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Abstract. In this paper we prove the existence and uniqueness of C(™)_almost peri-
odic solutions to the nonautonomous ordinary differential equation z’(t) = A(¢)z(t) +
f(t), t € R, where A(t) generates an exponentially stable family of operators
(U(t,8))t>s and f is a C(™-almost periodic function with values in a Banach space
X. We also study a Volterra-like equation with a (™ _almost periodic solution.
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1. Introduction. Harald Bohr’s interest in which functions could be repre-
sented by a Dirichlet series, i.e. of the form Ziﬁ an,e % where a,,z € C and
(An)nen Is a monotone increasing sequence of real numbers (series which play an
important role in complex analysis and analytic number theory), led him to devise
a theory of almost periodic real (and complex) functions, founding this theory be-
tween the years 1923 and 1926. Several generalizations and classes of almost periodic
functions have been introduced in the literature, including pseudo-almost periodic
functions ( [9], [10], [11], [27]), almost automorphic functions ([19], [20]), p-almost
automorphic functions ([8]), etc...

*The authors are grateful to the referee for his/her valuable comments. This research was
conducted while the third author was visiting the Laboratoire Marin Mersenne-University of Paris
1 Panthéon-Sorbonne in June 2006. He wishes to express his gratitude for the invitation.
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C(™-almost periodic functions R — R were studied initially in [3] and [4]. Ac-
tually these are functions which are almost periodic up to their n-th derivatives.
In [6], D. Bugajewski and G. M. N’Guérékata have extended the study to func-
tions R — X, where X is a Banach space. They also introduced the concept of
C(")-asymptotically almost periodic functions and discussed some applications to
ordinary and partial differential equations. More results were obtained also in [16].
In particular the equation

(1) Z'(t) = A(t)z(t) + f(t), teR

where A(t) : R — C" is 7-periodic and f : R — C™ is C(™-almost periodic was
investigated.

In the present paper we study the same equation in an infinite dimensional space
X and we assume that A(t) is not necessarily periodic (see Theorem 3.6 in Section 3
below) but generates a family of exponentially stable bounded operators (U (%, s)):>s
with the so-called ” Acquistapace-Terreni” conditions.

The following notations will be used in the whole paper: BC(R, X), BUC(R, X),
p(D), R(\, D), sp(f) will denote respectively the space of all bounded continuous
functions f : R — X, the space of all bounded uniformly continuous functions
f iR — X, the resolvent set of the operator D ([22], page 234), and the Carleman
spectrum of f € LT>°(R, X) (see for instance [12] for definition).

We begin with some elementary properties of the so-called C'™)-almost periodic
functions with values in a Banach space and present some properties of the uni-
form spectrum of bounded functions (see [12], [17]) in the context of C(™-almost
periodicity with an application to a Volterra-type equation.

2. C™-Almost Periodic Functions. Let X = (X,|| o ||) be a (complex)
Banach space and f;(x) := f(z + 7), where f: R — X, and =, 7 € R.
Denote by C(R,X) (briefly C(™ (X)) the space of all functions R — X which

have a continuous n-th derivative on R. Let Clgn) (R,X) (briefly Cé") (X)) be the
subspace of C(")(R,X) consisting of such functions satisfying

E : (4)
su )| < 400
teﬂl;i - £ @

where f(*) denote the i-th derivative of f and f(©) := f. Clearly C™(X) turns out
to be a Banach space with the norm

I o Sy
11l 3g£;||f o

DEFINITION 2.1 Let € > 0. A number 7 € R is said to be a (|| e ||,, €)-almost period
of a function f € C™(X), if || f; — flln < e

The set of all (|| e ||, €)-almost periods of a function f will be denoted by
EM (e, f).
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DEFINITION 2.2 A function f € C™(X) is said to be C(™-almost periodic (briefly
C™ —a.p.) if for every € > 0, the set E(™) (e, f) is relatively dense in R. The set of all
C™ — qa.p functions f : R — X will be denoted by AP™ (R, X), (briefly AP(™(X)).
APO)(X) = AP(X), the classical Banach space of all almost periodic functions in
Bohr’s sense.

Equipped with the || @ ||,, norm above, AP(™ (X) turns out to be a Banach space
(cf. [6, Corollary 2.12]).

EXAMPLE 2.3 Let g(t) = cos(at) + cos(ft), t € R, where o and (§ are incommen-
surate real numbers. Then the function f(t) = e9®) is C(™-almost periodic for any
n=1,2,.... The proof is straightforward from [6, Theorem 4.3].

We recall that AP (X) ¢ AP™(X) ¢ C{™(X), for all n = 0,1,2, ... All the
inclusions are strict (cf. [6, Example 4.5]).

One can find more examples of C™-almost periodic functions in [3] and [6].

The uniform limit of C™-almost periodic functions in AP™(X) is in AP™(X),
too (see [6, Theorem 2.11]).

We also have the following (cf. [6, Theorem 3.4]).

THEOREM 2.4 Let F(t) := [y f(s)ds where f € AP™(X), t € R. Then F €
AP HD(X) if R, the range of F, is relatively compact in X .

Let us recall that for f € AP(X) where X is a uniformly convex Banach space,
the primitive F'(t) = fot f(s)ds is a.p. iff Rp is bounded in X. This is known as the
Bohl-Bohr theorem (see for instance [7, Theorem 6.20]).

This result can be extended to AP (X) as follows.

THEOREM 2.5 Let X be a Banach space which does not contain a subspace isomor-
phic to co and f € AP (X). Then the function F(t) = fg f(s)ds € AP"H(X) iff
R is bounded in X.

PrROOF We have just to prove the only if part. It comes by induction. The case
n = 0 is known as Kadets’ Theorem (see for instance [15]). Assume now that f is in
AP (X), and that the theorem is true for n — 1; then F' € AP (X). But we have
F' = f and so F’ € AP (X), from which we conclude that F € AP"+t)(X). g

We recall that Banach spaces X which do not contain subspaces isomorphic to ¢
(also called sometimes perfect Banach spaces, [19]) include uniformly convex Banach
spaces and finite dimensional spaces.

We now recall some properties of uniform spectrum of bounded functions. This
concept was recently introduced in [12]. See also [17].

2.1. Uniform spectrum of a function in BC(R,X). Let us consider the
following simple ordinary differential equation in a complex Banach space X

(2) a'(t) = Aw = f(t),
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where f € BCO(X). If ReX # 0, the homogeneous equation associated with this has
an exponential dichotomy; so, (2) has a unique bounded solution which we denote
by 2 x(-). Moreover, from the theory of ordinary differential equations, it follows
that for every fixed & € R,

 JEeEDfbd (G Red<0)

(3) $f,>\(£) = { _f;-oo eA(g—t)f(t)dt (if Re)l > 0).
(4) _ { Sl e fE+m)dy (i Red <0)
[ e (e £ m)dn  (if Re > 0).

As is well known, the differentiation operator D is a closed operator on BC(R, X).
The above argument shows that p(D) D C\iR and xf, = (D — \)"'f for every
A€ C\iR and f € BO(R,X).

Hence, for every A € C with Re\ # 0 and f € BC(R,X) the function [(\ —
D)~1f](t) = S(t)f(\) € BO(R,X). Moreover, (A —D)~1f is analytic on C\iR.

DEFINITION 2.6 Let f be in BC(R,X). Then,

1. a € R is said to be uniformly reqular with respect to f if there exists a neigh-
borhood U of icv in C such that the function (A—D) ! f, as a complex function
of A with Re # 0, has an analytic continuation into U.

2. The set of & € R such that £ is not uniformly regular with respect to f €
BC(R,X) is called uniform spectrum of f and is denoted by sp,(f).

Observe that, if f € BUC(R,X), then a € R is uniformly regular if and only if it is
regular with respect to f (cf. [17]).
We now list some properties of uniform spectra of functions in BC(R, X).

PROPOSITION 2.7 Let g, f, fn € BC(R,X) such that f, — f as n — +oo and let
A C R be a closed subset satisfying spy(fn) C A for all n € N. Then the following
assertions hold:

spu(f) = spu(f(h +));

2. spu(af(:)) C spu(f), a € C;

3. sp(f) C spu(f);

4. spu(Bf(")) C spu(f), B € L(X);
5

6

~

- spu(f +9) Cspu(f) U spu(g);
- spu(f) C A

We also recall the following important result (see [17] for the proof).
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PROPOSITION 2.8 Let f € BC(R,X). Then

spu(f) = spe(f),
where sp.(f) denotes the Carleman spectrum of f.

From the above properties, we obtain:

PROPOSITION 2.9 Let f € C,E") (X). Then

spu(f(i)) C spu(f(ifl)), foreveryi=1,2,...,n.

Proor We just check sp,(f’) C spu(f). First note that for each n = 1,2, ...,
spun(f(t+ %)= f(t))] C spu(f). This can be proved by using Proposition 2.7 (1, 2
and 5).

Now (n(f(t+ L) = f(t))) — f'(t) as n — +oo. So by Proposition 2.7 (6) we obtain
spu(f') C spulf)- u

LEMMA 2.10 Let f € APM™(X) and ¢ € L'(R) whose Fourier transform has com-
pact support supp(¢) . Then g = ¢ f € AP™(X) and sp,(g) C spu(f) N supp(¢).

PROOF The property is known for n = 0 (see for instance [12]), Also we know that g
is C™ with derivatives: g®) = ¢« f(®) (if k < n). So, for each k < n, g®) € AP(R, X),
and the lemma follows. n

EXAMPLE 2.11 Let ¢ € L}, .(R). Then the function

loc
f@) = /Rgi)(t — s)[sin(as) + sin(Bs)]ds,

where  and 3 are incommensurate numbers, is C(")-almost periodic for any n =
1,2, ...

2.2. An Application. A Volterra-like Equation. Consider the equation
—+oo
(5) z(t) = g(¥) +/ a(t — o)xz(o)do, t € R,
where g : R — R is a continuous function and a € L(R) with compact support.

PROPOSITION 2.12 Suppose g € AP™(R) and ||a||;r < 1. Then Eq. (4) above has
a unique C"™ -almost periodic solution.
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PROOF 1t is clear by Lemma 2.10 above that
+oo
€ APM™(R) — / a(t — o)z(o)do € AP™(R)

is well-defined. Now consider the application I' : AP (R) — AP (R) defined by
“+o0
(Ta) () = g(t) + / a(t — 0)a(c)do, t € R.

— 00

We can easily check that

[(Tz) = (Ty)lln < flallzrll2 = ylln-

The conclusion follows by the principle of contraction. n

3. Main Results.

3.1. Linear Equations. Consider in a (complex) Banach space X the linear
equation

(6) ' (t) = Az(t) + f(t), t €R,

where A : D(A) C X — X is a linear operator, and f € C(R,X).
In what follows, we will use the notation: Il := {z € C : Rez # 0}.

DEFINITION 3.1 A linear operator A : D(A) € X — X where X is a complex
Banach space is said to be of simplest type if A € £(X) and A = >}, M P,
where A\, € C, k =1,..n, and (Py)1<k<, forms a complex system > ,_, Py = I of
mutually disjoint operators on X, that is P; P, = 0,5 Px, where ;5 = I,(the identity
operator on X), if j =k, and J,; = 0, otherwise.

We shall use the following result which is an extension of Lemma 4.1 [16].

LEMMA 3.2 Suppose X is a Banach space which does not contain a subspace iso-
morphic to cg, and consider in X the differential equation

(7) 2(t) = Aat) + (1), tER,

where A € C and f € AP (X). Then every bounded solution = of Eq. (7) satisfies
r € APCH)(X), if A ¢ T and x € APM™(X) if A € TL.

PRrROOF The proof follows the one of [16], Lemma 4.1 and uses Theorem 2.5 above.m

THEOREM 3.3 Assume that f € AP™(X), where X does not contain a subspace
isomorphic to cg, and that A is of simplest type.

Then every bounded solution x to Eq. (6) satisfies v € AP""Y(X), if A, ¢ I, k =
iy...yn, and x € AP™(X), if A\, € 11 for some k € {i,...,n}.
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PROOF Let’s apply the projection P; to Eq. (6). We get
d n
Pya'(t) = 2 (Py)(t) = Pi(Y_ MPr)z(t) + Pif (1)
k=1

= X\ (Pz)(t) + (P f) ().

It is clear that P;f € AP"(X)ssince P; € L(X) (cf. [6]). Thus by Lemma 3.2
above, Pjz € AP™(X). We conclude that

n

w(t) =) (Pa)(t) € AP™(X),

Jj=1

and the theorem is proved.

3.2. Nonlinear Case. Now consider the nonautonomous equation (1), i.e.:
(8) 2 (t) = A(t)z(t) + f(t), tER.

We also assume that A(t), t € R, satisfy the ‘Acquistapace-Terreni’ conditions
introduced in [2]; namely, there exist constants Ay > 0, 6 € (§,7), L, K > 0, and
a,f € (0,1] with a + 8 > 1 such that

©) Do U {0} € plA(®) o), IR AW = M)l < 17y

and
[(A() = X0)R(A, A(t) — Ao)[R(Xo, A(t)) — R(Xo, A(s))]]| < LIt — s|*|A|°

for t,s € R, A € g := {\ € C\ {0} : |argA| < 6}. Then there exists a unique
evolution family {U (¢, $)}—co<s<i<+oo On X, which governs the linear version of (1).
This follows from [1, Theorem 2.3]; see also [2, 23, 24].

The family (U(t, s)):>s, will satisfy the following properties:

o () U(t,t)=1IforallteR,
o (ii) U(t,s)U(s,r) =U(t,r) forallt > s >r,
e (iii) The map (t,s) — U(t, s)x is continuous for every = € X.

We will assume in this paper that (U(?,s)):>s is exponentially stable, that is there
exist some positive constants N,w independent of ¢ > s such that [|U(¢,s)]| <
Ne—w(t—s).

Now we point out the following result which is an immediate consequence of
Proposition 4.4 [18]:



270 C(™ - Almost Periodic Solutions

LEMMA 3.4 Suppose A(t) satisfy the ‘Acquistapace-Terreni’ conditions, U(t,s) is
exponentially stable and R(\g, A(+)) € AP(R,L(X)). Let f € AP(X) and h > 0.
Then, for any € > 0, there exists l(e) > 0 such that every interval I of length l(¢)
contains a number T with the property that

Ut+7,s+71)=U(ts)| < ce 2(t=s)

forallt —s>h and
[ft+7)—fOl <n, teR,

where n =n(e,h) — 0 ase — 0.

DEFINITION 3.5 Under the above assumptions, a mild solution of Eq. (1) is a
continuous function z : R — X satisfying the formula

t
2(t) = U(t, $)2(s) +/ U(t,0)f(c)do, t>s€R.
Now we state and prove.

THEOREM 3.6 Assume that the family (U(t, s))i>s is exponentially stable and f €
AP™(X). Then the above equation Eq. (1) possesses a unique mild solution in

AP™(X).

PrOOF Consider a mild solution of Eq.(1):
t
x(t) = U(t, s)z(s) +/ U(t,o)f(o)do, t>seR.

Now let .
y(t) = /_ U(t,o)f(o)do, teR,

defined as

t
lim U(t,o)f(o)do.
r™N—oo J,.

It is clear that for each r < ¢, the integral f: U(t,o)f(o)do exists. Moreover
I f: U(t,o)f(o)do| < %Hf”oo, thus fioo U(t,o)f(o)do is absolutely convergent.

Now we prove that y € AP (X). First, it is easy to show that y(t) € C™(X).
Further, in view of Lemma 3.4, given £ > 0, we can find I(¢) > 0 such that every
interval I of length I(¢) contains a number 7 with the property that

(Ut +7,5s+7)=U(t,s)|| <ee” 209
forallt —s > ¢ and

lfit+7)— fi@t)| <n forall teR,i=0,1,..,n,



J.B. Baillon, J. Blot, G.M. N’Guérékata, D. Pennequin 271

where n = n(e) — 0 as € — 0. Therefore,

ly(t +7)— y(Oll = H i ; e+ mpfe)ds — [ ; U(t, 5)f(s)ds

n

+oo
/ Ut+rt+7—s)f(t+7—s)ds
0

+oo
—/0 Ut t — ) f(t — 5)ds

n

+o0
< ’/ Ult+ 1.t 47— $)ft+7—5)— f(t—s)lds|| +
0 n
+oo £
H(/ +/)[U(t+7‘,t+75)U(t,ts)]f(ts)ds
€ 0
—+o0 “+oo -
< N(n+1)ne‘“’sd3+/ ee” 2% fllnds + 2Ne| fln
0 €

N(n+1 2¢|| flln
0t Dy 4 2 oneiig,

which gives that y(t) € AP™(X).
Now let

Then

If we let t > s, then

S

[ vtorsuo= [ vt~ [ vito)ss

— 00 — 00

=y(t) - U(t s)y(s),

therefore

y(t) = U(t, s)y(s) + / U(t,0)f(0)do.

If we fix x(s) = y(s), then 2(t) = y(t), that is 2 € AP(™(X). Uniqueness can be
proved as follows.
Suppose z1, Ty are two solutions be two solutions to Eq. (1) in AP™(X). Let
z=x1 — 29 . Then
2'(t) = A(t)z(t), t € R,

and
z(t) = U(t, 8)z(s), t > s.

We also have
|z(t)]| < Nem@(=2),

n
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Take a sequence of real numbers (s,), such that s,, — —oco. For any fixed t € R, we
can find a subsequence (s, ) C (sp) such that s,, <t for all k =1,2,.... Using the
fact that w > 0, we obtain z = 0. This completes the proof. ™

REFERENCES

[1] P. Acquistapace, Evolution operators and strong solution of abstract linear parabolic equations,
Differential Integral Equations 1 (1988), 433-457.

[2} P. Acquistapace and B. Terreni, A unified approach to abstract linear parabolic equations,
Rend. Sem. Mat. Univ. Padova 78 (1987), 47-107.

[3] M. Adamczak, C(™) -almost periodic functions, Comment. Math. Prace Mat. 37 (1997), 1-12.

[4] M. Adamczak and S. Stoinski On the (NC™ )-almost periodic functions, Proceedings of the
6th. Conference on Functions Spaces (R. Grzaslewicz, Cz. Ryll-Nardzewski, H. Hudzik, and
J. Musielak, eds), World Scientific Publishing, New Jersey, 2003, 39-48.

[6] D. Bugajewski and G. M. N’Guérékata, Almost periodicity in Fréchet spaces, J. Math. Anal.
Appl. 299 (2004), 534-549.

. Bugajewski and G. M. uérékata, On some classes of almost periodic functions in
6] D. B jewski and G. M. N’Guérék: O l f al iodic f ) i
abstract spaces, Intern. J. Math. and Math. Sci. 61 (2004), 3237-3247.

[7] C. Corduneanu, Almost Periodic Functions, 2nd edition, Chelsea-New York 1989.

[8} T. Diagana, Ezistence of p-almost automorphic mild solution to some abstract differential
equations, Intern. J. Evol. Equ. 1(1) (2005), 57-67.

[9] T. Diagana and G. M. N’Guérékata, Pseudo almost periodic mild solution to hyperbolic evo-
lution equations in intermediate Banach spaces, Appl. Anal. 85(6-7) (2006), 769-780.

[10] T. Diagana, C. M. Mahop and G. M. N’Guérékata, Eristence and uniqueness of pseudo
almost periodic solution to some classes of semilinear differential equations and applications,
Nonlinear Anal. 64(11) (2006), 2442-2453.

[11] T. Diagana, C. M. Mahop and G. M. N’Guérékata, Pseudo almost periodic solutions to some
semilinear differential equations, Math. Comput. Modelling 43(1-2) (2006), 89-96.

[12] T. Diagana, G. M. N’Guérékata, and N. V. Minh, Almost automorphic solutions of evolution
equations, Proc. Amer. Math. Soc. 132 (2004), 3289-3298.

[13] J. A. Goldstein, Convezity, boundedness, and almost periodicity for differential equations in
Hilbert space, Internat. J. Math. Math. Sci. 2(1) (1979), 1-13.

[14] Y. Hino, N. V. Minh and J. S. Shin, Almost Periodic Solutions of Differential Equations in
Banach Spaces, Taylor & Francis, London-New York 2002.

[15] M. 1. Kadets, The integration of almots periodic functions with values in Banach spaces,
Funct. Anal. Pril. 3 (1969), 228-230.

[16] J. Liang, L. Maniar, G. M. N’Guérékata and T. J. Xiao, Ezistence and uniqueness of C™-
almost periodic solutions to some ordinary differential equations, Nonlinear Analysis, (in
press).

[17] J. Liu, N. V. Minh, G. M. N’Guérékata and V. Q. Phong, Bounded solutions for parabolic
equations in continuous function spaces, Funkcial. Ekvac. 49 (2006), 337-355.



J.B. Baillon, J. Blot, G.M. N’Guérékata, D. Pennequin 273

18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]

[27]

L. Maniar and S. Roland, Almost periodicity of inhomogeneous parabolic equations, Lecture
Notes in Pure and Appl. Math. 234, Dekker, New York 2003, 299-318.

G. M. N’Guérékata, Almost Automorphic Functions and Almost Periodic Functions in Ab-
stract Spaces, Kluwer Academic / Plenum Publishers, New York-London-Moscow 2001.

G. M. N’Guérékata, Topics in Almost Automorphy, Springer-Verlag, New York 2005.

A. A. Pankov, Bounded and Almost Periodic Solutions of Nonlinear Operator Differential
Equations. (Translated from Russian by by V. S. Zjackovski and A. A. Pankov). Mathematics
and Applications (Russian Series), v. 55. Kluwer Academic Publishers 1985.

W. Rudin, Functional Analysis, Mc Graw-Hill Book Company, New York 1973.

A. Yagi, Parabolic equations in which the coefficients are generators of infinitely differentiable
semigroups II, Funkcial. Ekvac. 33 (1990), 139-150.

A. Yagi, Abstract quasilinear evolution equations of parabolic type in Banach spaces, Boll.
Un. Mat. Ital. 5 (1991), 341-368.

S. Zaidman, Topics in Abstract Differential Equations, Pitman Research Notes in Mathemat-
ics Ser. II John Wiley and Sons, New York 1994-1995.

S. Zaidman, Almost Periodic Functions in Abstract Spaces, Pitman Publishing Boston-
London-Melbourne, Vol. 126, 1986.

C. Y. Zhang, Pseudo almots periodic solutions of some differential equations, J. Math. Anal.
Appl., 181(1) (1994), 62-76.

JEAN-BERNARD BAILLON

UNIVERSITE PARIS 1 PANTHEON-SORBONNE, LABORATOIRE MARIN MERSENNE
CENTRE P.M.F., 90 RUE DE ToOLBIAC, 75647 PARIS CEDEX 13, FRANCE
E-mail: baillon@univ-parisl.fr

JoEL BLoT

UNIVERSITE PARIS 1 PANTHEON-SORBONNE, LABORATOIRE MARIN MERSENNE
CENTRE P.M.F., 90 RUE DE ToOLBIAC, 75647 PARIS CEDEX 13, FRANCE
E-mail: blot@univ-parisl.fr

GASTON M. N'GUEREKATA

DEPARTMENT OF MATHEMATICS, MORGAN STATE UNIVERSITY

1700 E. CoLD SPRING LANE, BALTIMORE, M.D. 21251, USA

E-mail: gnguerek@jewel.morgan.edu

DENIS PENNEQUIN

UNIVERSITE PARIS 1 PANTHEON-SORBONNE, LABORATOIRE MARIN MERSENNE
CENTRE P.M.F., 90 RUE DE ToOLBIAC, 75647 PARIS CEDEX 13, FRANCE
E-mail: pennequi@univ-parisi.fr

(Received: 13.07.2006)



