.3 with g = | f |q, we have∫
Dn

| f |q dνn =
∫
Tn
| ψ |q| f ◦ ϕ |q dmn = ‖Wϕ,ψ(f)‖qp.

Hence νn is q
p - Carleson measure if and only if there is a constant M > 0 such that

‖Wϕ,ψ(f)‖q ≤M1/q‖f‖q, for all f ∈ Hp(Dn).

. �



R. Kumar, K. J. Singh 69

Now, we give a characterization for the boundedness of Wϕ,ψ on Hp(Dn) by
using the weighted ϕ - Berezin transform of the function | ψ |p .

Theorem 2.12 Suppose ϕ,ψ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn. Then the weigh-
ted composition operator Wϕ,ψ is bounded on Hp(Dn) if and only if the weighted ϕ -
Berezin transform of the function | ψ |p is bounded, that is, Bϕ,−1(| ψ |) ∈ L∞(Dn).

Proof The proof follows by using Theorem 2.3 and Theorem 2.9. �

Theorem 2.13 Let 1 < p ≤ q < ∞, and ϕ ∈ Apα(Dn) be such that ϕ(Dn) ⊆ Dn.
If ψ ∈ Aqα(Dn), then Wϕ,ψ : Apα(Dn) → Aqα(Dn) is bounded if and only if νn,α is
( qp , α)) - Carleson measure,that is, there exists C > 0 such that

νn,α(S(R)) ≤ C
n∏
i=1

δ
q(α+2)/p
i .

Proof Using Theorem 2.5, νn,α is ( qp , α) - Carleson measure if and only if there is
a constant C > 0 such that∫

Dn

| f |q dνn ≤ C‖f‖qp for all f ∈ Apα(Dn).

Again by Lemma 2.4 with g = | f |q, we have∫
Dn

| f |q dνn =
∫
Dn

| ψ |q| f ◦ ϕ |q d σn,α = ‖Wϕ,ψ(f)‖qp.

Hence νn,α is ( qp , α) - Carleson measure if and only if there is a constant C > 0 such
that

‖Wϕ,ψ(f)‖q ≤ C1/q‖f‖p, for all f ∈ Apα(Dn).

. �

Corollary 2.14 Let 1 < p < q < ∞, ϕ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn and
ψ ∈ Hq(Dn). If the operator Wϕ,ψ : Hp(Dn)→ Hq(Dn) is bounded, then

mn({z = (z1, z2, . . . , zn) ∈ Tn :| ϕj(z) |j=1,...,n= 1}) = 0.

Proof By Theorem 2.9, the measure νn satisfies νn(S(V )) ≤ Cmn(V )q/p in Dn.
Since q

p > 1, by Corollary 2.6, the measure νn|Tn = 0. Take

E = {z = (z1, z2, . . . , zn) ∈ Tn :| ϕj(z) |j=1,...,n= 1}.

Then

0 = νn(ϕ(E)) =
∫
ϕ−1(ϕ(E))∩Tn

| ψ |q dmn ≥
∫
E∩Tn

| ψ |q dmn =
∫
E

| ψ |q dmn.

Thus | ψ |= 0 almost everywhere on E. Since ψ ∈ H1 ,we have mn(E) = 0. �
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Theorem 2.15 Let ϕ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn. Then

(i) Suppose 1 ≤ q ≤ ∞ and ψ ∈ H(Dn). Then Wϕ,ψ : H∞(Dn) → Hq(Dn) is
bounded if and only if ψ ∈ Hq(Dn).

(ii) For 1 ≤ p < ∞ and ψ ∈ Hp(Dn), we have Wϕ,ψ : Hp(Dn) → H∞(Dn) is
bounded if and only if

sup
z∈Dn

n∏
i=1

| ψ(z) |
(1− | ϕi(z) |2)1−1/p

< ∞.

Proof Proof (i) is obvious .
(ii) For any z ∈ Dn, the reproducing kernel Kz can be considered as an element of
the dual of Hp(Dn), given by < Kz, f > = f(z). If Wϕ,ψ : Hp(Dn) → H∞(Dn)
is bounded, then there exists a constant M > 0 such that ‖(Wϕ,ψ)∗Kz‖(Hp)∗ ≤
M ‖Kz‖(H∞)∗ = M , for all z ∈ Dn. Again, W ∗

ϕ,ψ(Kz) = ψ(z)Kϕ(z), so we have

‖(Wϕ,ψ)∗Kz‖(Hp)∗ = ‖ψ(z)Kϕ(z)‖(Hp)∗ =
n∏
i=1

| ψ(z) |
(1− | ϕi(z) |2)1−1/p

≤ M, for all z ∈ Dn.

Conversely, suppose M = supz∈Dn

∏n
i=1

|ψ(z)|p
(1−|ϕi(z)|2) < ∞. If f ∈ Hp(Dn), then

|Wϕ,ψ(f)(z) | = | ψ(z)f(ϕ(z)) |
≤ | ψ(z) | ‖Kϕ(z)‖(Hp)∗‖f‖p

=
n∏
i=1

| ψ(z) |
(1− | ϕi(z) |2)1−1/p

‖f‖p

≤ M1/p ‖f‖p.

. �

In the following theorem we give a necessary condition for the boundedness of
Wϕ,ψ on Hp(Dn).

Theorem 2.16 Suppose ϕ,ψ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn. If the weighted
composition operator Wϕ,ψ is bounded on Hp(Dn), then

sup
z∈Dn

n∏
i=1

(1− | zi |2)1/p

(1− | ϕi(z) |2)1/p
| ψ(z) |<∞.

We can easily prove the following characterization for the closed range of Wϕ,ψ.

Theorem 2.17 Take 1 < p ≤ q < ∞ Let ϕ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn

and ψ ∈ Hq(Dn). Suppose Wϕ,ψ : Hp(Dn) → Hq(Dn) is bounded. Then Wϕ,ψ has
closed range if and only if there exists a constant M > 0 such that∫

Dn

| f |q dνn ≥M‖f‖qp for all f ∈ Hp(Dn)
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The following theorem shows that the question of studying the composition ope-
rators between H2(C+ × C+) can be reduced to study the weighted composition
operators between H2(D2).

Take W = H2(C+ ×C+)→ H2(D×D) given by

(Wf)(z, w) = π(
2i

1− z
)(

2i
1− w

)f(τ1(z), τ1(w)),

where τ1(z) = i 1+z1−z and

(W−1g)(z, w) = π−1(
1

i+ z
)(

1
i+ w

)f(τ2(z), τ2(w)),

where τ2(z) = z−i
z+i . Then clearly W and W−1 are isometries [8].

Theorem 2.18 Let Ψ : C+ × C+ → C+ × C+ be holomorphic mapping. Then
CΨ : H2(C+ × C+) → H2(C+ × C+) is unitarily equivalent to the operator LΦ

defined by

LΦ = (
i+ Φ1(z)
i+ z

)(
i+ Φ2(w)
i+ w

)f ◦ Φ(z, w).

where Φ(z, w) = (Φ1(z),Φ2(w)),Φ1(z) = τ1 ◦ Ψ1 ◦ τ2(z) and Φ2(w) = τ1 ◦ Ψ2 ◦
τ2(w).

Proof We have

(W ◦ CΨ ◦W−1f)(z, w)

= π−1(
1

i+ z
)(

1
i+ w

)(CΨ ◦Wf)(τ2(z), τ2(w))

= π−1(
1

i+ z
)(

1
i+ w

)(Wf)(Ψ(τ2(z), τ2(w)))

= π−1(
1

i+ z
)(

1
i+ w

)(Wf)(Ψ1 ◦ τ2(z),Ψ2 ◦ τ2(w))

= π−1(
1

i+ z
)(

1
i+ w

)(
2i

1−Ψ1 ◦ τ2(w)
)(

2i
1−Ψ2 ◦ τ2(w)

)

f(τ1 ◦Ψ1 ◦ τ2(z), τ1 ◦Ψ2 ◦ τ2(w)).

Hence
LΦ = (

i+ Φ1(z)
i+ z

)(
i+ Φ2(w)
i+ w

)f ◦ Φ(z, w).

. �

For more examples of weighted composition operators, see [14] and [21].
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3. Compactness. The following lemma is easy to establish.

Lemma 3.1 Let 1 ≤ p, q ≤ ∞ and Wϕ,ψ : Hp(Dn) → Hq(Dn) be bounded. Then
Wϕ,ψ is compact if and only if whenever {fn} is a bounded sequence in Hp(Dn)
converging to zero uniformly on compact subsets of Dn, we have ‖Wϕ,ψ(fn)‖q → 0.

The above lemma is also true for the weighted Bergman spaces

Theorem 3.2 [11], [12] Take 1 < p < ∞. Let µ be a nonnegative, Borel measure
on Dn. Then the following statements are equivalent:

(i) The inclusion map I : Hp(Dn)→ Lp(Dn, µ) is compact.

(ii) The measure µ is a compact p - Carleson measure.

(iii) For every a ∈ Dn, we have

lim
‖a‖→1

∫
Dn

| ka |p dµ = 0.

A similar result holds for the weighted Bergman spaces Apα(Dn).

Theorem 3.3 Let ϕ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn, and ψ ∈ H∞(Dn), and
1 ≤ p < ∞. Then Wϕ,ψ : Hp(Dn) → H∞(Dn) is compact if and only if either
‖ϕ‖∞ < 1 or

lim
|ϕi(z)|→1

n∏
i=1

| ψ(z) |p

(1− | ϕi(z) |2)
= 0.

Proof Suppose the operator Wϕ,ψ is compact, ‖ϕ‖∞ < 1 and

lim
|ϕi(z)|→1

n∏
i=1

| ψ(z) |p

(1− | ϕi(z) |2)
6= 0.

So we can find a sequence {zn} in Dn and ε > 0 such that | ϕi(zn) |→ 1 and
ε
∏n
i=1(1− | ϕi(zn) |2) ≤ | ψ(zn) |p for all natural number n. Let us define a function

fn in Hp(Dn) by

fn(z) =
n∏
i=1

(1− | ϕi(zn) |2)1/p

(1− ϕi(zn)z)2/p
.

Then fn is a bounded sequence in Hp(Dn) and tends to 0 uniformly on compact
subsets of Dn. So, by Lemma 3.1 ,‖Wϕ,ψ(fn)‖∞ → 0. Also, we have that

‖Wϕ,ψ(fn)‖∞ ≥| ψ(zn) || fn(ϕi(zn)) |=
n∏
i=1

| ψ(zn) | (1− | ϕi(zn) |2)−1/p ≥ ε1/p,

for all n, a contraciction.
Conversely, suppose that

lim
|ϕi(z)|→1

n∏
i=1

| ψ(z) |p

(1− | ϕi(z) |2)
= 0.
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Let {fn} be a bounded sequence in Hp(Dn) that tends to 0 uniformly on compact
subsets of Dn. Also , take C = supn ‖fn‖p and ε > 0. Again by hypothesis, we can
find r0 < 1 such that if | ϕi(z) |> r0, then | ϕi(z) |p≤ ( ε

2C )P
∏n
i=1(1− | ϕi(z) |2).

Also, there is a natural number n◦ such that if n ≥ n◦, then

sup
|zi|≤r◦

| fn(z) |≤
ε

2‖ψ‖∞
.

Then for n ≥ n◦, we have

‖Wϕ,ψ(fn)‖∞ ≤ sup
|ϕiz)|≤r◦

| ψ(z)fn(ϕi(z)) | + sup
|ϕi(z)|>r◦

| ψ(z)fn(ϕi(z)) |

≤ ‖ψ‖∞ sup
|wi|≤r◦

| fn(w) | + ε

2C
sup

|ϕi(z)|>r◦

n∏
i=1

| fn(ϕi(z)) |

(1− | ϕi(z) |2)1/p

≤ ‖ψ‖∞
ε

2‖ψ‖∞
+

ε

2C
‖fn‖p ≤ ε.

If we assume that ‖ϕ‖∞ < 1 the compactness of Wϕ,ψ follows from the fact that
ϕ(Dn) is a compact subset of Dn and ψ ∈ H∞(Dn). �

In the following theorem we give a characterization for the compactness of Wϕ,ψ on
Apα(Dn)

Theorem 3.4 Suppose ϕ : Dn → Dn be such that ϕ(Dn) ⊆ Dn and ψ is bounded.
Then the weighted composition operator Wϕ,ψ is compact on A2

α(Dn), if and only if

lim
‖z‖→1

n∏
i=1

(1− | zi |2)
(1− | ϕi(z) |2)

| ψ(z) |2= 0.(1)

Proof The proof follows on the similar lines as in [16, Corollary 1, page-75]. . �

Theorem 3.5 Let 1 ≤ q < ∞, ϕ ∈ Hp(Dn) be such that ϕ(Dn) ⊆ Dn and
ψ ∈ Hq(Dn). Then the operator Wϕ,ψ : H∞(Dn)→ Hq(Dn) is compact if and only
if mn({z ∈ Tn :| ϕi(z) |= 1, for i = 1, 2, . . . , n}) = 0.

Proof Suppose that mn({z ∈ Tn :| ϕi(z) |= 1, for i = 1, 2, . . . , n}) = 0. and
take a bounded sequence fn in H∞ that converges to zero uniformly on compact
subsets of Dn. Fix z ∈ Tn such that | ϕi(z) |< 1. Then fn(ϕi(z)) → 0 and so
ψ(z)fn(ϕi(z))→ 0 almost everywhere in Tn. Moreover,

| ψ(z)fn(ϕi(z)) |q≤| ψ(z) |q ‖fn‖q∞ ≤ Cq | ψ(z) |q,

where C = sup ‖fn‖∞. Since | ψ |q∈ L1(Dn,mn), we have that

lim
n→∞

∫
Tn
| ψfn ◦ ϕ |q dmn = 0.

. �
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Lemma 3.6 Let 0 < r < 1 and let Dn
r = {z = (z1, z2, . . . , zn) ∈ Dn : | zi |< r, i =

1, 2, . . . , n}. Supppose µ is a positive Borel measure on Dn and let µr denotes the
restriction of measure µ to the set Dn

r . Take

‖µ‖ = sup
R⊂Tn

µ(S(R))∏n
i=1 δ

p(2+α)
i

and ‖µ‖r = supQn
i=1 δi≤1−r

µ(S(R))∏n
i=1 δ

p(2+α)
i

.

Then if µ is Carleson measure for the weighted Bergman space Apα(Dn), so is µr.
Moreover ‖µr‖ ≤ K ‖µ‖r, where K > 0 is a constant.

Lemma 3.7 Let 0 < r < 1. Take

‖µ‖∗r = sup
‖a‖≥r

∫
Dn

| kαa (z) |p dµ(z).

If µ is a Carleson measure for the weighted Bergman space Apα(Dn), then ‖µr‖ ≤
M ‖µ‖∗r , where M is an absolute constant.

Any holomorphic function f on Dn has a power series expansion f(z) =
∑
C(α)zα,

where the sum is over all multi-indices α = (α1, α2 . . . , αn) of non-negative integers
and zα denotes the monomial zα1

1 , zα2
2 , . . . , zαnn . The series converges absolutely and

uniformly in every compact subset of the plydisk Dn.

For s = 0, 1, . . . , let Fs(z) be the sum of those terms C(α)zα for which | α |=
α1 + α2 + . . . αn = s. Then Fs is a polynomial which is homogeneous of degree
s.Thus we can write f(z) =

∑∞
s=0 Fs(z), where Fs is the homogeneous polynomial∑

|α|=s C(α)zα.

For a positive integer n, define the operatorsRn(f) = Rn(
∑∞
s=0 Fs) =

∑∞
s=n+1 Fs

and Qn = I −Rn acting from A2
α(Dn) to A2

α(Dn), where I is the identity map.

Recall that the essential norm of an operator T is defined as :

‖T‖e = inf{‖T −K‖, where K is a compact operator}.

Now we have the following lemma.

Lemma 3.8 Suppose Wϕ,ψ is bounded on A2
α(Dn). Then

‖Wϕ,ψ‖e = lim
n→∞

‖Wϕ,ψRn‖2.

The proof is similar to the proof of Lemma given in [6, page–134].

In the following theorem we give the upper and lower estimates for the essential
norm of a weighted composition operator.
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Theorem 3.9 Let ϕ be a holomorphic self–map of Dn and ψ ∈ A2
α(Dn). Suppose

Wϕ,ψ is bounded on A2
α(Dn). Then there is an absolute constant M ≥ 1 such that

lim sup
‖a‖→1

Bϕ,α(| ψ |2)(a) ≤ ‖Wϕ,ψ‖2e ≤ M lim sup
‖a‖→1

Bϕ,α(| ψ |2)(a)

Proof First we find the upper estimate.
Upper estimate: By Lemma 3.8, we have

‖Wϕ,ψ‖2e = lim
n→∞

‖Wϕ,ψRn‖2 = lim
n→∞

sup
‖f‖2 ≤1

‖(Wϕ,ψRn)f‖2.

Also, by using Lemma 2.1, we have

‖(Wϕ,ψRn)f‖22 =
∫
Dn

| ψ(z) |2| (Rnf)(ϕ(z)) |2 dσn,α.

=
∫
Dn

| (Rnf)(ω) |2 dνn,α(ω).

=
∫
Dn\Dn

r

| (Rnf)(ω) |2 dνn,α(ω) +
∫
Dn
r

| (Rnf)(ω) |2 dνn,α(ω).

= I1 + I2.(2)

Also, the measure νn,α is a Carleson measure, because the operator Wϕ,ψ is
bounded on Apα(Dn). Again by using [6, page–133], we can show that, for a fixed r,

sup
‖f‖2≤1

∫
Dn
r

| (Rnf)(ω) |2 dνn,α(ω)→ 0 as n→∞.

Let νn,α,r denotes the restriction of measure νn,α to the set Dn \Dn
r . So by using

Lemma 3.7 and Theorem 3.2, we have∫
Dn\Dn

r

| (Rnf)(ω) |2 dνn,α,r(ω) ≤ K ‖νn,α,r‖‖(Rnf)‖22 ≤ K M‖νn,α,r‖∗r‖f‖22

≤ K M ‖νn,α,r‖∗r ,

where K and M are absolute constants and ‖νn,α,r‖∗r is defined as in Lemma 3.7

Therefore,

lim
n→∞

sup
‖f‖2≤1

‖(Wϕ,ψRn)f‖2 ≤ lim
n→∞

K M ‖νn,α,r‖∗r = K M ‖νn,α,r‖∗r

Thus, ‖Wϕ,ψ‖2e ≤ K M ‖νn,α,r‖∗r . Taking r → 1, we have

‖Wϕ,ψ‖2e ≤ K M lim
r→1
‖νn,α,r‖∗r .

= K M lim sup
‖a‖→1

∫
Dn

| kαa (ω) |2 dνn,α(ω)

= K M lim sup
‖a‖→1

Bϕ,α(| ψ |2)(a)
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which is the desired upper bound.

Lower estimate : We know that ‖kαa ‖ = 1 and kαa → 0 uniformly on compact
subsets of Dn as ‖a‖ → 1. Also, for a compact operator K on A2

α(Dn), ‖Kkαa ‖2 →
0 as ‖a‖ → 1. Therefore,

‖Wϕ,ψ −K‖2 ≥ lim sup
‖a‖→1

(‖(Wϕ,ψ −K)kαa ‖2)

≥ lim sup
‖a‖→1

(‖(Wϕ,ψ)kαa ‖2 − ‖K kαa ‖2)

= lim sup
‖a‖→1

‖(Wϕ,ψ)kαa ‖2.

Thus,

‖Wϕ,ψ‖2e ≥ ‖Wϕ,ψ −K‖22 ≥ lim sup
‖a‖→1

‖(Wϕ,ψ)kαa ‖22 = lim sup
‖a‖→1

Bϕ,α(| ψ |2)(a).

and hence the proof. �

Corollary 3.10 Suppose ϕ,ψ ∈ A2
α(Dn) be such that ϕ(Dn) ⊆ Dn. Then the

weighted composition operator Wϕ,ψ is compact on A2
α(Dn) if and only if the the

weighted ϕ - Berezin transform of the function | ψ |2 tends to zero as ‖a‖ → 1, that
is,

lim
‖a‖→1

Bϕ,α(| ψ |2)(a) = 0.

Remark 3.11 All the results in the paper which we have proved for the weighted
Bergman spaces are also true for Hardy spaces and vice-versa. Also all the results in
this paper after slight modifications can also be proved for Hardy spaces and some
weighted Bergman spaces of the unit ball in Cn.
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