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R. 8. INGARDEN (Wroclaw)

Simplified axioms for information without probability

1. Introducticn. In paper Information without probability by K. Ur-
banik and the present author (see [5] and also [4]) a system of axioms
for the concept of information was given without the explicite use of the
concept of probability. In the same paper the theorem was proved that
if information is fully given, then probability is also uniquely determined
and between the two concepts the well-known Boltzmann relation holds.
Because the latter relation was used by Shannon for definition of infor-
mation (see {7]), it follows from the mentioned theorem that our definition
is exactly equivalent to Shannon’s one as well as to all its known equi-
valents, among them also to axiomatic formulations using hitherto the
concept of probability in an essential way (see e.g. [2], [6], [7]).

The new approach may be consider as theoretically interesting because
it explains the relation between such basic concepts of science as informa-
tion and probability. From the practical point of view, however, it may
be argued that the new definition gives no particular advantages with
respect to the previous ones, as it is much more involved and difficult
to comprehend than the latter. In particular, the first two axioms pro-
posed by us (see [5], p. 138, 139 and [4], p. 315), namely that which gives
a connection between information of rings and their subrings, and that
which determines a local character of information, are very hard to grasp
in their intuitive meaning. The first is besides so complicated formally
that even its presentation is not an easy task. After some futile, but not
very penetrating trials the authors were rather skeptical about the pos-
sibility of a radical simplification of the axioms. Finally, however, in
connection with a new presentation of all the theory given by the present
author in a courge of lectures in the University of Rochester in the fall
1962, it was found a way to a rather drastic simplification (). This way
led not only to a simpler formulation but also, as it seems, to an easier

(1) Cf. [3]. On p. 211 there it is said that the proof of equivalence will be given
in the Appendix to an article to be published in Progress in Optics, Amsterdam.
Actually the article has been published in Fortschritte der Physik 12 (1964), pp.
567 - 594. Because, however, articles in Fortschritte der Physik have the review
character, the author decided to publish this proof elsewhere, namely here.
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approach to the intuitive understanding of the essential features of the
concept of information. The aim of the present paper is to give this new
presentation with all details and proofs.

To facilitate the comparison of both papers we shall follow here in
principle the same formal methods as in the previous one, save some simpli-
fied notation. Tn order to make the present paper complete in itself we
shall repeat all the needed definitions and lemmas (with their proofs)
using sometimes even the same wording.

2. Notation and preliminary definitions. We shall denote Boolean
rings by X, Y, ..., their elements by », ¥, ..., #;, &,, ..., the zero element
(considered as the same in all rings) by 0, the unit element of ring X by 1x,
the ring operations — by -+ and -, respectively (the latter also by a short-
ened version xy = x-y). The number of atoms of ring X will be denoted
by n(X) or shortly nx.

A class 2 of finite Boolean rings X, Y, ... satisfying the conditions:

(L1) if Xe£2 and Y is a subring of X, then YeQ,

(L2) for any X (2 there exists a ring Y2 such that X is a proper
subring of Y,
will be called a Boolean ladder (or Boolean inclusion-space).

If on a Boolean ladder 2 a real-valued function F(X) is defined, we
get a decomposition of £ into classes of equivalent rings. More precisely,
we call rings X and Y F-equivalent, in symbols X v Y, if there exists
such an isomorphism ¢ of X onto Y that ¥(Z) = F(p(Z)) for any subring Z
of X. Moreover, we define a pseudometric on 2 by means of the following
distance function between X and Y

1 if X and Y are non-isomorphic,

or(X, ¥y = | Minmax|F(Z)—Fp(2)

1+ minmax|F(Z)—F (p(Z))|
0o Z
if X and Y are isomorphic.

We see that op(X, Y) = 0 if and only if X and Y are F-equivalent.

A ring X from £ is said to be F-homogeneous if for every automorphism
y of X and every subring ¥ of X we have ¥(Y) = F(yp(Y)). The intuitive
meaning of F-homogeneity is maximal uniformity of the ring with respect
to function F, which means that all isomorphic subrings of X have al-
ways the same value of F.

A real-valued function F(X) is called to be regular in a Boolean
ladder provided that for any X ¢ there exists a sequence of F-homoge-
neous rings X,, X,, ... such that limoz(X,, X) = 0, i.e. that the subset

N—>00

of F-homogeneous rings in 2, £y say, is everywhere dense in 0.
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Finally, we define two bracket notations: If < X and @ # 0, we denote
by {z}x the subring of X consisting of all elements of X contained in x,
and we call it the inner subring of x in X. If #,, @, ..., v,¢X, we denote
by [#y, ..., &n]x the least subring of X containing all elements @, ..., Tpn,
and we call it the outer subring of « in X. If it is clear which a ring X we
are speaking about, the subscript X may be dropped in both brackets.

3. Definition of information. A real-valued regular function H(X)
defined on a Boolean ladder £ is said to be information on £ if the fol-
lowing axioms hold:

(H1) Axiom of monotony: if Y is a proper subring of X, then

(1) H(Y) < H(X).

(H2) Axiom of additivity: if X is an H-homogeneous ring and
Ly, ..., &, are non-zero, disjoint (i.e. w;a; = 0 for ¢#j,4,j =1,...,m)
its elements such that «,-+...4x, = 1x, then

(2) H(X) = H((@y, -y )+ ) 2 H (@),
k=1

where n = n(X) and n; = n({z}).

(H3) Axiom of indistinguishability: isomorphic H-homoge-
neous rings are H-equivalent.

We see that our axioms (H1) and (H3) correspond exactly to our
previous axioms IIT and IV, respectively. Instead of axioms I and II
we now have axiom (H2) which is identic with our previous Lemma 7,
our previous formula (33) corresponding exactly to (2). Finally, we drop-
ped our previous axiom V (axiom of normalization) as is frequently done
in axiomatic formulations of information theory (see [6]). Indeed, in
information theory the question of normalization is not so important and
unique as in probability theory, and may be left open. We may use namely
many different units of information (bits, nits, cal/degree, erg/degree,
ete.) and it is advisable to have all formulae written covariantly with
respect to change of units (dimensional homogeneity), as is customary
in physies.

The intuitive meaning of our axioms is rather simple and may be
explained as follows:

(i) Axiom (H1) expresses the natural property of information that
" it increases when the number of atoms of the respective ring increases
(i.e. when the number of least details which may be yet observed grows up).

(ii)) We may notice that for H-homogeneous rings the weight-factors
in (2), i.e.

(3) Pr = my/n,
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are nothing else as probabilities of events x, (kK =1,..., m), according
to the classical Laplacean definition of probability, cf. also below, eq. (23).
Therefore, we may rewrite (2) in the form

(4) H(X) = H([®y, -y @n])+ ) il ({m})
k=1

which expresses the so-called law of the broken choice in information theo-
ry(2). That (4) is valid not only in the case of H-homogeneous rings, i.e.
when (3) is satisfied, but in the general case, can be easily proved(2).
The essential point is that it is sufficient to assume only formula (2) in
which the concept of probability can be explicitely avoided.

(iii) Axiom (H3) expresses an obvious requirement that rings which
are maximally uniform with respect to H cannot be distinguished from the
point of view of information theory.

4. Connection between information and prebability. The central
role in our theory is played by the following

THEOREM. Let H be an information on 2. Then for every X £ there
exists one and only one strictly positive probability measure px defined on X
and such that

px(¥)
5 (y) =——— (ye¥) :
(5) pr(Yy) px(lx) | )
for eve%y subring Y of X and
*n
(6) H(X) = —x ) px(a)logpx (),
k=1
where » is some posilive constant and x,, ..., x, are atoms of X.

Tt is easy to verify that for any family px, X ¢ Q, of strictly positive
probability measures sytisfying (5) the function defined by (6) satisfies
axioms (H1)-(H3). The H-homogeneous rings coincide with the rings
having uniform probability distribution. This remark completes the inter-
pretation of the concept of H-homogeneity.

Proof. Since information is regular on £, every ring from £ is
isomorphic to a subring of an H-homogeneous ring from £. Consequently,
due to (L2) for any integer k there exists an H-homogeneous ring X e
such that n(X) > k. Now we prove

LeMMA 1. If X is an F-homogeneous ring from 2 and a non-zero element
xeX, then the subring {r}x is also IF-homogeneous.

(3) Cf., e.g. [1], Chapter 2, Section 2 (Property A).
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In fact, let » be an arbitrary automorphism in {x}x. Putting y,(y)
= yp(xy) v (¥ \ @) we get an extension of » to an automorphism y,
of the whole ring X. For any subring Y of {}x we have F(Y) = F(%(Y))
= F(p(Y)) which implies the F-homogeneity of {z}x. -

By Lemma 1 there exists an H-homogeneous subring X, of X with
n(X,) = k. Therefore, ladder £ contains a sequence Z,, Z,, ... of H-homo-
geneous rings such that

(7) w(Zy) =k (k=1,2,...).
We put
(8) Lk)=HZ,) ((k=1,2,...).

Let 2 be an atom of Z;,. Then by Lemma 1 the ring {1, +1\w}zk 4 18
H-homogeneous and, of course, k-atomic. Thus by (H3)

(9) Az \Bzp T L
which implies
(10) H({1Zk+1\w}zk+1) = L(k)‘
Since {1z, \ @}z, is a proper subring of Z,,,, we have by virtue of (H1)
(a1 Lk) < L(k+1) (k=1,2,...).
Let @, ..., 2, be a system of disjoint elements of Z;, such that
@i+t Ty = 1z, and -
(12) ’l’b({mi}zkm) =k (7; = 1, ceny m).

Now we prove

LeMMA 2. If X is an F-homogeneous ring from Q and x,, ..., ., a system
of disjoint elements of X such that x,-+...+x, = 1x and

(13) {w,}X’ﬁ-’{m?}X (7;,] —_—1,..., m),
then the subring [%,,...,Tmlx 18 also F-homogeneous.

In fact, let v be an arbitrary automorphism of {#,, ..., #,]x. For any
index ¢ there exist an index j; such that y(x;) = #;, (¢ =1, ..., m). From
(13) it follows that there exist an isomorphism ¢; of {#;}x onto {w;}x

such that F(Z) = F(p;(Z)) for any subring Z of {r;}x. Putting for any
reX

(14) Y pe(@) = @i (@) © @a (X)) © .ei v @i (D)

we get an extension of y to an automorphism y, of X. Hence, for every
subring Y of [@,...,%,]x We have the equality F(Y) = F(y,(Y))
= F(p(Y)). Thus [#, ..., #n]x i3 F-homogeneous.
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We have obviously,

(15) {wi}zkm T {wf}ka (1,j =1,...,m),

therefore, by Lemma 2, the ring [y, ..., #ulz,, 18 H-homogeneous, and
by (12) m-atomic. Thus

(16) H([@y, ..., ¥nlz,) = L(m),

(17) H({®}z,,) = LK) (i =1,...,m).

By (H2) we get

{%}z Icm

D) i)

(18) H( ) == ([mu 7wm]zkm + Z

or, due to (8), (16), (12), (7),
(19) L(km) = L(m)+L(k) (k,m =1,2,...).

It is well-known (see, e.g. [6], p. 9, 10) that every solution of equation
(19) satisfying condition (11) is of the form

(20) L(k) = xlogk,

where » is a positive constant.

Now let X be an H-homogeneous ring and Y, its subring. Assume that
ly, = 1x and denote by yi,...,y, all atoms of Y¥,. Evidently Y, =
= [Y1y ...y Ynlx and by Lemma 1 all rings {y;}x (¢ = 1, ..., n) are H-homo-
geneous. Thus by (20) we get

(21)  H(X) = xlogn(X), H({y}x) ==logn({yi}x) (@ =1,...,n).
Further, by (H2) we have

n({y}x), n({yilx)
n(X) T

(22) H(Y) = —

2=1
Now we define a probability measure py, on ¥, by

n({x}x)
n(X)

It is eagy to verify that if Y, is a subring of Z (Z e Q2y), then

(23) pr,(@) = (@e,).

pz(x)

24 . = eY,).
(24) Prf) = 5y (@eXy
So we get from (22) and (23)

(25) H(Y,) = —x ) pr,(y:)logpr,(¥:)-

=1
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Thus we have defined a probability measure py for any ring Y, from Qp
in such a way that equations (5) and (6) hold.

Now let X be an arbitrary ring from Q and »n(X) > 3. By regularity
of information there exists a sequence X, X,,... of rings belonging to
Qg such that limey(X,, X) = 0. We may assume that gn(X,, X) <1,

r—>00

ie. that X, (r =1,2,...) are isomorphic. By the definition of gy for
every integer r there exists an isomorphism ¢, of X, onto X such that
for any subring ¥ of X

(26) Lim H (g7} (Y)) = H(Y).

—>00

Let x;,..., 2, be all atoms of X. We shall prove that for any 7 (¢
=1,...,n) the sequence

(27) px,lpr (@) (r=1,2,..)

is convergent. Since sequence (27) is bounded, each of its subsequence-
contains a convergent subsequence. Denoting the limit of such a subs

n
sequence by p(z;), we have dp(z;) =1 and p(x;) >0 (i =1,...,n).
i=1

Moreover, putting
k
(28)  pl@tayt.tay) = D p@,) (@, =0 for s #m)
8=1 :

we get from (23), (25) and (26)

(29)  H(l»,y,2]x) = —x[p(2)logp (x)+p(y)logp(y)+p(2)logp(2)],
where x, y, # form an arbitrary triplet of disjoint elements of X, and

e4yt2z =1x.
Now we prove the last

LEMMA 3. If XeQ, n(X) = 3, p,, p, are two strictly positive proba-
bility measures on X, and if for any triplet x, y, z of disjoint elements of X
such that x+y+42 = 1x we have

(80)  pi(m)logp,(z)+ p1(y)logp,(¥)+ p.(2)logp, ()

= py(@)10gp, (@) + pa(¥)10gP2(y) 4 p2(2)10g p,(2),
then p, = p,. :

In fact, let us suppose, in contradiction to the statement, that there
exists an atom wx,¢X such that

(31) (@) # Pal@y).
Consider a triplet ¢ = x,, ¥ = 1x \ &y, # = 0. Then by (30)
(32) 1w logp, (@) + (1 — Py (20))log (1 — py (2,))
= pz(xo)logpz(wo)+(1_p2(wo))10g(1—pz(wo))-
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Since funection xlogax+ (1—a)log(l—a) (0 <z < 1), is convex and sym-
metric with respect to & = 1, equations (32) and (31) imply that

(33) P1(®0) = 1—ps(2).

As n(X) > 3, there exist such two disjoint and non-zero elements y,
and 2, that y,--2, = 1x \ @,. Let us assume first that p,(y,) = P2 (¥,)
and p,(2y) = P»(2,).- Then we get

(34) P1(®) = 1 —p1(Yo) —P1(20) = 1—ps(Yo) —P2(R0) = P2(%)

which econtradicts (31). Consequently, p,(¥,) 7# P2(¥,). A reasoning similar
to that which led to (33) gives

(35) P1(Yo) = 1—=p2(Yo)-

Hence and from (33) we get, according to strict positivity of p,,

(36)  P1(20) = 1—p1(%%) —P1(Yo) = Pa(®o) +D2(¥o) —1 = —pa(20) <O,

which is impossible. :

From (29) and Lemma 3 we imply that p(z;) is the limit of any con-
vergent subsequence of (27). Thus, sequence (27) itself is convergent
to p(x;). Setting for any element z = R S R (@i i, =0
for s # m)

k
(37) px(@) = ) p(@i),

8=

u

we get a probability measure on X such that, according to (25) and (26),

n

(38) H(X) = —x ) px(@;)logpx(@;).

im1
Moreover, for any subring Y of X the formula
» Px(Y)
(39) (Y) = ———
b px(1y)
determines a probability measure on Y such that, due to (23), (25) and (26),

(yeY)

m
(40) H(Y) = —= ) pry)logpr(y:),
=1
where 4, ..., ¥, are all atoms of ¥. Hence and from (H1) it follows that

all measures px are strictly positive. Thus we have defined probability
meagures for any ring X satisfying the inequality n(X) > 3 and for any
of its subrings. These probability measures satisfy conditions (5) and (6)
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and consequently by (5) every probability measure on a subring Y of X
is uniquely determined by the probability measure on X. By (L2) the class
of all rings X from £ satisfying the inequality »(X) > 3 and all their
subrings coincide with the whole class 2. Thus to prove the uniqueness
of px (XeQ) it is sufficient to prove this for rings satisfying the con-
dition #(X) > 3. But the last statement is a direct consequence of Lemma 3.
In fact, for any triplet z, ¥, 2 of disjoint elements of such a ring satisfying
the condition that x+y-+2z = 1x we have

(41) H([z,y,2)]x)
= —x{pX(w)long(w)—}—pX(y)llong(g/)+pX(z)long(z)}.

On the other hand, for every probability measure px on X satistying (5)
and (6) we have the same equality

(42) H([z,y,2]x)
= —x{px(@)1ogpx(®)+ px(y)logPx(y)+ Px(2)logpx ()}

Consequently, by Lemma 3 px = px. The Theorem is thus proved.
We gsee that the simplification of axioms caused also an essential
simplification of the proof which is more than twice shorter than before,
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