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Abstract. In this paper, we present criteria for local uniform rotundity and weak local
uniform rotundity in Musielak-Orlicz sequence spaces equipped with the Luxemburg
norm.
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1. Introduction. It is well known that among the many kinds rotundities of
Banach space, local uniform rotundity is the most important one. One reason is
that this kind of rotundity ensures the fixed point property. Criteria for locally
uniform rotundity of Orlicz space have been obtained in [2] and [15], locally uniform
rotundity of Musielak-Orlicz function space was discussed also and the result and
the proof are similar to those of Orlicz space (see [16]). Because of the complicated
structure of Musielak-Orlicz sequence spaces, although the criteria for rotundity and
uniform rotundity were obtained by A. Kamiriska in [14] and [17], criterion for locally
uniform rotundity has not been found. In this paper, we will give criteria for local
uniform rotundity and weak local uniform rotundity of Musielak-Orlicz sequence
spaces equipped with the Luxemburg norm.

A Banach space (X, | - ||) is called rotund (X € R), if z,y € X, ||z = ||yl =1
and ||z + y|| = 2 imply z = y.

A Banach space X is called an uniformly rotund (X € UR), if for any two
sequences x,, and y, in X, the conditions ||z,|| = 1 and ||y,|| = 1 for any n € N
and [, + yo | — 2 imply [z, — yu| — 0.
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132 Local uniform rotundity in Musielak-Orlicz spaces

A Banach space X is called (weakly) locally uniformly rotund (X € LUR, (X €
WLUR)), if ||z,]| = 1 for any n € N, ||z|]] = 1 and ||z, + 2| — 2 imply that
lon = @ll = 0 ((zn —2) = 0).

Obviously,

UR = LUR = LWUR = R.

A map M = (M;)$2,, where M; : (—oo,00) — [0,00] for all ¢ € N, is said
to be a Musielak-Orlicz function, if M; is a nonzero function that is convex, even,
vanishing and continuous at zero and left continuous on (0,00) for all i € N (see
[9]). By N = (N;)2; we denote complementary function of M, that is, N;(v) =
sup,sof{ulv] — M;(u)} for any i € N. It is easy to show that N is also Musielak-
Orlicz function.

M;(u) is said to be strictly convex on the interval [a, b], if

M (u;v) - Mi(u)—Ql—Mi(v)

for all u,v € [a,b], u # v.
It is said that M satisfies the condition 0o (we write M € Js), if there exist
constants ig € N, ug > 0, K > 1 and a sequence ¢ = (¢;)72; 41 € ll+ such that

M;(2u) < KM;(u) + ¢;

for all i > iy and u € R, satisfying M;(u) < ug.
Given any Musielak-Orlicz function M, we define on [° a convex modular pys by

The linear space Iy = {z : py(Az) < oo for some A > 0} equipped with the
Luxemburg norm

2]l = inf{A > 0: pas(z/A) < 1}

or the Orlicz norm

k>0

o~ 1
J]” = sup {Zw(z)y(z) on(y) < 1} = inf 2 (1+ pur (k)
i=1
is a Banach space, denoted by (Ias, || - ||) or (Iar, || - ||°) respectively, and it is called

a Musielak-Orlicz sequence space.

2. Results.

LEMMA 2.1 N € 09 if and only if there exist constants 0 € (0,1), § € (0,1), iy € N,
ug > 0 and a sequence ¢ = (¢;)2; 1 € I} such that

M;(0u) < (1 —0)0M;(u) + ¢;

for alli > ig and u € R, satisfying M;(u) < ug.
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PROOF This lemma was proved in [3], but we present here a simpler proof. Suffi-
ciency. Let g;(v) be the right derivative of N;(v), then

M (0 (0) + N3 (0) = v (0) = g0 (0) (L= )
< gy (M 00 () + N (1= 8)0)
< M0 (0) + g+ g (=80,
we have
Ni(v) < 9(11_ 5 Ni((1—6)v) + ﬁ for i > i and M;(q;(v)) < up.

and thus, NV € 5
The proof of the necessity is similar to the proof of the sufficiency, we omit it. g

LEMMA 2.2 (SEE [1] AND [10]) If M € 62 and M; vanishes only at zero for any
i € N, then ||z,| — 0 if par(a,) — 0.

LEMMA 2.3 If there exists a sequence of positive numbers (u(i)) such that M;(u(7))
=1, M € §3, M; vanishes only at zero for any i € N, ||x,|| < 1, ||z]] = 1 and
lzn + || — 2, then par(x,) — 1.

PROOF Assume the result is not true. Then we can assume without loss of generality
that there exists € > 0 such that py(x,) < 1—¢ for n € N. In the sequel we shall
consider two cases.

1. |z(i)| < sup{u > 0 : M;(u) < oo} for any i € N. Since M € Js, there exist
constants ig € N, ug > 0, K > 1 and a sequence ¢ = (¢;)§2; . € I} such that

for all i > iy and v € R, satisfying M;(u) < ug. Let A = {i : i < ig, or i >
io and M;(x(i)) > ug}. Since ppr(x) = 1, we deduce that A is a finite set and there
exists ¢ € (0,1) such that (1 + 0)|z(i)| < sup{u > 0: M;(u) < oo} for i € A. Hence

m((L+0)z) < 3 M((1+6)x(i) + > M;(2x(i

€A igA
< D M((L46)a(i) + Y (K M;(2(i)) + ¢;) < 0.
€A i¢gA

Now, we can take 0 € (0,¢) satisfying pas (1+9 ) < 1+ &2 Then

Ty +T 146 1-601+46
M| (1+6) 5 =pm | 5T+ 5 T3¢

1+6 1-6 1+6 1 )
< -7 - —((1 1-— 1 =1
< — pm(Tn) + 5 M (1_91‘> 2(( te)l-g)+1+e7) =1,
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whence we have || £52 || < =5, which contradicts the condition ||z + z, || — 2.

2. Let now |z(i1)] = sup{u > 0 : M;,(u) < oo} for some i;. Without loss of
generality, we can assume that 43 = 1. We have |z(1)| = u(1), that is My (z(1)) =1,
whence z(i) = 0 for all i > 2.

As in case 1 it is easy to get 6 > 0 such that > =, M;((1 + 6)z(i)) < oo. Since
M (2,(1)) < par(zn) <1 —¢, 50 |2, (1)] < My (1 —€). Hence

z(1) +xn(1)’ c [u(l) ~ MY —¢e) wu(l)+ M- 5)}
2 2 ’ 2 '

Since limg_.g %ﬁ;)") = 1 hold uniformly on the interval [(u(1) — M; (1 —¢€))/2,

(u(1) + M; (1 —€))/2], we can take 6 € (0,¢) small enough such that

M, (<1 +9>%(1)”<”) < (1 " f) M, (“””(1)) .

2 2 2
Then
o <(1+9)x+wn)
= M ((1 + G)W) + Z M; (lgoa:n(i) + lzeifgz(i))
< (1 F) o (MR + 5 S miea)
g2 1z T > .
< S(UHL/2M ) + 1+ )pu(an)
< %(1 +e?/24+(1+e)(1—¢) < 1.
Therefore ||(z + x,)/2| < p%g, a contradiction. n

The following are the main results of this paper.

THEOREM 2.4 The following conditions are equivalent:
1. (Iag, || - ) is locally uniformly rotund.
2. (L, || - ) is weakly locally uniformly rotund.
3. The following condition are satisfied:

(i) there exists a sequence positive numbers (u(i)) such that M;(u(i)) =1 for
any i € N,

(i) each function M; vanishes only at zero,
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(iti) the function M satisfies the condition ds,
(i) a) for anyi € N function M; is strictly convex on [0,u(7)] or
b) the function N satisfies the condition dy and there exists a sequence

positive numbers (a(t)) such that M;(a(i)) + M;(a(j)) > 1 fori #j
and function M; is strictly convez on [0, a(i)] for any i € N.

PrROOF The implication 1 = 2 is obvious. We show now the implication 2 = 3.
Since WLUR implies R, by Theorem 3 and Theorem 5 in [17], we get the necessity
of condition (i) — (ii%). If condition (iv) does not hold, we can assume that N ¢ 02
and there exist ¢ € N such that M; is affine on the interval [a,b], where a(i) < a <
b < u(i). Without loss of generality, we can assume that ¢ = 1.

For any ug > 0 and 6 € (0,1), let us define

M;(u)
2

ci—sup{Mi(u):Mi (g) >(1-6) : M;(w) guo}.

Then ZDZ ¢; = oo for any ig € N. In fact, if it does not hold, then there exists i,
satisfying ZDZO ¢; < 00. By the definition of ¢; we have

(3 <-0t s

for all i > iy and u € R, satisfying M;(u) < up. By Lemma 2.1, we get N € o, a
contradiction. Since N ¢ J3, for any n € N and ¢ > 3, we find «? > 0, such that
M;(u?) < L Mi((u)/2) > (1= (1/n))M;(u?)/2 and Y;° 5 M;(u?) = oco. Let ¢ > 0

be such that M;(b) + Ma(c) = 1 and let us define

in—1
x =bey +ces, T, =aei +ces+ E uie; +vle, mn=12..
i=3

where i,, is the smallest natural number for which Z M;(ul) > M1 (b) — My (a)
and vy € [0,u; ] satisfies condition 211:3 M;(ul") + Ml (i) =

We have z%—l M;(u?) > My(b) — My(a) — 1/n and ppr(z) = pM(ajn) =1, so
lz]| = ||z || = 1. Simultaneously

in—1
T+, a+b < vy
o (557 = (7)o + 3 (5 ) an (1)

SELCESULNERT (B )
=3

N | —

> 1 (Ml(b) + Mi(a) + 2Ms(c) + (1 _ i) (Ml(b) — Mi(a) i)) Y

Hence ||z + z,|| — 2. But z(1) — x,(1) = b — a > 0, which contradict with that
WLUR of ly.
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3= 1 Let ||z]| =1, ||zn]| = 1 for any n € N and ||z + z,|| — 2. By M € 0q,
we have pp(z,) = 1. Moreover, since ||z + 222 || — 2, by Lemma 2.3, we have

pu (E582) — 1. Hence,

2 2

_ i(Mm(i»zMi(xnu))Mi(x(z')zxn@»

0 o Pm(@)+pu(@n) s ($+$n>

=

1=
By convexity of M;(u), all terms of the last series are nonnegative, whence we get

MAe0) - Mhlanl0) (0400

(1) 5 5

for any ¢ € N. In the sequel, we will consider in two cases.

Case 1. First we assume that all functions M; is strictly convex on the intervals
[0, u;]. Since |x(7)], |z, (7)| € [0,u(?)] for any i,n € N, by (1), we have lim,,_, o0 5, () =
x(i) for i = 1,2,. ... Hence, for any ig € N, we get

> Mi(x(8)) = par(n) - ZMi(ﬂfn(i)) — 1= ZMi(x(i)) = > Mi(a(i)),

1>10 >0

whence it follows that > i>i
n € N, as ig — oco. Therefore

M;(x, (7)) converge to zero, uniformly with respect to

put (”“"”2_ x) < iMi (W) 45 S (Mila(i)) + Milw(i))) — 0,

1>1%0

as n — co. By Lemma 2.2, we deduce that || ==

— 0, that is, ||z — z,| — 0.

Case 2. Let now the function N satisfies the condition d2 and there exists a
sequence (a(i))j—; of positive numbers such that M;(a(i)) + M;(a(j)) > 1 for i # j
and all functions M; are strictly convex on the intervals [0, a(7)]. Without loss of
generality, we can assume that z(¢) > 0 and x,,(¢) > 0 for any n,i € N.

If z,(i) — =z(i) for any ¢ € N, then in the same way as in case 1, we get
|z — z|| — 0. Now suppose that there exists i1, we may assume that i1 = 1, such
that

(2) |zn(1) —2(1)] Z ¢>0
whence
|My(2n(1)) = Mi(z(1))] = d

with some d > 0 and for n = 1,2,.... From (1) we know that x(1) € [a,b] C
[a(1),u(1)], where [a,b] is an affine interval of M;. In virtue of the definitions of the
numbers a(i) from condition (iv — b), we get that z(z) € [0,a(i)] for any ¢ > 2. If
x(4) < a(i), then, by (1), we deduce that x, (i) — z(i). If () = a(7), then we have
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z(1) = a(l) < a(l) + ¢ < x,(1) for n € N. Hence z,(i) < a(i) for n € N, that is,
2, (1) and x(7) are in the strictly convex interval of M;. By (1), we can also deduce
that z, (i) — (7). So, we always have z, (i) — x(¢) for i # 1

Since ||z + x| — 2, for any n € N we can find y, € (In,] - ||°) such that
lynll® =1, y(i) > 0 for any i € N and lim;, oo D50y (@(2) + 25, (7))yn (i) = 2. Then
we have > 72 z(i)y,(i) — 1 and > ;o x,(i)y, (i) — 1. By definition of the Orlicz
norm, we can find k,, > 1 such that

1 1 1
—(1 knyn)) < no - =1 -
kn( + v (knyn)) < llyall® + = =14~

forn =1,2,.... Hence we have

0 = (14 plhnga)) = 3 2(D)ya(i)

n i=1

o

= i(pM(x) + pn (knyn)) — ZW)%(@')
i=1 " "

Therefore lim;,— o0 D ;i [Ni(knyn (i) /kn — 2(i)yn(i)| = 0, uniformly with respect
ton € N. Since M € da, we get >, x(D)yn(i) < || 254, (@)eillllyn|® for any
n € N, hence lim;, o Y ;- Ni(yn(i)) = 0, uniformly with respect to n € N.
Moreover, since N € 5 and N; vanishes only at zero for ¢ > 2, by Lemma 2.2, we
get limy, oo || D55, Yn(i)ei]|° = 0, uniformly with respect to n € N. We have

0 - Zzn — 2(i))yn(0) = (2a(1) — 2(1)ya (1)

+ Zmn —2()yn (D) + > (@n(i) = 2(i))yn(i).

>0

Since || 12 (a (i) — ()il + 2 + 2l |0 9n (Deall” — 0 a5 dg,m — o0, we
have EiZZ(xn(z) = 2()Yn (i) + D s, (@n(i) — 2(7))yn(i) — 0 as ig,n — oo and in
consequently lim,, o (2, (1) — 2(1))y,(1) = 0.

But y, (1) do not converge to 0 as n — oo. In fact, if y,(1) — 0 and z(1) #
0, then par(Y oy x(i)e;) < 1 — Mi(z(1)) < 1, which contradicts the condition
1> z(@el] > Yoo x(i)yn(i) — 1. If y,(1) — 0 and (1) = 0, then
ot (e n(i)e;) < 1 — My(z,(1)) < 1 —d for any n € N, which contradicts
the condition || Y i, W il > Myn(z) — 1 and Lemma 2.3. So,
2, (1) — x(1), which contradicts the condltlon (2). n
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