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Cauchy Multiplication of Euler Summable Series in
Ultrametric Fields

Abstract. Euler summability method in a complete, non-trivially valued, ultrame-
tric field of the characteristic zero was introduced by Natarajan in [7]. Some proper-
ties of the Euler summability method in such fields were studied in [2] and [7]. The
purpose of the present note is to continue the study and to prove a pair of theorems
on the Cauchy product of Euler summable sequences and series.
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1. Introduction and Preliminaries. In this note, K is a complete, non-
trivially valued, ultrametric field of characteristic zero (Q,, the p-adic field for a
prime p, is one such field). Infinite matrices, sequences and series have entries in
K. To make the paper self contained, we recall the following. For a given infinite
matrix A = (ank), ank € K,n,k=0,1,2,... and asequence x = {a}, z € K, k =
0,1,2,..., by the A-transform of = {x}, we mean the sequence Az = {(Az),},

(Az), = Zank$k, n=0,1,2,...,
k=0

where we suppose that the series on the right converge. If {(Ax),,} converges to s, we
say that © = {x}} is summable A or A-summable to s. If lim (Ax), = s whenever

n—oo
klim x = 8, we say that A is regular. The following theorem, which gives necessary
— 00
and sufficient conditions for A = (anx) to be regular in terms of the entries of the
matrix A, is well-known (see [4] for a proof using the Banach-Steinhaus theorem
and [6] for a proof using the ‘Sliding hump method’).
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THEOREM 1.1 A = (ang) is regular if and only if
(i) sup |ank| < o0;
n,k

(i) Hm any =0, k=0,1,2,...;

and -
(iii) lim " an, = 1.
k=0

o0
An infinite series Zxk, r, € K, k=0,1,2,... is said to be A-summable to s
k=0

n
if {sn} is A-summable to s, where s, = Zxk, n=0,1,2,....
k=0

General references for the study of summability methods in the classical case
are [3, 8]. For analysis in ultrametric fields, see [1].

The Euler method of summability in complete, non-trivially valued, ultrametric
fields of characteristic zero was earlier introduced by Natarajan in [7] and a good
number of properties of the Euler method were studied in [2, 7]. The purpoe of
the present note is to continue the study of the Euler method and prove a pair of
theorems on the Cauchy product of Euler summable sequences and series.

DEFINITION 1.2 Let r € K such that |1 —r| < 1. The Euler method of order r or
the (E,r) method is given by the infinite matrix (65:,3 ), which is defined as follows:
Ifr=#£1,

o) { nCprF (1 —r)k k< n;

. ) k>n,
where "C’kzﬁik)!,k<n;
Ifr=1,
 _ 1, k=mn;

"k_{o, k #n.

D

(eglrk)) is called the (F,r) matrix.
REMARK 1.3 Note that r # 0, since |1 —r| < 1.
THEOREM 1.4 ([7, THEOREM 1.2]) The (E,r) method is regular.

THEOREM 1.5 ([7, COROLLARY 1.4]) The (E,r) matriz is invertible and its in-

verse is the (E, ) matriz.



R. Deepa, P N Natarajan, V. Srinivasan

75

2. Main Results.

THEOREM 2.1 If xp = o(1), k — oo, ie., xp — 0, k — oo and {yr} is (E,r)

summable to o, then {z} is (E,r) summable to

a

oo
xo—i-g xm‘kfl ,
k=1

n
where z, = Zxkyn,k, n=0,1,2,....
k=0

PrOOF Let {0,} be the (E,r) transform {yi}. Then,

n

(1) On = Z "Cer*(1 =) " Pyp, n=0,1,2,....
k=0

By hypothesis, lim o, = 0. Let {7,,} be the (E,r) transform of {z;} so that

n

T = Z nCprf(1 =)z,
k=0

=(1=7)"20+ "Crr(1—7)""121 + "Cor®*(1 —r)" 22y +---+1"2,

= (1—7)"(zoyo) + "Cir(1 — )" (zoy1 + z1%0)
+ "Cor®(1— )" 2(xoy2 + T1y1 + Tayo) + - -
+7"(ZoYn + T1Yn—1 + *++ + Tuno)

= ao[(1—7)"yo + "Crr(1 —r)"'yn + "Cor®(1—7)"2y2 + - + "y,
+ o[ "Crr(1 = )" yo 4+ "Cor® (1L —1)" Py 4+ "y, ]
+ o[ "Cor?(1 — )" 2yg + "Cyr3(1 —7)" SByr + - + "y o]

+ -+ xr"Yo
n n
=z [Z ”C’krk(l — T)”_kyk + 21 Z "C’krk(l — r)"_kyk_ll
k=0 k=1
n
+ x9 Z "Ckrk(l — r)"_kyk,g 4+ 4z
k=2
n
= 20, + X1 Z "Ckrk(l — T)"_kykll
k=1
n
(2) + 29 Z "Ckrk(l - r)”*kyk,g + -+ xz,r"0p.
k=2
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Now,
Z O (1 — )" Py
k=1
n—1
=3 Gy,
j=0
n—1
= C +1TJ+1(1 - T)7l_j_1
j=0
J k j—k
, 1 1
X Z JCk <) <1> Uk}]
{k_() " "
using Theorem 1.5 and (1)
n—1 n—1
(3) = r(l— ’r')nikilo'k Z(—l)gik "Cit17Cy
k=0 j=k
interchanging the order of summation.
Using the identity
n—1 [n—1 n—1
D (YRR IO | =
k=0 \j=k k=0
we have,
n—1
(4) S (=1 Cin TGy =1, 0<k<n-1
j=k

3
3
L

(5) Z PO (L =) Py =) el =) oy,

=~
Il
-
=~
Il
=
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Using (5) and similar results, (2) can now be written as

n—1
Tn = ZoOpn + 1 (Z r(1— r)"_k_10k>

k=0

k=0
n—1
= xo(an - U) +x1 {Z ’r(l — r)n—k—l(o_k _ 0_)}
k=0
n—2
+x2{zr2(1 T)nkz(dkU)}+"'+xn7’n(000)
k=0
n—1
+ 0 |To + 31 {Zr(l - r)”_k_l}
k=0
n—2
+ 1z {Zrz(l — r)"kQ} R o I
k=0

-1

3

= xo(0, —0) + 21 { r(1—r)" (o — a)}

k=0

n—2
+ z {Z r2(1 =) 2oy, — a)} + -+ a2, (00 — 0)
k=0

+o [x0+x1r{11__((11__72;} + zo1? {w} —I—---—I—xnr”]

= CC()(O'n — 0') “+ x1 {i T‘(l - r)”*k*l(gk _ O')}

k=0

n—2
+ x5 {Zr2(l — )"k 2oy — 0)} + -+, (og — o)

k=0
+ofwog+a{l—(1—r)"}+aor{l —(1-r)"""}
- (1 - r)}]
=zo(o, —0) + a717 {Z(l — r)”*}“l(ak — O’)}

k=0

+ wor? {i(l — )2 (o — 0>} -t @00 — o)

k=0
+o [(:co + oy +xor 4 Fxpr™h
(6) oA =r)"+zar(I =) a1 =)}
Now,
|z, = |xy|, since |r| =1
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—0, n— oo

and
(1=r)"=1—r"—0, since |1-r|<1.

Thus {z,7" 1} and {(1 —r)"} are null sequences.
Note that the sequence

{z1(1—r)" +aor(l =) 4 ™ (1= 1)}

is the Cauchy product of {z,,r"~1} and {(1 —r)"}.
In view of Theorem 1 of [5],

lim {z1(1 —7)" + zor(1 — 7")"71 44 xnrnfl(l —r)}=0.

n—oo
Let oy, = z,7™. Note that {a,} is a null sequence since |r| = 1 and z,, — 0,
n — 00. Let
n—1
B = Z(l — )" (o, — o).
k=0

Now, {8,} is the Cauchy product of the null sequences {(1—r)"} and {0, —o}. In
view of Theorem 1 of [5], 8, — 0, n — co. We now note that

nh—{{.lo [xlr {z_:(l — )"k (o — o)} + zor? {z_:(l — )" 2 (g — a)}

k=0 k=0

+- 4z, (og—0o)| =0,

since lim a, = 0 = lim f,, again appealing to Theorem 1 of [5]. Thus, taking

n—oo

limit as n — oo in (6), we have,

lim 7, =0
n—oo

(oo}
k—1
o + Za:kr s

k=1

noting that the series on the right converges since |r| =1 and z — 0, k — oo. In
other words, {2} is (E,r) summable to

oo
-1
xTo + E :vkrk s
k=1

completing the proof of the theorem. n

(2

The following result can be proved in a similar fashion.

oo o0 o0
THEOREM 2.2 If Z:rk converges and Zyk is (E,r) summable to o,then sz
k=0 k=0 k=0

xo + ixkrk_ll .

k=1

is (E,r) summable to o
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