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Abstract. We consider a nonconvex and nonclosed Sturm-Liouville type differential
inclusion and we prove the arcwise connectedness of the set of its solutions.
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1. Introduction. This paper is concerned with the following differential inc-
lusion

(1.1) (p(t)'(t)) € F(t,z(t), H(t,z(t))) a.e. (I), z(0) = zo, 2'(0) = z1,

where X is a real separable Banach space, P(X) is the family of all subsets of X
I=0,T], F(.,..,.): I x X2 - P(X), H(.,.) : I x X — P(X) and p(.) : I — (0,00)
is continuous.

When F does not depend on the last variable, (1.1) reduces to

(1.2) (p()2' (1)) € F(t,z(t)) a.e. (I), x(0)=zq, 2'(0) =z,

Existence results and qualitative properties of the solutions of problem (1.2)
may be found in [4,5,6] etc. In all these papers the set-valued map F' is assumed
to be at least closed-valued. Such an assumption is quite natural in order to obtain
good properties of the solution set, but it is interesting to investigate the problem
when the right-hand side of the multivalued equation may have nonclosed values.

Following the approach in [8] we consider the problem (1.1), where F and H are
closed-valued multifunctions Lipschitzian with respect to the second variable and F
is contractive in the third variable. Obviously, the right-hand side of the differential
inclusion in (1.1) is in general neither convex nor closed. We prove the arcwise
connectedness of the solution set of problem (1.1). The main tool is a result ([7,8])
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concerning the arcwise connectedness of the fixed point set of a class of nonconvex
nonclosed set-valued contractions.

The paper is organized as follows: in Section 2 we recall some preliminary results
that we use in the sequel and in Section 3 we prove our main result.

2. Preliminaries. Let Z be a metric space with the distance dz and let 2%
be the family of all nonempty closed subsets of Z. For a € Z and A, B € 2% set
dz(a,B) = infyepdz(a,b) and d} (A, B) = sup,c dz(a, B). Denote by Dy the
Pompeiu-Hausdorff generalized metric on 2¢ defined by

Dy (A, B) = max{dy (A, B),dy(B,A)}, A, Bec?2%.

In what follows, when the product Z = Z; x Z5 of metric spaces Z;,i = 1,2, is
considered, it is assumed that Z is equipped with the distance
dz((21,22), (21, 28)) = Yiy di, (24, 27).

Let X be a nonempty set and let F : X — 2% be a set-valued map from X to
Z. The range of F is the set F'(X) = Uzex F(z). Let (X, F) be a measurable space.
The multifunction F : X — 27 is called measurable if F~1(Q2) € F for any open set
Q C Z, where F71(Q) = {z € X; F(x)NQ # 0}. Let (X, dx) be a metric space. The
multifunction F' is called Hausdorff continuous if for any xg € X and every € > 0
there exists 0 > 0 such that z € X, dx(x,x0) < ¢ implies Dz(F'(z), F(xo)) < €.

Let (T, F, ) be a finite, positive, nonatomic measure space and let (X,
|.|x) be a Banach space. We denote by L!(T, X) the Banach space of all (equivalence
classes of) Bochner integrable functions u : T'— X endowed with the norm

ful s ) = /T ()| e ds

A nonempty set K C L'(T, X) is called decomposable if, for every u,v € K and
every A € F, one has
XAU+ XT\AV € K

where xp, B € F indicates the characteristic function of B.

A metric space Z is called an absolute retract if, for any metric space X and
any nonempty closed set Xg C X, every continuous function g : Xg — Z has a
continuous extension g : X — Z over X. It is obvious that every continuous image
of an absolute retract is an arcwise connected space.

In what follows we recall some preliminary results that are the main tools in the
proof of our result.

Let (T, F, ) be a finite, positive, nonatomic measure space, S a separable Ba-
nach space and let (X, |.|x) be a real Banach space. To simplify the notation we
write E in place of L*(T, X).

LEMMA 2.1 ([8]) Assume that ¢ : S x E — 2¥ and ¢ : S x E x E — 2F are
Hausdorff continuous multifunctions with nonempty, closed, decomposable values,
satisfying the following conditions

a) There exists L € [0,1) such that, for every s € S and every u,u’ € E,
Dg(é(s,u), ¢(s,u)) < Llu —u'|g.
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b) There exists M € [0,1) such that L+ M < 1 and for every s € S and every
(u,v), (v',v") € ExE,

DE(w(Sa va)ﬂ/’(S, ’U,/, UI)) < M(|U - ul|E + |U - U/|E)'
Set Fix(I'(s,.)) = {u € E;u € I'(s,u)}, where T'(s,u) = (s, u, ¢(s, u)),
(s,u) € S x E. Then
1) For every s € S the set Fiz(I'(s,.)) is nonempty and arcwise connected.

2) For any s; € S, and any u; € Fix(T(s,.)),i = 1,...,p there exists a continuous
function v : S — E such that vy(s) € Fix(I'(s,.)) for all s € S and v(s;) =
Uiyt =1,...,p.

LEMMA 2.2 ([8]) Let U : T — 2% and V : T x X — 2% be two nonempty closed-
valued multifunctions satisfying the following conditions

a) U is measurable and there exists r € L'(T) such that Dx(U(t),{0}) < r(t)
for almost allt € T.

b) The multifunction t — V (t, ) is measurable for every r € X.
¢) The multifunction v — V(t,x) is Hausdorff continuous for allt € T'.

Let v : T — X be a measurable selection from t — V(t,U(t)). Then there exists a
selection u € LY (T, X) such that v(t) € V(t,u(t)),t € T.

In the sequel I = [0,T], X is a real separable Banach space with norm |.|, and
with the corresponding metric df., .).

Consider F': I x X — P(X) a set-valued map, xg,z1 € X and p(.) : I — (0, 00)
a continuous mapping that defined the Cauchy problem (1.1).

A continuous mapping z(.) € C(I, X) is called a solution of problem (1.1) if
there exists a (Bochner) integrable function f(.) € L*(I, X) such that:

(2.1) f(t) € Flt,z(t) ae. (D),

(2.2) x(t) = xo —|—p(0)x1/0 ]ﬁds +/0 % /OS f(u)duds Vtel.

Note that, if we denote G(t,u) := fi p(ls), t € I, then (2.2) may be rewrite as

(2.3) 2(t) = 20+ p(0)21 G(1,0) + /0 Gt u)f(u)du Vi€,

We shall use the following notations for the solution sets of (1.1).
(2.4) S(zo,z1) = {=z(.); x(.)is a solution of (1.1)}.

In order to study problem (1.1) we introduce the following hypothesis.
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HYPOTHESIS 2.3 F: IxXXxX — P(X) and H : I x X — P(X) are two set-valued
maps with nonempty closed values, satisfying

i) The set-valued maps t — F(t,u,v) and t — H(t,u) are measurable for all
u,v € X.

ii) There exist 1(.) € L'(I, R) such that, for every u,u’ € X,

D(H(t,u), H(t,u")) <I(t)|u—u'| a.e. (I).
i) There exist m(.) € L*(I,R) and 6 € [0,1) such that, for every u,v,u’,v" € X,
D(F(t,u,v), F(t,u',v")) <mt)|u — |+ 0lv —v'| a.e. (I).
) There exist f,g € L*(I, R) such that

d(0, F(t,0,0)) < f(t), d(0,H(t,0)) <g(t) a.e. (I).

In what follows N(t) = max{l(¢),m(t)}, t € I, N*(t) = fot N(s)ds and M :=
SUpy ¢y ﬁ. Note that |G(t,u)| < Mt Vt,u e I,u <t

Given a € R we denote by L' the Banach space of all (equivalence classes of)
Lebesgue measurable functions ¢ : I — X endowed with the norm

T
ol = [N Opoto).

0

3. Main results. Even if the multifunction from the right-hand side of (1.1)
and has, in general, nonclosed nonconvex values, its solution set S(zg,x1) defined
in (2.4) has some meaningful properties, stated in theorem below.

THEOREM 3.1 Assume that F and H satisfy Hypothesis 2.3 and let o > %. Then
1) For every (xo,21) € X XX, the solution set S(zo,x1) is nonempty and arcwise
connected in the space C(1,X).

2) ) For any (&, 1) € X x X and any z; € S(&;, i), © = 1,...,p, there exists a
continuous function s : X x X — C(I,X) such that s(&, ) € S(&, 1) for any
& p) e X x X and s(&, p) =z i=1,...,p.

3) The set S = U nyexxxS(§, i) is arcwise connected in C(I,X).

PrOOF 1) For (&§,1) € X x X and u € L', set

xe u(t) = €+ p(0)G(t,0)p —I—/O G(t,s)u(s)ds, tel

and consider X : X x X — C(I, X) defined by A(§, u)(t) = &+ p(0)G(t,0)p.
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We prove that the multifunctions ¢ : X x X x L' — 2-" and ¢ : X x X x x L x
L' — 25 given by

d((& p),u)={ve L'; o) e H(t,xe ,(t) ae(D)},

V(€ ) u,v) ={w € LY w(t) € F(t,ze,u(t),v(t) ae (D)},

(&,1) € X x X, u,v € L' satisfy the hypotheses of Lemma 2.1.

Since ¢ ,,(.) is measurable and H satisfies Hypothesis 2.3 i) and ii), the mul-
tifunction ¢ — H(t, x¢ ,(t)) is measurable and nonempty closed-valued, it has a
measurable selection. Therefore due to Hypothesis 2.3 iv), the set ¢((§, ), u) is
nonempty. The fact that the set ¢((&, u),u) is closed and decomposable follows by
a simple computation. In the same way we obtain that ¥ ((, i), u, v) is a nonempty
closed decomposable set.

Pick ((&,p),u), (€1, 11),u1) € X x X x L' and choose v € ¢((&, u), ). For each
€ > 0 there exists v1 € ¢((&1, p1),u1) such that, for every ¢ € I, one has

[o(t) =01 ()] < D(H(t, 26,u(1)), H(t, g (1)) + € <

UE)E — 0] + p(O)MT|jt — | + MT / fu(s) — ua (s)|ds] + .

Hence

T T
v —v11 < [|€ =& +pO)MT | — pi] / e~ N W(t)dt + MT/ o~ N (1)
0 0

MT
(1€ =&l +pO)MT | — pa|] + Tm_ulh

l(t)(/o |u(s) — ui(s)|ds)dt + T < é

+eT for any € > 0.
This implies

s (0, 6((6, ), w)) < (1€~ &1+ POMT|u — pul] + - u — s

S

for all v € ¢((&, ), u). Therefore,

1 MT
dzl (¢((£7M)au)vd)((gla;u'l)vul)) < a“g - ’£1| —I-p(O)MTLLL - :u‘1|] + T|u — U1
Consequently,
MT
Dra(o((& p),u), d((§1, 1), u1)) < é“ﬁ =&l +p(O)MT|p — pua[] + T|U —uif

which shows that ¢ is Hausdorff continuous and satisfies the assumptions of Lemma
2.1.

Pick ((gv /’[’)’ U, U)? ((gla ,U/l)a Uy, Ul) € XXXXLl XLl and choose w € w((fa :U/)v u, U)'
Then, as before, for each € > 0 there exists wy € ¥((&1, 1), u1,
v1) such that for every t € I
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[w(t) —wi(®)] < D(F(t, 2e,u(t), (1)), F(t, g 40 (1), 01(2))) + € <

m(t)[|§ — &l + p(O)MT|p — | +MT/O |u(s) — ur(s)lds] + Olo(t) — o1 ()] +e.

Hence

1 MT
|w — w1y < =[|§ =& +pO)MT | — pal] + T|U—U1|1 +0lv —vi]1 + €T

Q

< 2llE— &+ pOMTl — | + (ot 4 0)(hu — waly + o — vala) 4T

T

< 2lle— &l + pO)MTIp — ] + (ot + O)dgssers (0,0), (s, 00)) + €T

As above, we deduce that

D (1/)((£a ,LL),U,”U), TZJ((&, ,ufl)’uhvl)) <

e~ &al 4 pOMT I ual] + (o 4 0 (G, 0), ().

namely, the multifunction v is Hausdorfl continuous and satisfies the hypothesis of
Lemma 2.1.

Define T'((§, 1), u) = ¥((&, ), u, $((&, 1), ), (€ ), u) € X2 x L. According
to Lemma 2.1, the set Fiz(['((§,p),.)) = {u € LY;u € T((,1),u)} is nonempty
and arcwise connected in L!(I, X). Moreover, for fixed (&, u;) € X2 and u; €
Fiz(T((&, pi),-)),4 = 1,...,p, there exists a continuous function v : X2 — L' such
that

(& 1)) € Fiz(D((&, p),.)), V(& ) € X2, (3:2)

We shall prove that

Fin(T((€p).)) = {u € L u(t) € F(t,re (1) H(t,ae (1)) ae. (D)}, (3.4)

Denote by A(&, i) the right-hand side of (3.4). If u € Fiz(T'((§, 1), .)) then there
is v € ¢((&, 1), v) such that u € P((&, 1), u,v). Therefore, v(t) € H(t,z¢ ,(t)) and

u(t) € F(t,weu(t),v(t)) C F(t,xeu(t), HE, 2¢,u(1)))  ae. (1),

so that Fiz(T((&,1),.)) € A(&, ).
Let now u € A(§,p). By Lemma 2.2, there exists a selection v € L' of the
multifunction ¢t — H(t, ¢ ,(t)) satisfying

u(t) € F(t,xe u(t),v(t)) a.e. (I).

Hence, v € ¢((&, 1), v), u € ¥((&, p), uw,v) and thus u € T'((£, ), u), which completes
the proof of (3.4)
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We next note that the function 7' : L' — C(I, X),

t
T(u)(t) == / G(t, s)u(s)ds
0
is continuous and one has

S(& 1) = NE p) + T(Fiz(D((& 1), ), (& n) € X2 (3.5)

Since Fiz(T((€,p1),.)) is nonempty and arcwise connected in L, the set S(&, )
has the same properties in C(I, X).

2) Let (&, ;) € X? and let z; € S(&,pi),i = 1,...,p be fixed. By (3.5) there
exists v; € Fix(T'((&, is),-)) such that

Ti = )\(fi’,ui) + T(Ui)7 i = 17 s D-

If v : X2 — L' is a continuous function satisfying (3.2) and (3.3) we define, for
every (&, 1) € X2,
(& 1) = A& 1) + T(v(&, 1)

Obviously, the function s : X — C(I,X) is continuous, s(§, u) € S(&, u) for all
(& 1) € X? and

$(&iy i) = M&is i) + T(v(&is i) = A& i) + T'(vs) =@, i=1,...,p.

3) Let 21,10 € & = Ue yex2S(§, ) and choose (&, pi) € X2, 4 = 1,2 such
that x; € S(&,w;), i = 1,2. From the conclusion of 2) we deduce the existence
of a continuous function s : X2 — C(I, X) satisfying s(&, i) = @i, i = 1,2 and
s(€,p) € S(& ), (&, 1) € X2 Let h:[0,1] — X2 be a continuous mapping such
that h(0) = (&1, p1) and h(1) = (&2, u2). Then the function so h : [0,1] — C(I, X)

is continuous and verifies
soh(0) =z, soh(l)=uzy, soh(r)eS(h(r))CS, 7e€l0,1].

This finishes the proof. [
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