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Introduction. Let X be a Banach space and X" its conjugate space.
If (x;)2, is a sequence in X and (g;), a sequence in X* with the prop-
erty that g;(z;) = 8y, the pair (x;, g;) is called a biorthogonal system
in X. In [3] Orlicz proved the following theorem: If (x;, ¢;) is a biortho-
gonal system in Cla, b] with (x;) fundamental in Cla, b] and there exists
a point ty in [a, b] for which

D [gilte+) — gilto—)1u(te) # 1,
i=1

oo

then there is an x in Cla,bl,z ~ > gi(2)x;, for which

i=1

2 (@) @i(t)| = + oo
i=1
A corollary to this theorem is the result of Karlin that C[a, b] has

no unconditional basis. In this paper we apply Orlicz’s methods to prove
an analogous theorem about biorthogonal systems in C(S8), where § is
a compact metric space. The proof differs from that of Orliez in that
the Tietze extension theorem is employed instead of an explicit construe-
tion of certain functions, and general properties of Radon measures are
used in place of particular properties of functions of bounded variation.
From this theorem we obtain the known result that if § is an uncountable
metric space, then C(8) has no unconditional basis.

Notation and preliminary results. Throughout this paper 8 will
denote a compact metric space and C(8) the space of all eontinuous real
valued functions on § with the supremum norm. We will denote by (x;)
a fundamental sequence in O(S) and by (@) a corresponding biortho-
gonal sequence of Radon measures in O(8)*; i.e. w;(%;) = d;. For z in
C(8) a series of the form z ~ ' a;x;, where a; = [ 2(t)du;(t) for

i 8

1=1

* This paper is part of the author’s research for his doctoral thesis being written
at the Louisiana State University under the direction of Professor J. R. Retherford.
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t=1,2,..., will be called the expansion of x with respect to the bior-
thogonal system (z;, u;). If d is the metric on § we will let B.,(%)
= {te8|d(t, ) <r} and B,(t,) = interior B, (f,).

DEFINITION 1. A biorthogonal system (x;, p;) for C(8) is said to

have property (x) at a point ¢, in 8 if there exists an o ~ > a,2; in C(S)
=] iml

for which }' la;| |@(t)] = + oo.
iz1

DEFINITION 2. Let X be a linear space on which two norms, || ||
and || ||*, are defined. Let Xg = {a:eX||!ac]] < 1}. Define a metric d on Xg
by d(x,, €,) = |@,—@,|" for @, and @, in Xg. If Xg is complete under
this metric, then X is called a Saks space and is denoted by [Xg; || |51 II*]-

DEFINITION 3. A Saks space [Xg; || [[; 1l II*] is said to satisfy con-
dition (X)) if for every x, in Xg and any ¢ > 0 there is a J > 0 such that
if |l#|* < 6 and @ is in Xg, then = &, —x,, where x, and z, are in Xg
and o, — a|* < &, {[Be— a@ol" < e

The following lemma is an analogue for Saks spaces of the Banach-
Steinhaus theorem for complete metric linear spaces.

Lemma 1. Let [Xg; |l 1311 II*] be a Saks space satisfying condition
(2)) and let (fn) be a sequence of functionals linear on X and continuous
on [Xg, || '), If there is a function f(x) defined by f(x) = lim f,(x) for

N0

all # in X, then f(x) is a linear functional on X, continuous on [Xg; | |*].

Proof. The functional f(«) is obviously linear. Since f,(x) converges
to f(x) for all # in Xg, by Osgood’s theorem (f,) is equicontinuous on
Xs\Z, where Z is a first category set in [Xg; | |I*]. Since [Xg; | ||*] is
complete Xg\Z is not empty. Let o, in Xg be a point of equicontinuity
of the family (f,). Then given ¢ > 0 there is a é > 0 such that if [lw— |
< d, then |fp(®)—fu(®)| < /2 for all n =1,2,... Hence |[f(z)—f(x)]
< ¢/2 < ¢ and f is continuous at x, in [Xg, || [|*].

Now for any & > 0 there is a 8, > 0 such that if |jz— a)|* < &, with 2
in Xg, then |f(z)—f(x)| < £/4. By the (2)) condition there is an &, such
that if 2 is in Xg and [j¢" < &, then z = 2,—2, with [, — " < §,,
oo —aoll* < 8.

Let @, be arbitrary in Xg and let y in Xg satisfy {(yv—2,)/2]" < e.
Since (y—=,)/2 is in Xg, (¥—a))/2 = 2,—#,, Where |&;— x| < 6y,
lee— @o||* < 6;. Therefore,

|

st = 2| 1(Y 57 = 20 —ste

= £.

< 2[1f(20) — (@) + 1 (e2) — f(2e)] 1 < 2 —2—
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Hence f is continuous on [Xg;l ||*] since 2, in Xg was arbitrary.

The main result.
THEOREM. If (x;, u;) 48 a biorthogonal system in C(S) and if there

exists a t, in S such that D' p;(t,) @:(f,) = 1, then (x;, w;) has property (*)
i=1

at i,.
Proof. If (x;, ;) does not have property (x) at #,, then

(1) . Z{ai[ lz;(ty)] < oo for each wNZaim,—inC(S).
1

1

Let ¢ = (g;) denote a sequence such that & = -+1 for all < and define

G = ) &a;(t,)pi. Note that for z(t) in C(S),
i=1

Jewagn = Y| [ e du()] emi(t) = ¥ aeiai(t).
8

i=1 8 Te=l

Hence by condition (1) above,

(2) lim fm(t)dG,’,i(t) exists for all ¢ and all 2 in C(8).
oo g
By the Uniform Boundedness Principle, for every such sequence
¢ = (g), there iy an M, >0 for which ||GLlly < M, for alln =1,2, ...,
where || || denotes the variation norm in C(8)*. Hence, if K'0 denotes
the set of all bounded functions on 8 continuous everywhere except
possibly at f, and «(¢) is in K’, then for any & = (¢) as above

Supazeixi(to) f x(t)d,u.i(t)‘ = sup{ f @ (t) G5 (1)
S SANUY ms\Mo)

< sup (1) sup |Gally < stuspiw('t)l-M, < + oo.
In particular, this is true for that sequence s = (s;) for which

ity [ a®dm(t) >0,
AN
80 we have
M) [ e®du® <+ oo for all a(t) in KY,
1 S\itg} ‘
implying
(3) C lim [ @(n)deh()

"0 S\Uo}

exists for all () in K% and all & = (s).
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Define the following two norms on K'o:

[l = suple(d)!,
teS

1 1
ot = D)z e, wheve ol = sup [2(0)].

o=l SN\ By ~n(lg)

Let Ks = {zeK"| || < 1}. We claim that [Kg; |l#]; ]| I[*] is a Saks
space satisfying condition (Z2)). The proof is analogous to that in [2],
applying the Tietze extension theorem in place of the construction of
the piecewise linear function on the interval given in that proof.

Define functionals fp on K% by

fa@) = [ a@aen),
S\ Bz —m(ty)
where &, is the sequence (g;) for which ¢; = 1 for each . It is easily seen
that each f, is continuous on [Kg, || {|*] and since each is linear,

f* = lim f%(x) = lim [ emagr) = [ a@aer

00 Mmoo S\ By “m(ly) S\{to}
is a linear functional. By Lemma 1 each f" is also continuous on [Kg, || ||*].

Since by (3), f(#) = lim f*(z) exists for all #(f) in K%, Lemma 1 implies
that f is a continuous linear functional on Kg. By (2)

lim [2(t)d@i () = D) awi(t) = S(2)

=0 g ie=1
exists for all 2(?) in C(8) and by the Banach-Steinhaus theorem S, is
in C(8)". In the remainder of the proof z(¢) will denote a function in
c(8).
Since
[ aag:(n) = [@(t)de () — ) 6 (&),
S\{t S

o) = [@()deu (1) — o (1) G33 (%)
S
for all ». Taking the limit as » tends to infinity we have
(4) fl@) = By(@)—(te) D @ity) pilte).-
1
Now 8y(@n) = wn(ty) for all m by the biorthogonality of the pair

(@;, w;). Hence, since §, is a continuous linear functional on C(8) and (x;)
is fundamental in C(8), S,(z) = =(%,) for all z in C(S).
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For any 6 > 0 define

1 for teBay(ty),

0 for teS\By,(t).

Then yi’o(t) is a continuous funection on a closed subset of the normal

space § and so by the Tietze extension theorem has an extension to
a continuous function z; on S with sup' |#; ()] = 1. Note then that, for

i, () =

each 6 > 0, xto is in K% and that So(w, ) = 1. From the propertles of wt
given above and the definition of || H it is clear that llm |]:v, I = 0

Therefore, hm f(w,o = 0 implying by (4),

0 = lim Sy(af) —of, (to) Zwi(tom(to)

=1

=1—a( tO)le(t )pi(ty) = 1— be(to) pi(to) -

i=1
Hence, D' x;(t) pi(ty) =
2=l

COROLLARY. If 8 is an uncountable compact metric space, then C(8)
has no unconditional basis.

Proof. Using properties of unconditional convergence of a series
in » Banach space [1] it is easy to see that if (@, w;) is an uncon-

ditional basis for C(S), then for any z = 2 a;x; in C(8) and any f,in §,
Z [@; |;(%)] < oo; that 1s, (@;, u;) does not have property (%) at any

pomt t, in 8. However, for each Radon measure p; there are at most
countably many points ¢ in § for which u;(f) # 0, implying that the set
of points ¢ in § for which u;(t) # 0 for some ¢ is at most countable. Since
8 is assumed uncountable there is then a point # in 8§ for which

pi(ty) = 0 for all 4, implying > @;(f)ui(f,) = 0 and so by the theorem
i=1
(i, 1;) has property (x) at t,, a contradiction to the above assertion.
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