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Concerning biorthogonal systems in £($)*

Introduction. Let X  be a Banach space and X* its conjugate space. 
If (#i)£Li is a sequence in X  and (gi)tLi a sequence in X* with the prop­
erty that gi (Xj) =  дц, the pair (a?*, gi) is called a biorthogonal system 
in X. In [3] Orlicz proved the following theorem: I f  (#$, gf) is a biortho­
gonal system in C[a, b] with (xf) fundamental in C[a, b] and there exists 
a point t0 in [a, b] for which

CO

^  [дг{̂ 0~\~) 9i(t0 )] г̂( о̂) 7̂  1 j
г —1

oo
then there is an x in C[a, b], x ~  £  g%{x)xil for which

i — l
OO

2  \9i{x)\\®i(t0)\ =  +  °o -
ś= 1

A corollary to this theorem is the result of Karlin that C[a, b] has 
no unconditional basis. In this paper we apply Orlicz’s methods to prove 
an analogous theorem about biorthogonal systems in 0 (8 ), where 8  is 
a compact metric space. The proof differs from that of Orlicz in that 
the Tietze extension theorem is employed instead of an explicit construc­
tion of certain functions, and general properties of Radon measures are 
used in place of particular properties of functions of bounded variation. 
From this theorem we obtain the known result that if 8 is an uncountable 
metric space, then 0 (8 ) has no unconditional basis.

Notation and preliminary results. Throughout this paper 8  will 
denote a compact metric space and 0 (8 ) the space of all continuous real 
valued functions on 8  with the supremum norm. We will denote by (xf) 
a fundamental sequence in C(8 ) and by (/q) a corresponding biortho­
gonal sequence of Radon measures in 0(8)*] i.e. m(xj) =  <5ti. For x in

OO

0 (8 ) a series of the form x ~  £  â Xi, where at =  J x(t)dy,i(t) for
iti s

* This paper is part of the author’s research for his doctoral thesis being written 
at the Louisiana State University under the direction of Professor J. R. Retherford.



276 J. R. Hołub

i — 1 , 2 , . . . ,  will be called the expansion oj x with respect to the bior- 
thogonal system (xif pf). If d is the metric on 8  we will let Br(tQ)

Definition 1. A biorthogonal system (xi: pf) for C(8 ) is said to

have property (*) at a point tQ in 8 if there exists an x ~  2  in C(S)

Definition 2. Let X  be a linear space on which two norms, || || 
and || II*, are defined. Let X 8 =  {#eX\||гс|| ^  1}. Define a metric d on X 8 
by d(xx, x2) — Ha?! — a?all* for xx and x2 in X s . If X s is complete under 
this metric, then X 8 is called a Saks space and is denoted by [X,§; || ||; || ||*].

Definition 3. A Saks space || ||; || ||*] is said to satisfy con­
dition (Zx) if for every x0 in X s and any e >  0 there is a <5 >  0 such that 
if ||a?||* <  d and x is in X s , then x — x 1 — x2, where xx and x2 are in X s 
and ||®i— a?0||* <  ll#2 —#olf <  e-

The following lemma is an analogue for Saks spaces of the Banach- 
Steinhaus theorem for complete metric linear spaces.

Lemma 1. Let [X^; Ц Ц; || ||*] be a Saks space satisfying condition 
(Xx) and let (fn) be a sequence of functionals linear on X  and continuous 
on [Xs , || О*]. I f  there is a function f(x ) defined by f(x ) — lim fn{x) for

all x  in  X , then f (x )  is a linear functional on X , continuous on [X#; || ||*].
Proof .  The functional f (x )  is obviously linear. Sinee f n(x) converges 

to f (x )  for all x  in X 8, by Osgood’s theorem (f n) is equicontinuous on 
X 8\ Z ,  where Z  is a first category set in [X s ; || ||*]. Since [X s ; || ||*] is 
complete X 8\ Z  is not empty. Let x0 in X 8 be a point of equicontinuity 
of the family ( /n). Then given e >  0 there is a <5 >  0 such that if ||ж— я?0||*
<  d, then |/»(a>)—/»(®о)1 <  Ф  for all n =  1 , 2 , . . .  Hence \f(x)—f(x 0)\
<  e/2 <  e and /  is continuous at x0 in [X^, || ||*].

Now for any e >  0 there is a dx >  0 such that if \\x—x0\\* <  with x 
in X 8 , then \f(x)— f(x Q)\ <  e/4. By the (27x) condition there is an e x such 
that if z is in X 8 and ||г||* <  ex, then г =  zx— z2 with ||zx — а?0Ц* <  <5X, 
\\z2 ®oll <

Let x x be arbitrary in X 8 and let у in X 8 satisfy \\{y — a?i)/2||* <  e. 
Since (y —x 1)j2f is in X 8 , {y — x x)j2, — zx~ z 2, where ||aq — a?0||* <  dx, 
\\z2— ®b||* <  «V Therefore,

=  {t€B\d(t, t0) ^  £bll(ł -̂ y(̂ o) — Ulterior

oo
for which 2  \ai\ \®г(1о)\ — +  °°-

< 2 [\f(zx) - f ( x Q)\-i-\f(z2) - f ( x 0)\ ]< 2 -^  =  e.
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Hence /  is continuous on [X s;|| ||*] since xx in X s was arbitrary. 

The main result.
Theorem. I f (хх, yi) is a Morthogonal system in 0(8) and if there

oo
exists a t0 in 8  such that £  hi(U) xi(h) Ф 1, then (x.i, pf) has property (*)

i = l
at t0.

Proof.  If (Xi, yi) does not have property (*) at t0, then
0 0  oo

(1) ■ s la*l \xi(to)\ <  00 for each x r̂ > ^  aiXimC(S).
1 i

Let e =  (ei) denote a sequence such that e.l — ± 1  for all г and define
П

On — eiXi(tQ)pi. Note that for x(t) in 0 (8 ),
i=i n n

f  x(t)dOn(t) =  JT4 J  x(t)djUi(tĄ SiXiito) = ^aiSiXitfo).
S i —l Ssr i= l

Hence by condition (1) above,

(2) lim j  x(t)dQen{t) exists for all e and all x in C(8 ).
«—>oo g

By the Uniform Boundedness Principle, for every such sequence 
e == (ei), there is an Me >  0 for which \\Gen\\r ^  Me for all n =  1, 2, . .., 
where || ||F denotes the variation nofm in 0(8)*. Hence, if K ł° denotes 
the set of all bounded functions on 8 continuous everywhere except 
possibly at t0 and x(t) is in K io, then for any e =  (e*) as above

П
sup Y W b )  j  x (t)dpi(t) =  sup J x(t)dOen(t)\

n 1 S\{to) n ]Ssf tli}

<  sup|tf(/)|sup||G£||r <  sup|a?(t)|-Жв <  +  oo.
US П US

In particular, this is true for that sequence e0 =  (ef) for which

eiXi(t0) j  x(t)dpi(t) >  0, 
s\{t0)

so we have
00

^\Xi(t0)11 J x(t)dpi(t) j <  +  oo for all x(t) in K ł°,
1 «N{*0}

implying
(3) lim j  x(t)dOen(t)

n-*°° S\{t0]

exists for all x(t) in К*° and all e =  (e*).
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Define the following two norms on K ł°:

INI =  sup [a; (01,
us

00 1
INI* =  y ’ -^rlNIn, where |NU =  sup |a?(f)l-

« = 1 £\-®2_п(*о)

Let K s =  {xeK tQ\\\x\\ <  1}. We claim that [JT ;̂ ||®||; || ||*] is a Saks 
space satisfying condition {Ex). The proof is analogous to that in [2], 
applying the Tietze extension theorem in place of the construction of 
the piecewise linear function on the interval given in that proof.

Define functionals fm  on K l° by

fm(x) =  o j  oc(t)dGn1 (t),
S\B2-m (t0)

where ex is the sequence (e*) for which e* =  1 for each i. It is easily seen 
that each / ”t is continuous on [Л#, || ||*] and since each is linear,

f n =  lim fm{%) =  lim J  x{t)dGeHl{t) =  J x(t)dGnl(t)
m-+oo m-+0О s \ B 2im ( t0) S \ { t Q}

is a linear functional. By Lemma 1 each/” is also continuous on [Ks , || || *]. 
Since by (3), f(x )  =  lim /” (a?) exists for all x(t) in K ł°, Lemma 1 implies 
that /  is a continuous linear functional on K s . By (2)

oo
lim j  x{t)dGenl{t) =  ^  aiXi{t0) =  80(x)
n-+oo S i«= 1

exists for all x(t) in G(8 ) and by the Banach-Steinhaus theorem SQ is 
in G{8 )*. In the remainder of the proof x(t) will denote a function in 
C(S).

Since
/  x(t)dGnl(t) =  jx {t)d G enl{t) — x{tQ)Gen'{t0),

S \ { t Q} s

f n(x) =  fx(t)dGMt)-a>(to)GX(to)
s

for all n. Taking the limit as n tends to infinity we have
00

(4) f(x) =  80( x ) - x ( t0) £ Xi(t0)(ti{tQ) .
1

Now 80(xm) =  xm(tQ) for all m by the biorthogonality of the pair 
(Xi, Hi). Hence, since 80 is a continuous linear functional on C(8 ) and (Xi) 
is fundamental in G(8 ), 80(x) =  x(t0) for all x in C(8 ).
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For any 6 >  0 define
1 for teBd/i(t0),
0 for teS\Bdl2(t0) .

Then yt0(t) is a continuous function on a closed subset of the normal
space 8 and so by the Tietze extension theorem has an extension to
a continuous function x* on 8 with sup|a£(£)| =  1. Note then that, for

us 0
each d >  0, XfQ is in K ł° and that 80(xtQ) — 1. From the properties of 
given above and the definition of || ||* it is clear that lim ||ж?||* =  0.

<5-*.°
Therefore, lim f (x t ) =  0 implying by (4),

<5—>0
CO

0 =  lim 80(Xf0) -  x\0(to) У  Xi(t0)pi(to)
<5->° i=l

oo oo

— 1 Xt0(to) ^  Xj (tf) [Aj (tp) =  1 %i{lf) Pi{tf) ‘
i=1 г= 1

OO

Hence, £  х М М Ъ ) =  1-
t — 1

Corollary. I f  8  is an uncountable compact metric space, then C(8 ) 
has no unconditional basis.

Proof.  Using properties of unconditional convergence of a series 
in a Banach space [1] it is easy to see that if (%, p^ is an uncon-

OO

ditional basis for C(8 ), then for any x =  £  aiXi in C(S) and any t0 in 8 ,
oo i — 1

\o>i\ \$i(to)I <  that is, (Xi, pi) does not have property (*) at any
i=l «
point t0 in 8 . However, for each Badon measure pi there are at most 
countably many points t in 8  for which pi(t) # 0 ,  implying that the set 
of points t in 8 for which pi(t) Ф 0 for some i is at most countable. Since 
8 is assumed uncountable there is then a point t0 in 8 for which

OO

Pi(t0) — 0 for all i, implying Xi(t0)pi(t0) =  0 and so by the theorem
i=I

(Xij pi) has property (*) at t0, a contradiction to the above assertion.
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