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differential-functional equations

Abstract The non-linear differential-functional equation

(i) Dxz(x, y) =  f { x ,  y, z(x, y), z, Dyz(x, y), Dyyz(x, y))

with initial boundary conditions of Neumann type is treated with the longitudinal method of lines. 
The corresponding line method has the form

(ii) Dxw{m)(x) =  Фн(х, ÿ m\  x4w(m)(x), w, Awtm)(x), d (2)w(m)(x))

where A and A<2> are difference operators with respect to the spatial variable. We prove that if the 
method (ii) satisfies a consistency condition with respect to (i) and is stable then it is convergent. 
The proof of the convergence of the line method is based on differential inequalities.

* ''
I. Introduction. Let X , Y) denote the set of all functions defined on 

X  with values in Y, where X , Y are arbitrary sets. Assume that X 0 and Y0 are 
metric spaces. We denote by C(X0, У0) the class of continuous mappings from 
X 0 into Y0.

Let b = (ftls ..., h„)eR", bt > 0 for i = l , . . . , n  and a, t 0 g R,  

a>  0, t0 ^  0. We define E — (0, a] x(  — b, b), E(0) — [ — t0, 0] x [ — b, b] and 
E is the closure of E. If z: £ (0)u £ -> R  is a function of the variables 
(x, y) = (x, yx, ..., y„) and the derivatives Dyiz, Dy.yjz exist for i, j  = 1, ..., n 
then we write Dyz = (Dyiz , . . . ,  Dynz) and Dyyz = [Dw z]"j=1. Let Q = E x R  
x C(E(0) и  E, R) x R" x R"2 and /: Ъ -^R, œ: £ (0) R. Let us denote by dE(f ] 
and d E Ÿ \ j =  1, n, the sets

dE<j-> = {(x, y)e(0, a] x [ - f t ,  ft]: yj = -bj},

Щ +) = {(x, У)е(0, a] x [ - 6 ,  i>]: y, = bj).

Suppose that (py. d E ^ - * R, if/у дЕ +̂)~*R for j  = 1 ,. . . ,  n.
We consider the differential-functional problem

7 — Comment. Math. 30.2
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Dxz(x, y) = f ( x ,  y, z(x, y), z, Dyz{x, y), Dyyz(x, y)), (x, y)eE,

Dy.z(x, y) = (pj(x, j/), (x, y )eôE{f  \  j  = 1, ..., n,
^  Dy.z{x, y) = \j/j(x, y), {x, y)edE(j+), j  = 1, ..., n,

z(x, y) = <w(x, y), (x ,y )eE(0).

If x e [ - t0, a] then we set

н х = {(£> n) = (£, ni, •••> rjn)eE{0)KjE\ £ ^  x}.

For zeC(E(0) v  E,  R) we define \\z\\x = max{|z(£, rj)\: (£, г])е Нх}.
Assume that the differential-functional problem (1) is of Yolterra type, i.e. 

if xe(0, a], z, ze  C(E(0) u  Ë, R) and z(Ç, rj) = z(Ç, rj) for (£,rj)eHx then 
f ( x , y , p , z , q , r )  = f ( x , y , p , z , q , r )  for y e [ - b ,  b \  peR , q = (ql , ..., qn) 
eR", r  = [ r ij' ] l j = 1 , r e R"2.

The so-called longitudinal method of lines for parabolic equations consists 
in replacing spatial derivatives by difference operators. Then the initial 
boundary value problem for a parabolic equation is replaced by a sequence of 
initial-value problems for ordinary differential equations. Line methods for 
nonlinear parabolic differential or differential-functional equations with initial 
boundary conditions of Dirichlet type were considered in [3], [11], [15]. An 
error estimate implying the convergence of line methods is obtained in these 
papers by using differential inequalities. In [1], [10], [13], [15] the authors 
study the error due to the discretization in spatial variables of the Cauchy 
problem for parabolic equations. In [13], [15] the approximated solutions 
satisfy the growth-restricting condition \u(x, y)| ^  consteB|}’1, y eR. Similar 
results for the Cauchy problem under the assumption |w(x, y)| ^  const 
x ев\уl2- ^  y e R s <5 > 0, were proved in [1]. In [10] the solutions of the Cauchy 
problem are allowed to belong to a natural class of fast increasing functions. In 
[14], [15] the author has used the line method as a tool for proving existence 
theorems for the first boundary value problem and the Cauchy problem for 
a non-linear parabolic equation in two independent variables. [6] deals with 
the Cauchy problem for non-linear hyperbolic systems in two independent 
variables; the author studies convergence conditions and an existence theorem 
based on the line method.

The main problem in these investigations is to find a difference ap­
proximation which satisfies some consistency conditions with respect to the 
differential problem and which is stable. The stability problems for line 
methods were investigated by means of differential inequalities.

Finite difference approximation of the initial boundary problem of 
Neumann type is found in [2], [7]-[9].

For further bibliography, see [5], [12], [15], [16].
The paper is organized as follows. We introduce a general class of line 

methods for the problem (1). Using theorems on differential-functional ine-
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qualities, we establish sufficient conditions for the stability of the line method. 
In the next part of the paper we prove that if the line method is stable and 
satisfies a consistency condition with respect to (1) then it is convergent. We 
give examples of line methods which are convergent.

The following comparison result is needed in our discussion.

L em m a  1. Suppose that
1° the function F = (F±, ..., F„0): [0, a] x R"° x C([ — t0, a], Rno)->R"° of 

the variables (x, Ç, q), £ = (£l5 ..., £„0), is non-decreasing with respect to the 
functional argument and satisfies the Volterra condition,

2° for each i, 1 ^  i ^  n0, Ft is non-decreasing in for j  = 1, ..., n0, j  ф i, 
3° there exists a function a = (<71, ..., crno)eC([0, a] xR"+°, R"?), R + 

= [0, + oo), of the variables (x, if) such that
(i) for each i, 1 ^  i ^  n0, at is non-decreasing in <jL, for j  = 1, ..., n0, j  ф i,
(ii) the maximum solution of the problem q'(x) = cr(x, q{x)), q{0) = 0, is 

q(x) = 0 for xe[0 , a],
4° if x e [0, a], rj, rje C([ — t0, a], R"°) and r](t)^fj(t) for £e[ — t0, x ]

then

F(x, q(x), rj)-F(x, ij{x), ij) ^  -<r(x, p7-rç][-t0,*]),
where

тех] = ( m a x] }, ...,

тах{[^по( г ) - ^ о(0]: ï e [ - i 0, x]}),

5° the functions a, f e  C([ — t0, a], R"°) satisfy the initial inequality 
a(x) ^/l(x) for x g [  —t0, 0] and the differential-functional inequality

D_a(x) — F(x, a(x), a) < D_f(x) — F(x, f(x), f), xe(0, a]

{here D_q{x) = (D_q1{x), ..., D_qno(x)) is the left-hand lower Dini derivative of 
*1 at x).

Under these assumptions we have a(x) ^  fi(x) for x e [ - 10, a].

Lemma 1 can be proved by the method used in [4], [9], [15].

II. Discretization. For у = (уА, . .., yn), ÿ = {ÿ1, ..., ÿ„), y, ÿeR", we de­
fine y *ÿ = , ..., ynÿn). We shall be using vector inequalities, with the
understanding that the same inequalities are satisfied between their correspon­
ding components. Let d = (dt , . . . ,  dn) e R" and dt > 0 for i = 1 , . . . ,  n. Suppose 
that for an h = {h1, ..., h„)e(0, d] there exists N = (Nlt ..., Nn) such that 
Nt, i = 1, ..., n, are natural numbers and N *h = b. Denote by 70 <= (0, d] the 
set of all h having the above property. In the next part of the paper we adopt 
additional assumptions on I0. For h = (hlt h j e l 0 we define 
IWI = т а х 1г?(<сД.
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Let m = (mx, ..., mn) where mt, i — 1, ..., n, are integers and J  = {m: 
— N ^ m ^ N } ,  J = {m: —N + l ^ m ^ N —l} where — N + 1 = ( — +1,
..., —iV„ + 1), JV —1 = (Nj —1 , N„ —1). For h e l 0 we write y(m) = 
(yimi), y i mn)) = m*h where me J. For 1 ^  n we define

;(m) = (mt , m j-u m}+ 1, mJ + 1, m„),

—j(m) = (ml5 mj-l5 nij- — 1, mJ+1, m„).

Let j°(m) = —j°{m) = m a n d / + 1(m) =;(/(m)), - /  + 1(m) = - /( - /(m ))  for i = 
0, 1, 2 , ... Set

Ei0) = {(*, Уж)): x g [ - t0, 0], me J}, Eh = {(x, y(m)): xe[0 , a], me J}.

For a function w: we write w(m)(x) = w(x, y<m)). Let
S = {s = (sA, ..., sn): Sje { — 1, 0, 1} for j  = 1, ..., n} and S' = S\{0} where 
в =  (0, ..., 0)g R". We define the following operators A, A =  (A^, . . . ,  d n),

Al2) = W % - i -
If w: £j,0)u£„-^R , m e J  and xe[0 , à] then

(2) Aw(m)(x) = Y  asw(m+s)(x),
seS

d fw(m)(x) = j ~ Y  b^w{m+s)(x), i = 1, ..., n,
(3)

Af fw^ ix )  = —  Y  ciiJ)w(m+s)(x), i, j  = 1, ..., n, 

where as, b(J\  c{siJ) e R.
We denote by J^(£j,0) и  Eh,R)  the class of all functions w defined 

on E^KjEb  taking values in R such that w(-, y(m))eC ([ — t0, a], R) for 
each meJ. We set Ëh = {{x,y(m)) : x e [ 0 ,à ] ,m e J }  and w — w|£jp)u£
where wG^(Fj,0) u  Eh, R). The class of all elements w with w e ^ c(£j,0) и
E„, R) is denoted by J 5'c(Fl0) и  Êh,R)  and Qh = Êh x R x Ĵ (jEj,0) u Êh, R) x 
R" x R"2.

Let ФА: 0 A —► R, h e l 0. Put

= {me7: mj = —Njt if 1 < i < j  then mi Ф —Ni and mt Ф iVj,

J(j+) = {me7: mj = NJt if 1 ^  i < j  then mt ф —Nt and mt Ф AT£},

dEfc? = {(x, y(m)): xe[0 , a], m e J ^ j ,  

dEiy = {(x, y(w)): xe[0 , à], m€j$+)} where j  = 1 ,. . . ,  n.
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Let ||y|| = max ! ̂ „1^1  denote the norm of y = (3'1, . . . , J ,„)eR". If 
A = [Aÿ]"j= i is an n x n  matrix then we define

M  = max X \Àij\.
ItZi^n j =  1

Assume that for each h e l 0 we have (ph = (<pM , <pM): Eh->R",
i]/h = GK,i > • • •> and сой: jEj,0)->R. Suppose that 1 ^  fc ^

and a = [ay] <x = [ay], P = [0y], p = [/Ty] where ay, j8y:
[0, a] -»R+ for i = 1, ..., n, j  = 1, ..., k and ay, Ду: [0, a] ->R for i =
1 , n, j  = 0, 1 , . . . ,  fc.

For we^(JEj,0) u  Eh, R), xe[0 , a] we define

(4) ,4fw(m)(x) = X aij,-(x)w(lJ(m))(x) + /ii X &и{х)(рнл(х, УИт))),
j=l j=0

m e J \ ~ \ i = l , . . . , n ,  and

(5) яУ">(х) = X Р ц Ш - ^ Ц х Н Ь  i  P i j W U x ,  У"*"1»),
J=1 i=0

m eJ\+), i = 1, n.

We consider the following line method for the problem (1):

1 > у м)(х) = фк(х , y -)f ylw(m)(x), w, dw(m)(x), d (2)w(m)(x)), xe[0 , a], m eJ,
(6)

w(m)(x) = coy , y(m)) for xe  [ —1 0, 0], me J,

where
w(m)(x) = у4Ут)(х) for xe[0 , a], m eJ\~ \ i — 1, n,

w(m)(x) = B y m)(x) for xe[0 , a], m eJ\+), i = 1, w.

If x e [  —t0, a] then we set Hh x = {(£, y(m)) e £ j,0) и  Ëh: Ç ^  x}. The function Фк 
is said to satisfy the Volterra condition if

Фк(х, y, p, w, q, r) = Фй(х, y, p, w, q, r)

where w, w e ^ ^ f 1 и Êh, R), w\Hh>x = w|HhfX, (x, y, p, q, r)eËh x R x R” x R"2. 
For w e ^ (£ t0) u Eh, R) we define ||w||fciJC = max{|w(£, y(m))|: (£, у(т))е Я м }.

Suppose that there exists a solution и of (1). We give sufficient conditions 
for the convergence of a sequence {wj, where wh are solutions of (6), (7), to the 
solution v when the step size tends to zero.

III. Stability of the line method. The following assumptions will be needed 
throughout the paper.

A ss u m p t io n  Hx. Suppose that
1° the function Фй: Qh-+R of the variables (x, y, p, w, q, r) is non-de-



322 Z. K a m o n t  and S. Z a c h a r e k

creasing with respect to the functional argument and satisfies the Volterra 
condition,

2° for each h e l 0, meJ,  the function

Ф„( Ут), ' ): [0, d] x R x ^ c(E{h0) и  Ëh, R) x R" x R"2 R 

is continuous,
3° the derivatives РрФк, Dq<Ph = tDqi<Ph Dqn0 h), D/Pk = [Drî i j = i ,  

h e l 0, exist on Qh and for each (x, y, w)e Ë hx J^(£j,0) u  E h, R) the functions 
Dp<Ph(x, y, -, w, -, •), Dq(Ph(x, y, -, w, -, •), РгФк(х, у, -, w, -, •) are continuous 
on R x R" x R"2,

4° for each h e l 0 the matrix Dr<Ph is symmetric on Qh,
5° for P = (x, y, p, w, q, r)eQh, h e l 0, and for seS' we have

(8) a,Dp4>h(P)+ £  -j-b»>D
i= 1 ni

»ACP)+ £  - f - c
ij = 1 ninj

™DriJ<Pk(P) »  0,

6° there exist constants L, L 0 ^  0 such that ОрФь(Р)| < L, ]\Dq<Ph(P)\\ 
< L0, [Dr0 h(P)} ^  L0, PeQ h, h e I 0 and

\фь(х > У» Ру Чу г )-Фк(х, у, р, w*, q, r)| ^  L\\w*-w\\ĥx on Qh,

7° there exists c0 > 0 such that hth f l ^  c0, i , j  = 1, n, for h e l 0.

A s s u m p t io n  H2. Suppose that the operators A, A and A(2) satisfy the 
following conditions:

1° for each i , j  = 1, . . . , n  we have = 0, £ s6s 4 iJ) = 0,
2° as ^  0 for s eS  and £ s6Sas = 1.

We define

b = max[ max |ЬР|, max £  |с?,л|].
1 <  j  ̂  n seS 1 ^  i j  ̂  n seS

A s s u m p t io n  H3. Suppose that the operators A{, Bt, i =  l ,  ..., n, satisfy the 
following conditions:

1° tph, ф к: E h^ R n,
2° a( = (afl, ..., aik): [0, a] -+ R \ , ft = (ftx, ..., ftk): [0, a] ->Rk+, i = 

1 , • • •, n, and Yj =î = 1 , £*= i Pij(x) = 1 for^ x  e [0 ,  a ],
3 ° a > ( a ’io....... «»): [0, a] ->Rk + У ft = (ft0, .. . ,  ft*): [0, a ]-»R fe + 1,

where i — l ,  ..., n.

Now we state a result on the stability of the method (6), (7).

T h eo r em  1. Suppose that
1° Assumptions H x-H 3 are satisfied,
2° whe ^ c(E^)) kj Eh, R) is a solution of (6), (7),
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(9)

and

(10)

(11)

3° vhe J^(Ej,0) v  Eh, R) and there exist functions y, y, y0: I 0->R+ such that 

\Dxvim)( x ) - $ h(x, Ут , M m)W, vh, Av^ix), A™v^\x))\ < y(h),

meJ, x e [0, a],

^  hjy(h)> rneJ(f \  j  = 1 , n, xe[0 , a],

\v)T)(x ) -B Jv^){x)\ ^  hjy(h), m e J j +), j  =  1 , n, xe[0 , a],

Then

(12)

(13)

\vh(x, yim)) - ( 0h(x, y(w))| ^  y0(h) for (x, yim))eE{°\

\\vh- w h\\h,x <  »/й(х), x e  [0, a ], w/iere

ГУо(л) /ог л :е [-т0, 0], L > 0,
+ j-or x e |-0  ̂ l > q^

n (X) = \ yo(h)
U  } \ÿ{h)x + y0(h)

f o r  x e [  —t0, 0], L = 0, 
f o r  x e  [0, a], L = 0,

y(/i) = y(h) + 2L \\h\\2y(h) +L0c0bny{h)(l + ||/i||), h e l 0.

Proof. It follows from Assumptions and H3 that the solution wh of (6),
(7) exists on [ —t0, à]. We prove that

(14) wj1m)(x) ^  ^ m)(x) + rjh(x), x e  [0, a ], m e J.

To do this, we apply Lemma 1. Let

Vh{x, y(m)) = vh(x, yim)) + rjh(x) for xe[0 , a], m eJ,
(15)

and

(16)

vh(x, Ум)) = Vh( x ,  y(m)) + t]h{0) for x e [  —t, 0], me J,

vh{x, У(т)) = А (x) for x e [0, à] , m e Jj \  j  = 1, ..., n,

üfc(x, Ут)) = B f f i i x )  for xe[0,  a], meJ<+), j  = 1 n. • 

Then we have vh: R. We first show that

(17) А Д т)(х) ^  Ф„(х, / * \  ЛгГ>(х), M m)(*), ^ « ^ ( x ) ) ,

x e [0 , a], m e J ,
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where v„ = Write

KB(X) =  Dx4">(x)-<Pt(x, ym , Avf\x),  Sk, AStr>(x),

« Й М  = ОА">(х)-Ф„(х, y(m>, AvS">(x), vk, AvF\x), A™oj,">(*)),
(18)

= #*(*. f " \  M ”4x), vh, Avim\x), /l(2)t>i,”,|(x))

-Ф„(х, y(m\  4uf"(x), vh, Aifr\x), 

where xe [0 , a], me J. Then we have

(19) Rt$(x) = R[ml(x) + R№ x) + ri'h(x), xe[0 , à], me J.

It follows from (9) that

(20) ЯЦ(х) ^  —y (h), me J, x e l  0, а].

Our next concern will be the estimate of R^(x )  for xe [0, a], meJ.  Write 

J* = {m = (m1, mn): —Nj + 2 < m;- ^  Nj — 2 for j  = 1 , n}.

We need only consider two cases.
(i) Suppose that meJ*.  It follows from (15), (16) and from Assumption H2

that duj,m)(x) = d (2)4m)(x) = d (2)4m)(*)> xe[0 , a], and

(21) \\vh-Vh\\h,x^rjh(x)+\\h\\2y(h), xe[0 , a],

and consequently

(22) Яй(х) > -L[if*(x) + ||»fc-tJfcIU,x]

^  —2Lrjh(x) — L\\h\\2y{h), xe[0 , a], me J*.

(ii) Assume that meJ\J*.  We introduce the following notations:

S[m] = (seS: m + s e J }, S|+)[m] = (seS: m + s e J |+)),

М_)[^] = {seS: m + s e J | _)} where i = l , . . . , n .

Then we have

(23) |M m)( x ) - M m)(*)K  »?fc(x) X
seS[m ]

+ Î  I  a ,[ lM m+>,M - M " +,,MI + WI2ÿ№)]
i =  1 seS\ }[m]

+ î  I  fls[|B1.l)i,m+s»(x)-BInr+s|WI + IIAII2fW]
i = 1 seS< + 4»"]

^  Vh(x)+\\h\\2y(h)’ x e[0 , а].
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In a similar way we obtain

(24) djvim\ x ) - d tiГ М  = jj- £  [ I  6«(»Г+,)( х ) - М " ’+*,М)
n j  1= 1  seS\ -  >[m]

+ I  Ь«Ц"+”(х)-ВД"+,»(х))].
seS< + >[m]

Hence, by (9), (24) and by Assumption H2 we get

(25) \Aj v^n)( x ) - A j i ^ n)(x)I ^  c0b\\h\\y(h), j  = 1, n, xe[0 , a].

Our next aim is to show that

(26) < c%By{h), i j  = 1 , n, xe[0 , a].

To show (26), we derive from Assumption H2 the relation 

d t f v ^ W - A ÿ 'v F ^ x )

= ГТ t  [ I  r +“'(x))
“ i " /  j ' = 1 seS$r>[m]

+ Z  c(siJ)(vim+s)(x)-  ^ m+s)(x)], i, n, x e [0, a ] .
seSy+ >[m]

Now, (26) follows from (9).
It follows from (21), (23)-(26) and from Assumption that 

Д(Й(х) — 2Lrjh(x) — 2L ||h||2y(h) — L0c0Eny(h)(1 + ||h||), xe[0 , a], m eJ\J* .

Thus we see that

Rï!l (*) + i?S(x) + rj'h(x) ^  - y(h)- 2Lrjh(x) + ri'h{x), x e [0, à], me J.
The above inequality and (12), (13), (18), (19) imply (17).

It follows from condition 1° of Assumption H t that the right-hand sides of
(6), (7) are non-decreasing with respect to the functional argument and satisfy 
the Volterra condition. Now we prove that they possess the quasi-monotone 
property.

Suppose that w* e^(£ j,0) u  Êh, R) and w, w e ^'{E{̂ ) u Eh, R). Assume 
that xe[0 , a], m eJ  are fixed and w(m)(x) = w(m)(x), w(m)(x) ^  w(m)(x) for meJ. 
Suppose that meJ*. By standard manipulations we find that

Ф„(х, y(m), iw (m)(x), w*, zlw(m)(x), d (2)w(m)(x))

— Фк(х, y(m\  v4w(m)(x), w*, dvv(w)(x), d (2)w(m)(x))

=  £ ( w'"+s>(x)-w<"+«(x)) asDp<P„(Q) + i  - U î 4 A ( e )
seS ’ L  i = l  n i

" 1
+ У —— c(i,J) D ^  L  hh  s riJi,j= 1 ninj

Ш ) < о,
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where Q is an intermediate point. Suppose that m eJ\J* . Write S0[m] = 
(seS": m + s e J } and vv = w — w. Then

Фл(х, y{m), Awim)(x), w*, dw(m)(x), A(2)\v(m){x))

-Ф л(х, y(m), Aw(m){x), w*,Aw(m\x),  A(2)w(m)(xj)

= { I  vv,m+s» W + î [  I  £  а,,(х)Л«”|+!»(х)
s e S o ["i] 7 = 1  seSC )[m ] / = 1

+  e  î
seSŷ m] i= 1

asDp4>h(Q)+ X r - D ^ Q j b ?
i =  1 n i

+ I  Фл(® ^ 0 ,
i , j ~  1 h i ^ j  J

where <2 is an intermediate point. This completes the proof of the quasi­
monotone property of the right-hand sides of (6), (7).

Since wh is a solution of (6), (7), using (10), (17) and Lemma 1 we have the 
estimate (14). In a similar way we obtain the inequality
(27) 4m)(x) —rçjx) ^  vvj,m)(x), xe[0  ,a ] ,m e J .
Now, (11) follows from (14), (27), which completes the proof.

R em ark 1. Theorem 1 enables us to get estimates of the difference 
between solutions of two problems of the form (6), (7). Suppose that

1° <Ph: iC^-^R, c5h: £j,0)-+R and A, A, A(2) are operators given by (2), (3) 
with as, S[l), cilJ) instead of as, b(sl), c{sl,j),

2° <ph, i/v Eh -► R", Cph = (фкл , ..., ф фк = ( f h, i , ..., iJ/hJ  and

a* = (a,* , • • •, a,*): [0, a] -> Rk+,

Pf = (РА,.. .,ПУ-  [ 0 ,f l ] - R fc+, 
â* = (âtfo, ..., àffe): [0, а] -> Rk +1,

Д* = (Д*о, • • •, [0, а] -»• Rk +1, where i = 1, ..., п,

3° Assumptions H j-H 3 are satisfied.
Consider the problem (6), (7) together with the following one:

Dxw(m\x)  = Фй(х, y(m), Iw (m)(x), w, Jw(m)(x), I (2)w(m)(x)),
(6) xe[0 , a], me J,

w(m,(x) = d)h(x, y{m)) for xe [ — t0, a], me J,
where

w(m)(x) = /4jW(m)(x) for xe [0 , a], m eJ]_), i = 1, ..., n,

w(m)(x) = В ^ {т)(х) for xe [0 , a], meJ|+), i — 1, ..., n,
(7)
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and At, Bt, i = 1, . . .Ln, are defined by (4), (5) with a f , f f , <2?, f f , фк, \j/h 
instead of af, fa, fa, fa, q>h,

Denote by whe Ĵ (J5),0) u  Eh, R) the solution of (6), (7) and assume that 
there exists a solution wfte^(£ j,0) u  Eh, R) of (6), (7). Suppose that there exist 
Ъ У? Уо• / о ^ «  + such that

\Ф„(х, У"», Xw£"'(x), М 'Ч х ), Л<2,ЛГМ )

-Ф ,(х, У”», lw lm)(x), щ , Лл{т,(х), J ’(2)wi,m|(x))| s; у (h), хб[0, a], me J,
and

|w|T4*)-w|.m)(*)l ^  y0(h), х е [ - т 0, 0], me J,
\AjW^)(x ) -Â jw ^)(x)\ < hjy(h), m eJ(f \ j  = 1, n, xe[0 , a], 
|5jw|T)(x ) -JBjwjr)(x)| ^  /i2f(/i), m eJ(j+), j  = 1 , n, xe[0 , a].

Then ||wA — ^  1/л(х), x e [0, a], where rjh is given by (12), (13). This
estimate follows from Theorem 1.

IV. The convergence of the line method. We prove that if the method (6), (7) 
is stable and satisfies the consistency condition with respect to (1) then it is 
convergent.

A s su m p t io n  H4. Suppose that
1° feC {Q ,  R), weC(Ei0\  R) and (pj eC(dEij- ),R),il/j eC(dE{j+),R ) , j  = 

= 1 ,. . . ,  n,
2° there exists a solution v of (1) such that v\E is of class C3,
3° there exists y: I0 -» R + such that

(28) IФк(х, y{m), Avim\x), vh, A v ffx ) , A™v^{x))
— f ( x ,  y(m), Av{m)(x), v, Av{m)(x), d(2)r>(m)(x))| ^  y(h), xe[0 , a], meJ,

where vh = v\Eko)uEh and

(29) lim y(h) = 0,
11*11—0

3° there exist y ,y 0: I0~*R + such that
K(*> y(m))-co(x, y(m))| < y0(h), {x, y(m))eE (h0),

\vî ){x )-A jv(̂ )(x)\ < hjy{h), j  = 1 ,. . . ,  n, xe[0 , a],

|4w)(x)-B J.i;ir)WI < hjy(h), m eJ{j+\ j  = 1, n, xe[0 , a],
lim y0(h) = 0, lim y(h) = 0.

P ll-о 11*11 —o
A ss u m p t io n  H5. Suppose that
1° for i , j = l , . . . , n  we have Y,sessjb{sl) = $ij where.ôy is the Kronecker 

symbol,
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2° for i, j , ï , j '  = l , n  we have

X Sy-cP = 0, ^  svsr c f j) = ôn ôrj, for i Ф],
seS seS

£  Sr Sy<c P  = 25ir<5jr, far i= j .
seS

T h eo rem  2. Suppose that
1° Assumptions t^ - H j  are satisfied,
2° whe J^(Ej,0)u Eh, R) is a solution of (6), (7).
Then lini||h||_>o||wh — vh\\htX = 0 uniformly in xe[0 , a].

Proof. It follows from condition 2° of Assumption H4 and from 
Assumptions H2, H5 that there exist constants c0, ct , c2 such that

|>4t?(m)(x)-t?(M)(jc)| ^  c0\\h\\,

(30) IdI.y(m)(x )-D ),.t;(m)(x)| ^  ct \\h\\, i = 1, n,

|d iju(m)(x)-D yiyju(ra)(x)l <  c2\\h\\, i , j =  1 , . . . ,  n,
where xg[0, a], meJ.  We define

Rffi(x) = f ( x ,  y(m\  Av{m\x), v, Avim)(x), d (2V m)(x))

- Ф л(х, /">, Avl"\x), v„, Avlr’ix), A,24 ml(x)),

R£l(x) = f ( x ,  y<m>, v<m>(x), v, Dyvm (x), D„it"4x))

—f (x ,  / ”>, Av‘m,(x), v, Av<n,)(xi, Al2)vimAx)), xe[0 , a], me J.

It follows from (30) that there exists y*: I0->R+ such that |ЛЙ(х)| $  y*(h), 
x e [0 , a ] ,m e J ,  and Нтцк||-.0у*(А) =  0. Define y(h) = y(h)+y*(h), h e l 0. Then

\DxvT'(x)-4>h(x > Ут). Atfr\x), vk, Avf>(x), Am i%"(x))\

< \Rfo(x)\ + \Rhmi(x)\ < y(h), xe[0 , a], meJ,
and lim||h||_>0y(/i) = 0. It follows from Theorem 1 that llw,,—uj| < rjh(x), 
xe[0 , a], h e l 0, where t]h is given by (12), (13). Since \imw ^ 0rjh(x) = 0 
uniformly in x g [0, a], we have our assertion.

V. Examples of line methods.

E x a m p l e  1. Let M =  {{i,j): i , j = l , . . . , n , i ^ j ]  and suppose that 
M (~\ M (+) с  M  satisfy the following conditions:

(i) M<-> n  M(+) = 0 , M('> и M(+) = M,
(ii) if ( i , j ) sM (~) then (j, i )eM(_).

Assume that the operators A, A = ( A A n), A(2) = [d j-2)]" y= i are defined by

(31) Aw(m)(x) = w(m)(x),



(32) -dfw(m)(x) = 1 [w(,(m))(x) — w(_,(m))(x)], i = 1, n,

and

A [2) w(m) (x) = (2/if hj) ~1 [ — w(,(m)) (x) — w0(m)) (x) — w( ”l(m)) (x) — w(~J(m)) (x)

+ 2w(m)(x) + w(£°'(m)))(x) + w( “ i( -•/(M)))(x)], (i, j ) e M { + ),

(33) 4 f w (m)(x) = (2hihj) - 1lwiiim))(x) + wU{m))(x) + w{- i(m))(x) + w(- j{m))(x)

-  2w(m) (x) -  w(£( - j(m))) (x) -  w( ~,0(m))) (x)], (i,j)eM (-),

di?}w(m)(x) = (/it) ~ 2 [ w(i(m)) (x) — 2 w(m) (x) + w( ~ i(m)) (x)], f = 1........n,

where m eJ,  xe[0 , a]. Then Assumptions H2 and H5 hold.
The condition (8) for the operators A, A, A(2) defined by (31)—(33) is 

equivalent to
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(34) Ч |о , А ( р) 1 + г ^ А ( р) -  Î  I lD r, M p)\ > °.
i*j

7 = 1,
*4

and

(35)
DriJ<Ph(P) > 0 for {i, j )e M {+), PeQh, 

Drij<Ph(P) ^  0 for (i,j)eM {~\ PeQh.

n, PeQ h,

E x a m p l e  2. Suppose that the operators A and A(2) are given by (32) and 
(33) respectively. Assume that

1 »
Aw(m)(x) = — Y, (w(7(m))(x) + w( *m))(x)), m eJ,  xe[0 , a].

If

^ВрФк(Р )-1 |В „Ф к(Р)| + | ^ 7Фл(Р)

- 2 Î  у2-|В Г17Ф»(Р)|>0, 7 = 1 ,...,п ,Р < = 0 4>
i=1 ninj
i*J

and (35) hold then (8) is satisfied.

E x a m p l e  3. Suppose the operator Th: # '( £ ) ,0) u  Eh, R)-> J* x ( £ (0) и E, R) 
satisfies the following conditions:

(i) if w e ̂ 'C(£)I0) \j  Eh, R) then Thw e C(£(0) u  £, R),
(ii) if zeC(Ei0̂ E ,  R) and zh = z\Ep)yjEh then ]imm ->0(Thzh- z )  = 0 uni­

formly on £ (0)u £ .
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Suppose that feC (Q ,  R) and

0 h(x, y, p, w, q, r) = f ( x ,  y, p, Thw, q, r) on Qh.

If the operators A, Л, Л(2) satisfy Assumptions H2 and H5, then the 
consistency condition (28), (29) holds.

R em ark 2. Theorems 1 and 2 can easily be extended to weakly coupled 
systems of parabolic differential-functional systems.
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