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On distributive lattices

In  this paper we generalize Glivenko’s theorem and then show how 
this simplifies the proof that the clusters of a linear lattice form a complete 
Boolean algebra.

Let 8 be a linear lattice. A set of 8 is called a manifold if is not empty. 
A manifold M  is said to be a cluster if M =  M11, where M L — {x\ \x \a  \y\ 
=  0 for every ye M}. In [1] it is proved that the clusters form a Boolean 
algebra by the order of inclusion. In [2 ] we gave two different proofs. 
In  these proofs we used stars: a manifold M  of 8 is called a star if xe M  
and 0 <  y <  \x\ imply y e M .  The purpose of this paper is to simplify the 
proof of [1 ] by stars instead of ideals.

According to [1], a Brouwerian lattice A is a lattice such that for 
any a , b e L ,  {ж|ала?<&} contains a greatest element which is denoted 
by b : a. In a Brouwerian lattice with 0, 0 : a is denoted by a*.

Glivenko’s theorem. I f  L  is a Brouwerian lattice with 0, then the 
correspondence a  -> u** is a lattice-epimorphism o f L  onto the Boolean  
algebra o f elements o f L  such that a =  a**.

In  [1], p. 45, it is shown that a Brouwerian lattice is a distributive 
lattice. Thus, if A is a Brouwerian lattice with 0, then L  is a distributive 
lattice with 0 and x л у = 0  if and only if x <  y*. We now generalize 
Glivenko’s theorem by these conditions.

In  a previous paper [2], we proved the
Lemma. Let A be a lattice with 0. I f  there is a map x ->■ x' from  A into 

A such that
(i) x" — x,

(ii) х а  у =  0 i f  and only i f  x <  yr, and
(iii) (®v y)' = x'a y', 

then A is a Boolean algebra.
Using this lemma we can prove the
Theorem. Let L  be a distributive lattice with 0. I f  there is a  map x 

from  L  into L  such that
(1 ) ха у =  0 i f  and only i f  x <  y',
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then A — {x'\ x e L }  is a Boolean algebra and a function f  : A defined
by f (x)  — x" is a lattice-epimorphism.

P ro o f. Since x' <  x we have

(2 ) x' a x — 0 

by (1). This implies

(3) x <  x".

Since y <  x implies x’ a y <  x' a x which implies x' Ay =  0 by (2 ), we 
have x' <  y ’ by (1). Therefore

( 4 )  y <  x implies x' ^  y'.

By (3) and (4), we conclude

(5) x'" =  x'.

Since xv  y >  x, у, we obtain (xv у)' by (4). Since

(x' A y')A ( X V  y) =  (x' A y' A X ) v  (x' А у' А у) =  0

by (2 ), we obtain x' a y' <  (xv y)' by (1). Therefore

(6) (xv y)' =  x'A y'.

According to (5), xe A if and only if ж" =  x.
I t  is easily shown that A is a lattice under the same order as L  with 

meet “a” and join “v”, where for a, be А, а д b =  ал b and a  v b 
— (av b)". Also 0 ^  x implies x' ^  0r by (4). So

0"  =  0 "л  O' =  0,

the last equality following from (2). Thus O e l  and A is a lattice with 0 
and satisfies (i) by (5), (ii) by (1), and (iii) by the following. For a , be A, 
we have

(a v b)' =  (av  b)'" =  (av  b)' =  a 'a b' =  a' a b’

by (6 ). Thus by the lemma, A is a Boolean algebra.
Let X,  ye L . By (4) x <  у implies y' <  x' which in turn implies x" 

<  y". Thus

(7 )  x ^  у implies f (x)  < № •

By (6 ) and (6),

f ( x v  y) =  (xv у)" =  (x'a у')' =  (x"'a у'")'

=  (®"v y")" =  x" v y" = f ( x )  v f ( y ) .

Since xa y <  x, у, we have that f ( x  a  y) < f ( x ) , f ( y )  by (7).
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Thus

(8) f(xA 2/ K  f(x) д f{y).
On the other hand, by setting 0 =  ( х а  y)'a  {x " a  y " )  we have 

z a  х а  у =  0, z a  x' =  0, and ZAy' = 0

by (2 ). Thus 

so that
za x <  y', z <  x", and

z a  x <  y'a  y" — 0 , 

which implies 0 <  x' and thus

2 <  x'a x" = 0 .

z < y "

Consequently, 2 : =  0 which implies x" а  у" <  (ж л  у)". Therefore 

f{XA у) = ( Х А  у ) "  >  X" A y" = f ( x )  Af(y)
By (8) and the above f (xA y) =  f (x)  д/(у) and / is a lattice-homo­

morphism. By (5) / is trivially onto and thus / is a lattice-epimorphism.
As an application, let 8 be a linear lattice. As defined in [2 ], a manifold 

M  is called a star if xe M  and 0 <  у <  \x\ implies y e M .  For any system 
of stars (À€ Л) it is obvious that { J  Mx and П  Mx are also stars.

ЛеЛ ЛеЛ
Therefore the stars of 8 form a distributive lattice under the inclusion 
order with {0} as the zero of this lattice. According to the lemma in [2 ], 
we have M n N  =  {0} if and only if M  c  N 1 for M  and N  stars. Thus 
the clusters of 8 (0  Ф M  <= 8 is called a cluster if M =  M 11) form a Boolean 
algebra and the map/(ilf) =  M 11- is a lattice-epimorphism by our gener­
alization of Glivenko’s theorem.
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