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Existence and uniqueness of solution for some
integral-functional equation

Let E be a Banach space with the norm ||-||. We denote by C(I, R,) the

class of all continuous functions defined on I < [0, a] with a range in
R, £[0, + ).

7 In the present paper we are concerned with the integral-functional
equation

@, (1, x(+))

) xy=F(, [ [t s x()ds, x(¥y(t, x())) = (Fx) (0),
0

where
al(z) »

(Pl‘(t’ X()) = (P(t, g fl (t, S, X(S))ds, x(ﬁl (t))),

' a,(1)

dll (t’ X()) = lll(t’ j f2(t’ S, X(S))dS, X(ﬂ2(t))),
0

and the functions F: IXEXE—E, f, fi: IXIXE—-E, ¢, y: IXExXE ],
aj, Bj: I-1,j=1,2, are known.

In papers [2] and [3] equation (1) was discussed in the case where the
functions ¢ and ¢ do not depend on the last two variables. '

The differential equation with delay dependent on the solution and its
derivative

@ ¥y ,
= F(t y(o(t y(ou ) y B @), ¥ (0 (6, y(@20), ¥ (B2 ), e,

can be reduced to a particular case (f (1, s, u) = fi(t, s, u)=u, j=1,2) of
equation (1). .
Such equation was considered in [7].
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If in (2) the function F is independent of the last variable, then we have
the differentidl-functional equation  which has been considered in [4], [9] and
[10]. For o(t, u, v) = @(t, u) and Y (¢, u, v) = Y (t, u) equation (2) has been
investigated in [1]

However, if F and ¢ are constant with respect to the second variable,
then we arrive to the clasical functional equation which are discussed by
many authors.. .

The solutions of this equation are sought in the class of functions
fulfilling a Lipschitz condition (see the class D(I, E, i, 1) defined below).

By the use of the comparison method (see [5], [6] [87) we shall prove
the existence, uniqueness of the solution and the convergence of successive
approximations for equation (1). But in the case when E has a finite
dimension we shall establish the existence result under a weaker assumptions.

1. Lemma. Below we quote the lemma which we shall use in the proof of
the existence of solution of equation (1).
Let us define .

(Lu) (1) S 1) u(B(®),  (Ku) (t)f—ik(t)‘a(f)u(s)ds, tel.
0

Put L"=LL" ! n=1,2,..., L°=J, where J denotes the identity
operator in C(I, R,).
From the definition of the operator L it follows that

(L™u) (1) = L,(r) u(Ba (1),

where
ﬂO(r)g"f-t’ ﬁu+l(r B(Bn( ) n;=0’ la---a [Gl,
IO(t)il, n+l(t g‘-: I—[ (ﬁk(t))9 n=0a 1’---, tel.
Put ~
Mu=Y L
n=0

with the pointwise convergence of the series in I.
Lemma 1 [2]. If the functions h, I, ke C(I, R,), x, e C(I, I) are non-
decreasing, o(t), p(0ef0, t], tel, and

s L(Mh) (1) < +0, tel,
(3)

‘s'(t)d——f(Mg)(t)<-iv—oo, tel, supﬁ<+oo,

where g(t) = k(t) «(t), then
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(a) there exists ie C(I, R,) which is a non-decreasing and unique solution
of the equation
4 u=MKu+Mh,

in the class G(I, R,) of bounded and measurable functions defined on I;
(b) the function i is the non-decreasing and unique solution of the equation

(5) u=Ku+Lu+h,

in the class

G(,R,, = {u: ueG(l, R,), [u] < + o0},

where [[u] inf {c: jul <cil, ceR,};

(c) the function u = 0 is in the class G(I, R, @) the unique solution of the
inequality

u< Ku+ Lu.

Remark 1. If the assumptions of Lemma 1 are fulfilled also for
h*eC(I, R.) and h*(1) < h(1), tel, then the suitable solution u* of equation
(4) with h* mstead of h established in Lemma 1 is the unique solution of
equation (5) with h replaced by h* in the class G(I, R, 7).

" Remark 2. Some effective conditions under which conditions (3) are
fulfilled can be found in [2] and [6].

2. Further lemmas and existence theorem. We introduce

~_AssumprioN H;. Suppose that there exist non-decreasing functions
k. Tk, k;. 3 BeC(I. R,) such that

IF @ u, o) =F(t, @ ol <k k(O llu—all+1(e) -3,

1@ s, 0= f (i, s, Ol < K () lo—all,

W, s, 0= £, s, D < kllv—all, j=1,2,
o(t, u,v)<a@), Y, u, ) < B,

for any rel, se[0, t], u, v, i1, 7eE.
We note that, from Assumption H, the following estimations follow:

F (2, u, ol < K (o) )+ T(o) el +7 (),
I1f (@, s, ol < k(@)llol)+7(0),
£ s, ol < @ lloll+9;0,  j=1,2,
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for any tel, se[0, t], u, veE, where

y(t) = max ||F(z, 0, O)}j,

[ E3£Y]

7(t) = max max [If(z, s, O,

0<r<t se[0,1] ~

7;(t) = max max [[fj(r, s, 0)l, j=1,2, tel.

0<t<t 5¢[0,t)

Lemma 2. If Assumpn'on H, and assumptions of Lemma 1 are satisfied
with a(t) = (1), B(t) = B(1), 1(t) = T(1), k() = k(1) k(1) and h(t) = k(1) 7(t) &(1)
+7(t), tel, then the operator F defined by the right-hand side of equation (1)
maps

B(I, E, @) = {x: xeC(l, E), |x(ll < (), tel},
where it is defined in Lemma 1, into itself.
Proof. If xeB(1, E, &) and y(1) = (Fx)(t), then we have

@, (6,x()

ol <ko TN s <) ds+TOlx (s (6 O +70)

a

<k k@) 5 Nl ds+7() ||x (wy (1, xC )| +E @) 70 &0 +2(0)

a(t) N
<k [ a()ds+1() #(B(0)+h() =ua(t), tel.

0

Hence it follows that yeB(I, E, #). Thus the lemma is proved.
AssumpTiON H,. Suppose that S
1° there exist non-negative constants m, i, m;, j = 1. 2, such that
IE(t, u, v)—F (1, u, v)|| < mjt—1,
IS, s, 0)=f(t, 5, V)l < mjt—1],
i, s, =@ s, M <mle—14, j=12,

for

Il < o £ max (), |lull <& < ap max kK()+max 5(1) and 1,t,sel,
I 1 1



Integral-functional equation 263

2’ there exist non-negative constants p;, ¢;, b;, j =1, 2, such that
lo(t, u, v)~@(t, u, V)| < pylt—1l,
W (e, u, v) = (t, u, v) < palt—1,
]aj(!)_aj(?)l <
1B;(1)—B; (t)] < b;lt—
for t,rel, and ||v|| < o, ||ujl < @
3° t‘here exist non-decreasing functions r;, s;e C(I, R,) such that
lo(t, u, v)—o@(t, @, 0) < ry (1) flu—ali+5, (1) llo—2ll,
for rel, |lull, 1l < oy, IIll, Il < ¢ .
W (t, u, )=y (t, @, D) < rp (1) llu—dall+s2(7) |lv—2il,
for tel, {lull, [l < @2, Ilvil, 171l < @, where

let—‘l,
ﬂa J=1, 2,

0, = ap max k;(1)+ max y,(1), i=1,2.
I 7

Put
A = 1(a) s,(a)- by, v
B =k(a) s; (@b, [k(a)i(a)+F(a)]+
+T(a) [pa+r2(a) 2 (@) my +¢or3 (@) [y (@) @)+ 1)),
C = m+k(a) {ma(a)+[k(a) @(a)+F(@][py +myry (@) 2y (@) +
+eyry (@) (ky (@) T(a)+7, (a)]].

Suppose that (B—1)>—~4A4C > 0. Let 4, and 4, be the non-negative roots of
the equation

AA*+(B-1)i+C = 0.
We introduce the following class of functions

DU, E, &, A) L {x: xeB(I, E, @), lix(t—x (Ol < Al ~1},

where the constant 4 is fixed and it satisfies the condi{ion
M<A<A, if A#0, and i=2A*=C(1-B)~' if A4=0.

LeMma 3. If Assumption H, and the assumptions of Lemma 2 are satisfied,
and if B<1,(B—1)2—4AC > 0, then the operator F defined by the right-
hand side of equation (1) maps D(I, E, i, 4) into itself.
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3

Proof. From Lemma 2 it follows that if xeD(l, E, @, 4) and
y(t) = (Fx) (1), then yeéB(I, E, #). Now we have
ly (@ =y Ol < mle—t]+k(e) ma(e) e~ +
+[E(@) #(@+7 01 |y (1, x() =1 (1, x|} +
+AI() [y (6, x(CN =, (t, xC)| < mlt—t]+ k(1) [z (1) |z—r}+

x (r)
+ k() @(@+50] [py| r—r|+r,(t)|| filt, s, x(s))ds—
2,(0
- ([ filts s, x(S))dS“+31 (1) [}x(B1 ()= x (B (O[]} +
zm 2,0

+Al(1) [p2|t—t|+r2(t) ” f2(t, s, x(s))ds— f f2(t, s, x(s))ds|| +

+52(0) [[x (B2 (D)= x (B2 O[] < mle—tl + k() ima () Je~1l +
+Ik (@) #(a)+ 701 [p2 l -1+
+r (1) (m,le(t) |t =1] +C1( (1) u(a)+ 7, (t)) ]T‘f})
+ 451 (0) by [t =]} +2T0) [palt=11+r2 (1) (myz (0) 11 =11+
+C (ky (1) W(@)+72(0)) [t =)+ A5z (1) by lt—11]
S(AA2+Bi+C) t—1 < Alt—1].
Hence it follows that yeD(I, E, @, '/1). Thus the lemma is proved.
Now we can formulate
~ THeoreM 1. If E is finite dimensional Banach space, i.e., E = R" and the
assumptions of Lemma 3 are satisfied, then equation (1) has at least one
solution xeD(I, R", @, 1).
Proof. In view of Lemma 2,3 and the Schauder fixed-point theorem the
assertion of the theorem is obvious. In fact, we see that the continuous
opcrator % defined by the right-hand side of equation (1), maps the

bounded, closed and convex set D(I, R", i, ) = C(I, R" into its compact
subset # [D(I, R", i, A)], thus it has at least one fixed-point.

3. Theorems on the existence and uniqueness. For the general case (E is
an arbitrary Banach space) we have the following result

THEOREM 2. If the assumptions of Lemma 3 hold and q <1, where
4 = max (k) [k @O+ (k@ a@+70)(ry (& (1) oy (0 +51(1)] +

+ (@) [ro () ky (D oz (1) +52(0)]},

then equation (1) has a unique solution in D(I, E, i, A).
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Proof. Under the assumptions of the theorem it is easy to find that the
operator # defined by equation (1) is a contraction in D(I, E, @, 4).

But under assumptions weaker than those of Theorem 2 we shall prove
below another theorem on the existence and uniqueness of solutions and the
convergence of successive approximations for equation (1) in the general
(dim E < x) case.

Put

k(t) = k(k@O+k@)r (@) k, (0 [k(6)ia(a)+ 7)1+ AT r, (6 k2 (1),

I(t) = (k(t)sy (0 [k (O a(a@)+F O]+ A1) 52 (1), 1)},

(6) a(t) = 01221; max [%(s), 2, (s), 25 (s)],

() = max max [X(s), 2, (s), %2 (5)],
0<s<t

h(t) = max max [[(Fxo)(s)— o (SN, K& FEE(S) 47 el

0ss<t

where x, is an arbitrary fixed element of D(I, E, i1, A).
In order to prove the existence of a solution of equation (1) we define
the sequence {x,} by the relations

(7 Xps1 =Fx,, n=0,1,...,

where the operator # is defined by the right-hand side of equation (1).
To prove the convergence of the eequence fx,! to the solution x of
equation (1), we define also the sequence {u,] by the relations

ug =u*,  u,., =Ku,+Lu,, n=0,1,...,

where u* is the solution of equation (5) (which is supposed to exist) with
k,1l, a, f and h defined by (6).
By induction we prove the following ([2] [6]).

LEmMMA 4. If assumptions of Lemma 1 are sansﬁed with k, [, «, ﬁ and h
defined by (6), then
O<un+1<un<u*’ n=0’ la---, unjo _Ibl'n—’x,

where the symbol = denotes the uniform convergence in I.

Now from Lemmas 1, 2,3 and 4 we infer

Tueorem 3. If Asumptions H;, H, and assumptions of Lemma 1 are
satisfied for k, 1, a, B and h defined by (6) and if B< 1, (B—1)>—4AC > 0,
then there exists a unique solution XeD(I, E, i, 1) of equation (1). The
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sequence {x,} defined by (7) converges in I uniformly to X, and the following
estimations

(8) (@) —x, (O Su,(t), n=0,1,..., tel,

hold.

Proof. First we note that from the assumptions of this theorem and
from the definitions of the functions k, I, a, § and h (see (6)) it follows that
the assumptions of Lemma 2 and 3 are satistied. Hence x,eD(1, E, @, ).

We prove the estimations:

) [1xXa(t) = X0 (Ol Su*(1), n=0,1...,1€l,
(]0) erH-k({)_xn(t)”Sun(t)a n,k=09 1,"'9 tel.

It is obvious that (9) holds for n = 0. If we suppose that (9) holds for
some n> 0, then we have

afr)

e (= Xo (Ol < ROK@)- | 11%(5)—xo ()l ds+

+E () K@) @@+ 701 (6 xu ()= 01 (1, Xo( )|+
F T || xa (W1 (£, Xa ()= X0 (W1 (£, x0(*)))

ait)
<k®k(): [ l1xa(s)—xo(s)l ds+

0

a (l)

+k(@® k@) a(a)+ 7O [r1 (0K, (¢ f I, ()= xo (s)l| ds+
'*'51(t)”xn(ﬂl(f))"xo(ﬂl(f))”]+

a,(n)
+Al(1) [’z(t)’zz(f) §ilxa(s)=xo (o)l ds+
; .

+55(8)[|xa (B2 (1) = xo (B2 ()] + (1)
< (Ku*)(t)+(Lu*)(r +h(t) = u*(1).
Now (9) follows by induction. Slmllarly estlmatlon (10) is easily obtained by
induction.

From Lemma 4 and (10) it follows that sequence {x,} is convergent to
the solution X of equation (1). Obviously xeD(I, E, u, 1). If k — o0, then (10)
gives estimation (8).

To prove that the solution X is the unique solution of (1) in D(I, E, @, )
let us suppose that there exists another solution XeD(I, E, i1, A). It is easy
to prove that

(1) = max [IX(s)—-X(sMleG, Ry, i)

0<s<t

and # < Kii+ Lii, where G(I, R, , &) is defined in Lemma 1.
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Hence and from Lemma 1 it follows that ¥ = x. Thus the proof of

theorem is complete.

From Theorem 1 and by the considerations contained in [2] and [6] we

have the following conclusion which gives some effective conditions under
which conditions (3) are fulfilled. '

h, 1,

Concrusion. If Assumptions H,, H, are fulfilled and if the functions
keC(,R,),a, pecC(I,I) are defined by (6) and [(r) <T=const,

k(t) < k = const, a(t)<a, B)<pr, @ pe[0,1], h(t)< HP for some
H, peR,, and if IfP <1, B< 1, (B—1)?—4AC > 0, then the assertion of
Theorem 3 holds.

(1]
(2]
031
[4]

(53
(6]
(71

(8]

9]

[10]

One can find that this result is better than this of Theorem 2.
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