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Abstract. In recent years, several bounds of eigenvalues, norms and determinants

" tor solutions of the continuous and discrete Riccati equations have been separately inves-

tigated. In this paper, an upper bound for the solution of the unified algebraic Riccati

cquations is presented. In the limit case, the result is reduced to a new upper bound for
the solution of discrete and continuous Riccati equation.

1. Introduction. The continuous and discrete algebraic Riccati equa-
tion arc important in various areas of engineering system theory, particularly
in control system theory and also in study of the stability of linear systems,
sce [6]. [7]). Numerous papers have presented bounds of eigenvalues of the
solution of continuous and discrete Riccati equation separately. A summary
of results on this topic is given in [9].

The objective of this paper is to present an upper bound for sums and
products of the cigenvalues of the solution of the unified algebraic Riccati
equation. In the limit cases, we get some new bounds for the discrete and con-
rinnous Riceati equation. Similar results for lower bounds are obtained in [10].

Consider the unified-type algebraic Riccati equation

(1) —Q=AP+PA+AAPA
— (L, + AA) PB(I, + AB'B'P)"'B'(I,, + AA)

(2) = (I, + A4) (In + A4)
B g — (I, + AA)'PB(I, + AB'PB)™'B'P(I, + AA),
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where I,, is the identity matrix of order n, A€ R, A >0, A,P,Q € R**",
and B € R™"*" with Q > 0 and P > 0 is the solution. If (4, B) is stabilizable
and (C, A), where @ = C'C, has no unobservable mode inside the stability
boundary, then the equation (7) has a unique positive definite solution,
see [7].

Let X (X), ¢ = 1,...,n be the ith eigenvalue of a nonegative definite
matrix X € R™*". Since X has only real eigenvalues, they can be ordered
in a nonincreasing order

A(X) =2 (X))

REMARK. From the unified Riccati equation (1), we obtain in limit cases
continuous and discrete Riccati equations, see [7]. In continuous case (A = 0)
from (1) we obtain the continuous algebraic Riccati equation. In discrete case
and for A = 1 by substituting A by A — I,,, we obtain from (2) the discrete
algebraic Riccati equation.

Before formulating the main result of this paper we recall the following
results.

THEOREM 1.1. For any symmetric positive semidefinite matrices R €
R™™ gnd S € R"*™ following inequalities hold:

(3) L+1 n(S+T)2 ( ) (T) jfi+j>n+1
(4) Aivj—1(ST) < N(SN(T)  fi+j<n+1
I k k
(5) SOMX +Y) <D (X)) + k=1,...,n.
i=1 1=1 =1

Proof. Inequality (3) and (4) were proven in [1]; for (5), see [2].

THEOREM 1.2 [8]. Let x1,...,z, be nonnegative real numbers. Then

(6)

2. Main results. Main results of this paper are given by the following
theorem and corollaries.

THEOREM 2.1. The eigenvalues of the positive definite matriz solution PP
of (1), satisfy, for k =1,...,n following inequality



Bound for the solution of the unified algebraic Riccati equation 15

k
(7 D aP

=1
N + \/N2+4k)\ (BBYYF M@ ,
2x, (BB') if \p(BB') #£0
o B S RPN (),

if \n(BB') =0
and M (A+ A"+ AAA") <0
where N = kX (A+ A"+ AAA") + AN, (BB') Zle A (Q).
Proof. Using the matrix identity
(I, +ST) ' =1, - S(I, +TS)™!
where S = PB and T = B’, (1) can be transformed to the form:
(8) P=(I,+AA)Y (P! + ABB')"}(I, + AA) + AQ.
From (8) by using (5) and taking into acount that
Ni((L, + AA)Y (P~ + ABB')" (I, + AA))
= X\ ((In + AA)(I, + AA)' (P~ + ABB)Y™)

AM(A+ A+ AAAY)

we obtain

o~

k k
) Y NP < Z (I +AA) (I, +AA) (PT'+ABB) ™)+ M(AQ).
i=1 =1

From (4) it foll()ws t.hat
(10} A((1, + AAY(I, + AA)Y (P! + ABB')™)
<M ((In + AA) (I + AA (P~ + ABB)™).

Since
(11) N(PTY+ABB) Yy = AL (PT + ABBY)
and using (3) (¢ = n,j = n —14+ 1), we rearange (10) to obtain
(12)  N((L, + AA)(I, + AA) (P~' + ABB")™)

Ai(P)
1+ X\(P))\.(ABB")’

< M ((I, + AA) (I, + AA))

Applying (12) on the right hand side of (9), we have

k
(13) > (P
=1
k

) k
MU+ AR+ AAY) S s ) A (4Q).
i=1 " * i=1
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We conclude from (13) that the theorem is true in the case of A, (BB’) = 0.

Assume now that X\, (BB’) # 0. For any convex function f : [a,b] — R and
real numbers z; € [a,b], oy > 0,7 =1,...,k we have

(14) f("1§ Zaiwi) < %Zaif(ﬂ%),
i=1 i=1

where S = Zle «;. Application of inequality (14) with function f(z) =

~ I3 (ABD)E and z; = N(P),o; = %,i =1,...,k to (13) gives
k.
(15) Y (P)
1=1
>k A(P) :
< M((In + AA)(I, + AA)) —— +Y M(4Q)
k+ X (ABB') Zi:l X(P) o

Rearranging (15) we get

k k k
(16) A.,,(BB’)( > )\,»(P))2 — N> M(P)— k> N(AQ) <0.
i==1 i=1 =1

From (16), (17) follows immediately.

COROLLARY 2.1. The eigenvalues of the positive definite matriz solution
P of (1), satisfy for k =1,...,n following inequality

k
(13 [P
( Z27\;+ VNZ + 4kX (BB’)Zk A Q) k
( 2k, (BB') = ) if A (BB') # 0
< x .
B _Zz‘; /\z‘(Q) ‘ .
<A’/\1(A+A1'+AAA')) if \n(BB') =0 and
k M(A+ A+ AAA) <0,

where N = kA (A + A"+ AAA') + A (BB') YF_ M(Q).
Proof. Apply the arithmetic-mean geometric-mean inequality (6) to (7).
The following two Corollaries, follow from (8), (13) and Remark.

COROLLARY 2.2. The eigenvalues of the positive definite matriz solution
P of continuous Ricealr equation

(14) ~Q=AP+PA—PBB'P,
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satisfy for k= 1,... n following inequalities

k
(15) > N(P)

=1
M(A+ A+ \/AA (A+ A)? +4“‘"(BB)21 Q)
22X\, (BB')
= if M(BB')#0
)\1(A+A’) lf /\’l(BB ) =0 and )\I(A+A) <0
and
I
(16) H,\,
i=1
Aq( 4+A’ \/)‘2A+A')+4)\(A+A’) nBB)Z:Zl Q)
2\, (BB")
: if M(BB') #0
k
< 4+Al ) if M(BB") =0 and \{(A+ A") <.

The bound (15) under the assumption that A, (BB’) # 0 was derived in
[11] by a different method in the case when k& = n and, in general, in [5].
The sccond part of bound (15) and the bound (16) are new.

COROLLARY 2.3. The eigenvalues of the positive definite matriz solution

I? of discrete Riceati equation

(17) P=APA-APB(I,+BPB)'B'PA+Q,

satisfy for k= 1,...,n the following inequalities

]‘.

(18) > (P

=1
M + \/M2 +4kA\, (BB Y M(Q)
2\, (BB')

if Au(BB') #0

k:
M if M (BB') =0 and X\(AA") < 1

and
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k
(19) HMP)

, k
<M+ M? + 4k, (BB) S NQ)) if A(BB') #0
<

2k, (BB')

Zf:l)‘i(Q) . no_ ,
(m) if \M(BB') =0 and \(AA") <1

where M = kA1 (AA") — k + A (BB F_ M(Q).

The following bound was derived in [4]:

k a+ a? + 4kA, (BDB') Zf: Ai(Q)
(20) Z 23 (BB 1

where a = k(A (AA") — 1 + A (@) (BB’)) and X\, (BB') # 0.
k
(1 L k)“(Q) and,

Our bound (18) is stronger than (20), because A1 (Q) >
therefore, M < a and

M+ V/M2 + 4k (BB) 5 Mi(Q)

2X\,(BB')
a+ \/a2 + 4kX,, (BB') Zle A (Q)
= 22, (BB’) ’
Our bound (18) is stronger than
k k —~1

, A1(AA")

21 Ai < A 1-

. 2 MM <2, @~ rxion 5

given in [3], where
A (AAY)
1+ A (@)An (BB

Indeed, denoting the right-hand side of (18) and (21) by R; and Rj, respec-
tively we have

> 0.

(22) 1-—

kA1 (AA))R,
23 = Al
(23) = S N(BBIR, g
A (AA)R £
(24) Ry = 1(AA) Ry +3X(Q).

[+ A (BBM(Q) ' &
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The equations (11) and (12) imply (23) and (24) follows from (21). For the
positive definite matrix solution P of discrete Riccati equation (15) we have
(25) Ae(@Q) < X (P),

see [3]. Using (23), (24) and (25) we can find the bound for the difference
Ry — Ry

y A1 (AA') R, kA (AA)R,
(26) Be =M = o BB Q) k+ M (BB)R,
A (AA) R, M(AAR,
1+ M (BBY(Q) T+ M(BB)M(Q)
M(A4) (Ry — Ry).

T 1 M(BBMQ)

In view of (26) and (21) we have R; < R,.
The bound (19) is new.

4. Conclusion. Upper bound for the sums and products of the eigenval-
nes of the solution of the unified-type Riccati equation is presented in this
note. Some new bounds for the discrete and continuous Riccati equation
are obtained using this unified approach. A comparison with existing upper
bonnds for discrete Riceati equation was made.

References

1] A R. Amir-Moez, Eztreme properties of eigenvalues of hermitan transformation
and singular velues of the sum and product of linear transformation, Duke Math.
J., 23 (1956), 463-467.

[2] J. Fan, On a theorem of Weyl conferring eigenvalues of linear transformations I,
Proc. Nat. Acad. Sci. U.S.A. 35 (1949), 652-655.

3] 1. Garloff, Bounds for the eigenuvalues of the solution of the discrete Riccati and
Lyoepunov cquation and the continuous Lyapunov equation, International Journal of
Coutrol, 37 (1986), 423-431.

[1] N.Komarotf, Upper bounds for the Solution.of the discrete Riccati equation, IEEE
Transactions on automatic Control, 37 (1992), 1370-1372.

[5] N. Kowaroff, Diverse bounds for the eigenvalues of the continuous elgebraic Ric-
catr equation, IEEE Transactions on Automatic Control, 39 (1994), 532-534.

[6] P.Laucaster and L. Rodman, Algebraic Riccati Equation, Oxford Univ. Press.,
1995.

[7] R. H. Middleton and G. C. Goodwin, Digital Control and Estimation
A Unafied approach, Englewood Cliffs, NJ: Prentice-Hall, 1990.

18] D.S. Mitrinovic, Analytic Inequalities, New York: Springer-Verlag, 1970.

9] T. Mori and A. Derese, A brief summary of the bounds on the solution of the
algebraic matric equations in control theory, International Journal of Control, 39
(1984), 247-256.



2() A. Czornik

[10] M. Mrabtiand M. Benseddik, Bounds for the eigenvalues of the solution of the
unified algebraic Riccati matriz equation, Systems & Control Letters, 24 (1995),
345 349.

[L1}] S. Wang et al., Trace bounds on the solution of the algebraic matriz Riccati and
Laypunov equations, IEEE Transactions on Automatic Control, 31 (1986), 654-656.

INSTYTUT AUTOMATYKI

POLITECHNIKA SLASKA

11-101 GLIWICE

UL, AKADEMICKA 16
1-MAIL:ADAMCZOR@ZEUS. POLSL.GLIWICE.PL


mailto:MOZOR@ZEUS.POLSL.GLIWICE.PL



